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Abstract. New Orlicz Brunn—Minkowski inequalities are established for
rigid motion compatible Minkowski valuations of arbitrary degree. These
extend classical log-concavity properties of intrinsic volumes and generalize
seminal results of Lutwak and others. Two different approaches which refine
previously employed techniques are explored. It is shown that both lead to
the same class of Minkowski valuations for which these inequalities hold. An
appendix by Semyon Alesker contains the proof of a new classification of
generalized translation invariant valuations.

1. Introduction

The fundamental log-concavity property of the volume functional is
expressed by the multiplicative form of the Brunn—Minkowski inequality:

V(1= MK + AL) > V,(K)' MV, (L), (1.1)

where K and L are convex bodies (non-empty compact convex sets) in R” with
non-empty interiors, 0 < A < 1, and + denotes Minkowski addition. Equality
holds in (1.1) if and only if K and L are translates of each other. The excellent
survey of Gardner [16] gives a comprehensive overview of different aspects
and consequences of the Brunn—Minkowski inequality. Here we just mention
that it directly implies the classical Fuclidean isoperimetric inequality.

Projection bodies of convex bodies were defined at the turn of the
previous century by Minkowski. In 1984 Lutwak [35] discovered that an
affine isoperimetric inequality of Petty [50] for polar projection bodies is not
only significantly stronger than the Euclidean isoperimetric inequality, but in
fact an optimal version of this classical inequality. For the tremendous impact
of Petty’s inequality and its generalizations see, e.g., [25, 39, 41, 62, 67|.
The problem of finding sharp bounds for the volume of projection bodies,
given the volume of the original body, remains a central quest in convex
geometric analysis. It has led, among many other results, to the discovery
of important log-concavity properties of the volume of projection bodies. In
fact, Lutwak [37] established not only Brunn—Minkowski type inequalities for
the volume of projection bodies, but for all the intrinsic volumes of projection
bodies of arbitrary order (see Section 2).



In the present article we investigate a common generalization of Lutwak’s
Brunn—Minkowski inequalities for projection bodies and inequality (1.1),
more specifically, its version for all the intrinsic volumes. To be more precise,
we establish new log-concavity properties of intrinsic volumes of convex body
valued valuations which intertwine rigid motions. This line of research has
its origins in the discovery of the special place of projection bodies in affine
geometry: Ludwig [30, 32| characterized the projection body operator as the
unique continuous Minkowski valuation which is translation invariant and
GL(n) contravariant (see [22, 31, 33, 45, 46, 56, 64] for related results).

In recent years, it has become apparent that several geometric inequalities
for projection bodies and, more general, valuations intertwining the group
of affine transformations, in fact, hold for much larger classes of valuations
intertwining merely rigid motions. First such results were obtained in [53],
where the Brunn—Minkowski inequalities for projection bodies of Lutwak
were generalized to translation invariant and SO(n) equivariant Minkowski
valuations of degree n — 1. Although considerable efforts have been invested
ever since to show that these log-concavity properties extend to Minkowski
valuations of arbitrary degree (see [9, 47, 55]), the conjectured complete
family of inequalities has only partially been obtained (compare Section 2).

For the inequalities established so far two different approaches were used.
While in [53] and [55] integral representations of (even) Minkowski valuations
which are translation invariant and SO(n) equivariant were crucial, in [47]
the Hard Lefschetz derivation operator on Minkowski valuations [4, 47],
together with a symmetry property of bivaluations [9], was the key ingredient.
In this paper we show that the Hard Lefschetz integration operator on
Minkowski valuations [6, 10, 57| on one hand and a recent representation
theorem for Minkowski valuations [57, 58| on the other hand lead to a natural
class of Minkowski valuations which exhibit log-concavity properties. All the
Brunn—Minkowski inequalities for Minkowski valuations established before
turn out to be special cases of our new results. From new monotonicity
properties of these Minkowski valuations, we are able to deduce a complete
characterization of equality cases without any smoothness assumptions that
were required before.

Moreover, all previously obtained and new Brunn-Minkowski inequalities
for Minkowski valuations are shown to not only hold for Minkowski addition
but for all commutative Orlicz Minkowski additions (introduced in [17]) of
convex bodies. This includes, in particular, all L, Minkowski additions.



2. Statement of principal results

Let K™ denote the space of convex bodies in n-dimensional Euclidean
space R" endowed with the Hausdorff metric. Throughout the article we
assume that n > 3. A convex body K is uniquely determined by its support
function h(K,u) = max{u-z:x € K} for u € S"'. For i € {0,...,n}, let
Vi(K) denote the ith intrinsic volume of K (see Section 3).

A map @ : K™ — K" is called a Minkowski valuation if

OPK +PL=P(KUL)+P(KNL)

whenever K U L € K™ and addition on K" is Minkowski addition.

The theory of scalar valued valuations has long played a prominent role in
convex geometry (see, e.g., [26, 28] for the history of scalar valuations and
(3,12, 15, 24, 34, 48, 65| for more recent results). Systematic investigations
of Minkowski valuations have only been initiated about a decade ago by
Ludwig [30—-32]. These valuations arise naturally from data about projections
and sections of convex bodies and form an integral part of geometric
tomography. As first examples we mention here the projection body maps
IT; : K" — K™ of order i € {1,...,n — 1}, defined by

h(ILK,u) = Vi(K|ut), ueS"

While the entire family II; is translation invariant and SO(n) equivariant,
the classic projection body map II,,_; is the only one among them which inter-
twines linear transformations (see [30]). In fact, there is only a small number
of Minkowski valuations which are compatible with affine transformations
(see [1, 2, 22, 32, 56, 64| for their classification).

In this article we establish new log-concavity properties for the class
MVal; of continuous, translation invariant and SO(n) equivariant Minkowski
valuations of a given degree j of homogeneity (by a result of McMullen [43],
only integer degrees 0 < j < n can occur; cf. Section 5). A first such result was
obtained by Lutwak [37, Theorem 6.2] for projection bodies of arbitrary order.
In an equivalent multiplicative form it states the following: If K, L € K™ have
non-empty interiors, 1 <i <n, and 2 < j <n — 1, then for all A € (0, 1),

Vi(IL((1 = K + AL)) > Vi(IEK) V(I L), (2.1)
with equality if and only if K and L are translates of each other.
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Inequalities (2.1) have been generalized in different directions: Abardia
and Bernig [2] extended (2.1) to the entire class of complex projection bodies.
Analogues of (2.1) were established in [53] for all valuations in MVal,,_,
and then in [55] for even valuations in MVal; in the case i = j + 1. The
assumption on the parity could later be omitted in [9]. In the Euclidean
setting, the most general result to date can be stated (in multiplicative form)
as follows, where we call the Minkowski valuation which maps every convex
body to the set containing only the origin trivial.

Theorem 1 ([47]) Let ®; € MVal;, 2 < j < n — 1, be non-trivial. If
K, LeK"and1<i<j+1, then for all X € (0,1),

Vi@,((1 = NK + L)) > Vi(®,K)' V(@) (2:2)

If K and L are of class C%, then equality holds if and only if K and L are
translates of each other.

Note that Theorem 1 establishes (2.2) only for 1 < i < j 4 1, while in
Lutwak’s family of inequalities (2.1) the range of ¢ does not depend on j. The
proof of Theorem 1 used ideas from [9] and the existence of a new derivation
operator A on Minkowski valuations established in [47] (see also Section 5).

For ® € MVal,, there exists A® € MVal,;_; such that

d

AAR)K), )= )

h(®(K +tB),-).

This definition was motivated by a similar derivation operator introduced
by Alesker [4] in the theory of scalar valued valuations. There it is widely
used to deduce results for valuations of degree ¢ from those for valuations of
some degree j > 7. The key to the proof of Theorem 1 was the following
generalization of a symmetry property of bivaluations obtained in [9].

Theorem 2 ([47]) Let ®; e MVal;, 2 <j<n—1. If1<i<j+1, then

U= Dl (Lo (k) (23)

Wi, #,L) = U ],

for every K, L € K.

Here W,,,(K, L) denotes the mixed volume V(K [n —m — 1], B[m|, L) with
n —m — 1 copies of K and m copies of the Euclidean unit ball B. We will see
in Section 6 that Theorem 2 follows directly from a recently obtained integral
representation of Minkowski valuations intertwining rigid motions.
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An obvious idea for a proof of (2.2) for the remaining cases j +2 <i <n
is to establish a counterpart of Theorem 2 for the Hard Lefschetz integration
operator: For ® € MVal;, there exists £& € MVal;,; such that

h((£B)(K), ) = / M@K E).)dp,

where AGr,,_; , denotes the affine Grassmannian of n — 1 planes in R" and
where we integrate with respect to the suitably normalized invariant measure
on AGr,,_1, (see Section 5). For scalar valued valuations the operator £ was
first defined in [6] and used to deduce results for valuations of degree i from
those for valuations of some degree j < i. As an operator on Minkowski
valuations, £ was first considered in [57].

Our first result is a version of Theorem 2 for the operator £. However,
the situation is more delicate in this case and we will see that a full analogue
of (2.3) only holds for a subclass of Minkowski valuations. To define this class
let MVal?® denote the set of translation invariant and SO(n) equivariant
smooth Minkowski valuations (cf. Section 5).

Definition For 1 <i,j <n—1, let MValﬁ - 1\/IVal;?O be defined by

A=I(MVal®) i i > j,

MVal;; = { MVal® ifi <.

We write MValy; for the closure of MVal in the topology of uniform
convergence on compact subsets.

We will see in Section 5 that A : MVal® — MVal*, is injective for
2 < j <n. Thus, for i > j, the inverse map (A"~/)~" : MVal}; — MVal;® is
well defined and will be denoted by A7~".

Our counterpart of Theorem 2 can now be stated as follows:

Theorem 3 Let ®; € MValj‘?o, 2<j<n—1. For j+2<1i<n and every
convex body L € K", there exists a generalized valuation ; ;(L,-) € Val; ™
such that

Wi (K, ;L) = 7i3(L, (£77710;)(K))

for every K € K. Moreover, if ®; € MVal?,_,, then

jvi_17

oy (L (€771 () = %Wnu@, (A8, (K)).



Generalized translation invariant valuations were introduced recently by
Alesker and Faifman [8]. We recall their definition and basic properties (in
particular, of the space Val; *) in Section 5. A crucial ingredient in the proof
of Theorem 3 is a new classification of generalized valuations from Val; *.
We are very grateful to Semyon Alesker for communicating to us a proof of
this result and his permission to include it in an appendix of this article.

Using Theorem 3, we establish in Section 6 the main result of this article:

Theorem 4 Let 1 < i < n and let ®; € MVal;;, 1, 2 < j <n—1, be
non-trivial. If K, L € K™ have non-empty interiors, then for all A € (0,1),

Vi®,((1— MK + AL)) > Vi(®;K) V(@) (2.4)
with equality if and only if K and L are translates of each other.

Since MVal;;_; = MVal; for ¢ < j 4 1, Theorem 4 includes both
Lutwak’s inequalities (2.1) and Theorem 1 as special cases. Also note that
the smoothness assumption for the bodies K and L in the equality conditions
of (2.2) is no longer required. This follows from new monotonicity properties
of the Minkowski valuations in MVal;;_;, which we prove in Section 6.

In the last part of the article we explain that our proof of Theorem 4 can
be modified to yield an even stronger result. More precisely, we show that
(2.4) not only holds for the usual Minkowski addition but, in fact, for all
commutative Orlicz Minkowski additions introduced by Gardner, Hug, and
Weil [17]. In particular, this includes all the L, Minkowski additions.

Let ©; denote the set of convex functions ¢ : [0, 00) — [0, 00) satisfying
©(0) =0 and ¢(1) = 1. For ¢ € ©; and K, L € K" containing the origin, we
write K+, L for the Orlicz Minkowski convex combination of K and L (see
Section 3 for the definition).

Theorem 5 Let p € ©1, 1 <i<mn, and let &, € MVal,,_,2<j7<n-1,
be non-trivial. If K, L € K™ contain the origin, then for all A € (0,1),

Vi(®j(K 440 L) > Vi(®;K) Vi (@;L). (2.5)

When ¢ s strictly convex and K and L have non-empty interiors, equality

holds if and only if K = L.

We will explain in Section 3 that by a recent result of Gardner, Hug, and
Weil [17] (Theorem 3.1 below), inequality (2.5) holds for all commutative
Orlicz Minkowski additions.



3. Background material on convex bodies

For quick later reference we collect in this section some basic facts from
convex geometry, in particular, on additions of convex bodies and inequalities
for mixed volumes. As general reference for this material we recommend the
book by Schneider [52] and the article [17].

For a convex body K € K™, the definition of the support function implies
h(VK,u) = h(K,97 ) for every u € S ! and ¥ € SO(n). Since every
twice continuously differentiable function on S™~! is a difference of support
functions (see, e.g., [52, p. 49]), the subspace spanned by support functions
{WK,")—h(L,") : K,L € K"} is dense in C'(S™'). The Steiner point s(K)
of K € K" is defined by

s(K) = L /Snl (K, u)u du.

Kn

Here and in the following we use du to denote integration with respect to
spherical Lebesgue measure and &, for the m-dimensional volume of the unit
ball in R™. The Steiner point map is the unique vector valued, rigid motion
equivariant and continuous valuation on K" (see e.g., [52, p. 363]).

For K,L € K" and s,t > 0, the support function of the Minkowski
combination s K +t L is given by

h(sK+tL,")=sh(K,-)+th(L,-).

On the set K of convex bodies containing the origin, Firey introduced
in the 1960s a more general way of combining convex sets. For K, L € K7,
s,t > 0, and 1 < p < oo, the L, Minkowski combination s - K +,t- L is
defined by

h(s-K+,t-L,-)P =sh(K,- )P +th(L,-)".

Initiated by Lutwak [36, 38|, in the last two decades an entire L, theory
of convex bodies was developed which represents a powerful extension of the
classical Brunn—Minkowski theory (see, e.g., [25, 39, 40, 45, 46, 59, 66]).

A still more recent extension of the Brunn—Minkowski theory goes back
to two articles of Lutwak, Yang, and Zhang [41, 42] and a paper by Haberl,
Lutwak, Yang, and Zhang [23]. While these articles form the starting point
of an emerging Orlicz Brunn-Minkowski theory that generalizes the L, theory
of convex bodies in the same way that Orlicz spaces generalize L, spaces, the
fundamental notion of an Orlicz Minkowski combination of convex bodies
was introduced later by Gardner, Hug, and Weil [17].
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As before let ©; be the set of convex functions ¢ : [0,00) — [0, 00)
satisfying ¢(0) = 0 and ¢(1) = 1. For K,L € K, s,t > 0, and ¢, € Oy,

the Orlicz Minkowski combination 4+, (K, L, s,t) is defined by

h(+,4(K,L,s,t),u) = inf {a >0:850p (@) +ty (@) < 1}

for u € S"7'. The notation +,, (K, L, s, t) is necessitated by the fact that
it is not possible in general to isolate an Orlicz scalar multiplication. We
note that for ¢(t) = ¢(t) = t?, p > 1, the Orlicz Minkowski combination
+,u(K, L, s,t) equals the L, Minkowski combination s - K +,t- L.

For s =t =1, we write K 4+, L instead of +, (K, L,1,1) and call this
the Orlicz Minkowski sum of K and L. In fact, Gardner, Hug, and Weil
defined a more general Orlicz addition but proved (see [17, Theorem 5.5])
that their definition leads (essentially) to the Orlicz Minkowski addition as
defined here and the L., Minkowski addition obtained as the Hausdorff limit
of the L, Minkowski addition, that is, for K, L € K7,

K+ L=1m K+, L =conv(K UL).

pP—o0

While all L, Minkowski additions are commutative, in general, the Orlicz
Minkowski addition of convex bodies is not. A classification of those Orlicz
additions which are commutative was obtained by Gardner, Hug, and Weil.

Theorem 3.1 ([17]) Let ,v € ©1. The addition 4+, : K} X KI — KU is
commutative if and only if there exists ¢ € ©1 such that +,.4 = 444

In the following we will only be interested in commutative Orlicz additions.
For K,L € K, ¢ € ©1, and A € (0,1) we use K 4+, L to denote the Orlicz
Minkowski convex combination +, (K, L, (1 — X), A). More explicitly,

h(K +p5L,u) = inf{a >0:(1— A)%@) + g <h(i’ “)> < 1}

for u € S"1. For the proof of Theorem 5 we need the following simple fact.

Lemma 3.2 If p € ©1 and K, L € K7, then for all A € (0,1),

K 40 L2 (1—NK + AL (3.1)



Proof. For u € S*! choose t > h(K +, L,u). Then, by the convexity of ¢
and the definition of K +, ) L, we have

S0((1—A)h(zrgu)Hh(L,u)) - (1_”@(@) +A¢(M) <1

t
Since every ¢ € O is increasing and satisfies ¢(1) = 1, we conclude that
(1 = Nh(K,u) + Ah(L,u) <t.

Now, letting t approach h(K +, L, u), we obtain the desired inclusion (3.1).
[ |

By a classical result of Minkowski, the volume of a Minkowski linear
combination \{ Ky +- -+ A\, K,,, where K1,...,K,, € K"and \,..., \,, > 0,
can be expressed as a homogeneous polynomial of degree n,

VimK i+ 4+ AnK) = > V(KN N, (3.2)

J1seens Jn=1

where the coefficients V(Kj,, ..., Kj,), called mized volumes of K;,,...,Kj,,
depend only on Kj ,...,K;, and are symmetric in their arguments. For
K, L € K" and 0 < i < n, we denote the mixed volume with ¢ copies

of K and n — i copies of L by V(K]Ji|, L[n —i]). For K, Ky,...,K; € K"
and C = (K1, ..., K;), we write V;(K, C) instead of V(K,..., K, Ky,..., K;).

The mixed volume W;(K) := W;(K, K) is called the ith quermassintegral
of K. The ith intrinsic volume V;(K) of K is defined by

ki Vi(K) = (”;) Wiy (K.

A special case of (3.2) is the classical Steiner formula for the volume of the
parallel set of K at distance r > 0,

n

V(K +rB) =Y r (") Wi(K) = 1"k Vi(K).

i

i=0 i=0

A fundamental inequality for mixed volumes is the general Minkowski

inequality (see [52, p. 427]): If 2 <i < n and K, L € K™ have dimension at
least i, then

Wo—i(K, L)' > Wi (K)' ™' Wo_i(L), (3.3)
with equality if and only if K and L are homothetic.
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A consequence of (3.3) and the homogeneity of quermassintegrals is the
(multiplicative) Brunn—Minkowski inequality: If 2 <i <n and K,L € K"
have dimension at least ¢, then for all A € (0, 1),

Wosi(1 = N K 4+ AL) > W, (K)'" W, (L), (3.4)

with equality if and only if K and L are translates of each other.

A further generalization of inequality (3.4) (where the equality conditions
are not yet known) is the following (see [52, p. 406]): If 0 < i < n — 2,
K, L Ky,...,K; € K" and C = (K3, ..., K;), then for all A € (0,1),

Vi((1 = \)K + AL, C) > Vi(K,C)*V;(L, C)*. (3.5)

Associated with a convex body K € K" is a family of Borel measures
Si(K,+),0<i<mn-—1,on 8" called the area measures of order i of K.
They are uniquely determined by the property that

Wio1-i(K, L) = 1 / h(L,u) dS;(K,u) (3.6)

for all L € K. If K € K" has non-empty interior, then, by a theorem of
Aleksandrov—Fenchel-Jessen (see, e.g., [52, p. 449]), each of the measures
Si(K,-),1<i<mn-—1, determines K up to translations.

For 1 <j <n—1andr >0, we have the Steiner type formula

S;(K +7B,- Zr’l<,)@ K,-).

A body K € K™ is of class C2 if the boundary of K is a C? submanifold
of R™ with everywhere positive curvature. In this case, each measure S;(K, -),
0 <12 < n—1, is absolutely continuous with respect to spherical Lebesgue
measure and its density is (up to a constant) given by the ith elementary
symmetric function of the principal radii of curvature of K.

The center of mass (centroid) of every area measure of a convex body is
at the origin, that is, for every K € K™ and all i € {0,...,n — 1}, we have

/ udS;(K,u) =
Sn—1

The set S; of all area measures of order i of convex bodies in K" is dense in
the set of all non-negative finite Borel measures on S"~! with centroid at the
origin, endowed with the weak topology, if and only if ©+ = n — 1. However,
S; —8i, 1 <i<n-—1,is dense in the set M,(S"!) of all signed finite Borel
measures on S with centroid at the origin (see, e.g., [52, p. 477]).
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4. Spherical harmonics and distributions

In this section we collect facts about spherical harmonics, in particular, on
the series expansion of distributions on the sphere. We also recall C. Berg’s
functions used in his solution of the Christoffel problem, since they are closely
related to the action of the Hard Lefschetz integration operator on Minkowski
valuations (see Section 5). In the final part of this section we give a new proof
of the bijectivity of integral transforms involving C. Berg’s functions. For the
background material we refer the reader to [52, Chapter 8.3|, [20], and [44].

We write Ag for the Laplacian (or Laplace-Beltrami operator) on S™~1.
If f,g € C?(S™ '), then we have

(u) Asglu) du = [ glu) Asf(u)du.
Sn—1 Sn—1
The finite dimensional vector space of spherical harmonics of dimension n
and degree k will be denoted by H} and we write N(n, k) for its dimension.

Spherical harmonics are eigenfunctions of Ag, more precisely, for Y, € H},

Let L?(S™ ') denote the Hilbert space of square-integrable functions
on S"~! with the usual inner product (-, -). The spaces H} are pairwise
orthogonal with respect to this inner product. If {Yj1,... ,kaN(n,k)} is an
orthonormal basis of H}, then the collection {Y1,...,Yinmi : K € N} is a
complete orthogonal system in L*(S™~!), that is, the Fourier series

FeS mt (4.2)
k=0

converges to f in the L? norm for every f € L?(S"'). Here, we used
7y L2(S™1) — HP to denote the orthogonal projection. Since the Legendre
polynomial P € C([—1,1]) of dimension n and degree k satisfies

N(n,k)
N(n,k) _,
> Vi) i) = Y00 pry )
i=1 n
where w,, denotes the surface area of the m-dimensional unit ball, we have
N(n,k)

N(n,k .

(mef)(v) = Z (f, Yii)Yii(v) = # 1 (u) P (u-v)du. (4.3)
i=1 n Sn
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Throughout the article we use € € S"~! to denote a fixed but arbitrarily
chosen pole of the sphere and we write SO(n — 1) for the stabilizer in SO(n)
of €. A function or measure on S™! is called zonal if it is SO(n — 1) invariant.
Clearly, zonal functions depend only on the value of u - e.

The subspace of zonal functions in Hj is 1-dimensional for every k € N
and spanned by the function u — PJ(u-€). Since the spaces H} are invariant
under the natural action of SO(n), the functions u — PJ(u - v), for fixed
v € 8" are elements of H7. The orthogonality of the spaces H is reflected
by the fact that the Legendre polynomials P’ form a complete orthogonal
system with respect to the inner product on C'([—1, 1]) defined by

= [ ) alt) (1 — ) dt.

1
From the orthogonality property of the Legendre polynomials and (4.3), it is
not difficult to show that any function ¢ € L*([—1,1]) (or, equivalently, any
zonal g € L?(S™7')) admits a series expansion

¢| P, (4.4)

where
ay[¢] /¢ )PR(t) (1 —12)" dt = wo_y [PF, 9], . (4.5)

For the explicit calculation of integrals of the form (4.5) the following
formula of Rodrigues for the Legendre polynomials is often very useful:

Pl (t) = 2;(_?1—;)%(1 —13)~" jk(l — t2)nT_3+k, (4.6)

where, for & € R and k£ € N, we have used («); to abbreviate the product
ala+1)---(a+k—1). Using (4.6) one can show that the derivatives of
Legendre polynomials are again Legendre polynomials. For [ > k, we have

d* n\ N(n+2k,1—k)
SR =2 (2) : Pk 4.
dtk ! (t) = 2/ k N(n,l) =k (4.7)
Next we recall the Gegenbauer polynomials which can be defined for av > 0

by means of the generating function

(1—1—7’2—27"15 ZC
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For n > 3, their relation to Legendre polynomials can be expressed by

. +k—3
o2 (" pp. 48

For the following well known auxiliary result about the spherical harmonic
expansion of smooth functions, see, e.g., [44, p. 36].

Lemma 4.1 If f € C®(S™™1), then the sequence ||y fllo, k € N, is rapidly
decreasing, that is, for any m € N, we have sup{k™||m.f|l« : k € N} < oc.
Conversely, if Y, € H}, k € N, 1s a sequence of spherical harmonics such that
Yilloo is rapidly decreasing, then the function

flw)=> Yi(w), uwes"
k=0

1s C° and 7 f = Yy for every k € N.
For f € C*(S"!) and m € N, define

Note that, by Lemma 4.1, (—Ag)2 f € C®(S"71).

If we endow the vector space C*°(S"!) with the topology defined by
the family of semi norms |[(—Ag)?2 f|le, m € N, then C*°(S""!) becomes
a Fréchet space. Moreover, the spherical harmonic expansion (4.2) of any
f e C>=(S"1) converges to f in this topology.

A distribution on S"! is a continuous linear functional on C*°(S™~1). We
write C~°°(S™~1) for the space of distributions on S"~! equipped with the
topology of weak convergence and use (-, -) to denote the canonical bilinear
pairing on C®(S"1) x C=>(S"~1).

A (signed) measure o on S™! defines a distribution 7}, by

(f,T,) = . f(u)do(u), feC=(s"1.

Using the continuous linear injection o + T, we can regard M(S"!) as a
subspace of C~>°(S"™1). In the same way, the spaces C®(S"™1), C(S™™1),
and L?(S"!) can be viewed as subspaces of C~>°(S""1) and we have

C2(S"Y) C C(S™1) € LA(S™) € M(S™ C 0—®(S™Y). (4.9)
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Since 7 : L2(S™!) — HP is self-adjoint, that is, (7. f, g) = (f, mxg) for all
f,g € L*(S™') and k € N, it is consistent to define the k-spherical harmonic
component 7T of T € C~>°(S"!) as the distribution given by

(f.mT) = (mf.T),  feC™(S").

Lemma 4.2 ([44, p. 38]) If T € C=>(S"1), then mT € H} for every
k € N and the sequence ||m,T||o, k € N, is slowly increasing, that is, there
exist C >0 and j € N such that |77 || < C(1+ k) for every k € N.
Conversely, if Y, € H}, k € N, is a sequence of spherical harmonics such that
IYklloo is slowly increasing, then

o0

@ =3 [ s ge s,

defines a distribution T € C~°°(S"1) for which 7T =Y}, for every k € N.

We can also extend the Laplacian to distributions 7' € C~>°(S™™ 1), by
defining AgT as the distribution given by

<fa AST> = <A5'f7 T>a f € COO(Sn_l)'

Note that, by (4.9), Ag can now also act on continuous functions on S"!.
This is of particular importance for us, since the support function A(K, ) and
the first-order area measure S; (K ) of a convex body K € K™ are related by

O.h(K, ) = S1(K, ), (4.10)
where [, is the differential operator given by

1
O,h = h+ ——Agh.
n—1

From the definition of (J,, and (4.1), we see that for f € C*(S"!) the
spherical harmonic expansion of [J, f is given by

0~y LohlEtn =), (4.11)
k=0

n—1

Thus, the kernel of the linear operator [J,, : C*°(S™™ 1) — C>°(5"!) is given
by H} and consists precisely of the restrictions of linear functions on R" to
Sl Let C2°(S™~1) denote the Fréchet subspace of C*°(S™~!) given by

Ce(S" ) ={fe =" ") :mf =0}
and define C;>°(S™"~1) analogously.
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Since the linear operator [, : C2°(S"!) — C°(S™™1) is an isomorphism,
it is a natural problem to find an (explicit) inversion formula. This was
accomplished by C. Berg [13] in the late 1960s and, due to (4.10), is closely
related to his solution of the classical Christoffel problem which consists in
finding necessary and sufficient conditions for a Borel measure on S™! to be
the first-order area measure of a convex body.

In order to describe C. Berg’s inversion formula for [J,,, let us recall the
Funk-Hecke Theorem: If ¢ € C(|—1,1]) and Fy is the integral transform on
M(S™1) defined by

(Fpo)(u) = . o(u - v)do(v), we S

then the spherical harmonic expansion of Fyo € C(S™™1) is given by

Fyo ~ Z ay o] mxo, (4.12)
k=0

where the numbers a[¢] are given by (4.5) and called the multipliers of F .

Using the theory of subharmonic functions on S"~!, C. Berg proved that
for every n > 2 there exists a uniquely determined C'*° function g, on (—1,1)
such that the zonal function u + g,(u - €) is in L'(S""1) and

dlal =0 @)= gopaaa AL G

For later reference, we just state here

1

92(t) = o

((7r — arccost)(1 — £2)% — %) (4.14)

and

1) = 5~ (1 (1l — 1) + (% - 1n2) t) . (4.15)

™

We note that, by (4.13), our normalization of the g, differs from C. Berg’s
original one. It follows from (4.11), (4.12), and (4.13) that

= [ ml)@ned,  ues

for every f € C2°(S™1), which is the desired inversion formula. However, for
our purposes we need the following more general fact.
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Theorem 4.3 For every n > 2 and 2 < j < n, the integral transform
F 0 Ce(S") = C2(S™1), given by

Fpf)w) = [ ot of@de, ues

s an isomorphism.

Theorem 4.3 follows for example from a recent result of Goodey and
Weil [19, Theorem 4.3]. However, we give a different and more elementary
proof below that also yields additional information required after the proof
of Theorem 6.1. For this, note that, by Lemma 4.1, it is sufficient to show
that the multipliers a}[g;] are non-zero for k # 1 and that they are slowly
increasing. Therefore, Theorem 4.3 is a direct consequence of the following.

Theorem 4.4 Forn >2,2<j<mn, and k # 1, we have

A=) () T (5 T (25

aglg;l = — 4 T (nfj;rk+1) T (n+§+1)

Proof. Forn > 2,d >0, and k # 1, by (4.5), we have to determine
aZ’d = GTd[gn] = Wntd-1 [Pl;H—d) gn]n+d’ (4.16)

where we know from (4.13) that

n.0 n—1
0 — , 4.17
T A k) —1+k) (4.17)
We start with the case d = 1. By (4.4) and (4.13), we have
> N(n, l) n,0 pn
gn ~ Z Wn a’l -[Dl )
1=0
where the sum converges in the topology induced by [-,-],, which implies
the convergence in the topology induced by |[-,-],+1. Consequently,
aZ’l = w, [PI?H, gn]n+1 = Z N(n,l) a?’o [P:H, Pl”] - (4.18)
1=0

Since Legendre polynomials of degree k are even if k is even, and odd otherwise,
we may assume that k£ and [ have the same parity. Since [P,?H, Pl"}
vanishes for [ < k (see the next calculation), let [ > k and put

B

n+1

n—2

2
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If gp+k> %, that is, (n, k) # (2,0), then it follows from (4.6), integration by
parts, (4.7), and (4.8) that

1 k 1 dk
[PI?Jrl? Pln]n+1 - m /_1 (ﬁ(l - t2)ﬂ+k> Pln(t> dt

— m /11(1 — 2Pk <jtkP”( )) dt

N+ 2k, —k) ! 2\ B+k prt2k
- [ a—ey R a
B+l /1 2\B+k Bk
— 1— )k O (1) dt.
N n@+R ), G
For o € 3N and even m, we have (cf. [18, p. 424])
! 493 I T (1 1)?
cf‘n:/(l—tQ)“Cf;L(t)dt:— 7 (5 +at) —
-1 (m—1) (% +a)(m+20+1)IT(2+1)

Plugging this into (4.18) and changing the summation index, yields

B+k—+20 -
Z ﬁ‘i‘k k-l(—]Ql g;Lk /8+ 4B+k+lzq(67 k? l)v

=0

where
(8, k1) = 21 (21—2)! (B+k+20) (B4k+141)?
AT T b2 =) @Bk 2041) (Bh+D) (2825 20 1) T (1)

)
Using Zeilberger’s algorithm (see, e.g., [49]), we find that ¢ satisfies the
following recurrence relation

A(BF)q(B+1.k,1)+B(8,k)q(8,k,1) = q(B,k,14+1)C(8,k,1+1)—q(8,k,1) C(B,k,1),

where

l(k+21—
If we let Q(B,k) = 125 q(B, k., 1), then we obtain
26+ k+1
QB+ 1,k) = m@(ﬁ k)
or, in terms of the multipliers,
CLZ+2’1 _ (n + 1) (TL + k- 1) az,,l' (419>

(n—1)(n+k+2)
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The function ¢ also satisfies the recurrence relation

D(B,k)q(B,k+2,0)+E(B,k)q(B:k,l) = q(B,kI+1) F(B,k,14+1)—q(8,k,1) F(B,k,1),

where

D(B,k) = 16(k +2)(28 + k+4), E(B.k) = —(k—1)(28+k +1)

and

1 3

(B + K+ 20)(26 + 2k + 21 + 3) 2 Ipi(B. )

i=1

F(ﬁakal):_

with polynomials py, ps, p3 given by

p1(B, k) = 88% + 16k3% + 205% 4+ 12k*B + 26k + 108 + 4k + 9k* + 4k + 3,
p2(B, k) = 164% 4 24kB + 323 + 12k* + 24k + 4,
p3(B, k) = 88 + 8k + 12.

Summing again over all [, we arrive at

k- 1)@Bkt)
QBk+2) =60 28 vkt a) QPR

In terms of the multipliers this means
an,l _ (k B 1) (n+ k — 1) an,l
k+2 (k+2)(n+k+2) k -
In order to solve (4.19) and (4.20), we need four initial values of a}"'. We

also have to calculate a2, which was not covered by the above arguments.
Using (4.14), (4.15), and (4.16), elementary integration yields

(4.20)

2 2
2,1 ™ 2,1 T 2,1 4 3,1 27 3,1 T
This leads to the sequence
k—1 n+k—1
= T 1) (Z) L (n}m) (4.22)
8 I (532) T (=52)

which satisfies (4.19), (4.20), and has the initial values (4.21).
Now let d > 0 be arbitrary. For [ > 2, the Legendre polynomials satisfy
the recurrence relation (see, e.g., [20, Lemma 3.3.10])

(n+d+21—-2)(n+d—1) P = (nd+1—2)(n+-d+1—1) P2 —(1—1)1 PP+,

18



From this and the fact that Pj*(t) = 1, P["(t) =t for all m > 1, we obtain

n,d+2 __ n+d+2
ay = Wn+d+1 |:Pk' ) gn] n4-d+2

oo

_ N(n + dv l) n,d [Pn+d+2 Pn—&-d}

= Wptd+1 a k 4 ntd+2
-0 Wn+d

. 27 (an ad an ,d )

n+d+2k \F k+2

Finally, the sequence which solves this recurrence relation and has the initial
values (4.17) and (4.22) is given by

na_ 72 (n=1) T ()T (5F) T (*57)

ap = 4 I‘(d—kg-&—l);(%) ) k%l

We end this section with the following important definition, given rise to
by Theorem 4.3.

Definition For 2 < j <n, let O; : C>°(S"™ ') — C°(S™!) denote the linear
operator which is inverse to the integral transform F,..

5. Generalized valuations and Minkowski valuations

In the following we recall several results on translation invariant (scalar
and convex body valued) valuations, in particular, the product structure
on smooth valuations and the Alesker—Poincaré duality. We also discuss
basic properties of the Hard Lefschetz operators and a new isomorphism
between generalized valuations of degree one and generalized functions on the
sphere. At the end of this section, we state a recent representation theorem
for Minkowski valuations intertwining rigid motions and give an alternative
description of the classes MValSO(n)

A map p defined on convex bodles in R™ and taking values in an Abelian
semigroup A is called a valuation or additive if

p(K) + (L) = p(KU L)+ p(KNL)

whenever K U L is convex. If G is a group of affine transformations on R”, a
valuation p is called G-invariant if p(gK) = p(K) for all K € K" and g € G.
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Let Val denote the vector space of continuous translation invariant scalar
valued valuations. The structure theory of translation invariant valuations
has its starting point in a classical result of McMullen [43], who showed that

Val = P Val/ @ Val; (5.1)
0<i<n

where Val C Val denotes the subspace of even valuations (homogeneous) of
degree i, and Val; denotes the subspace of odd valuations of degree 7. The
space Val becomes a Banach space, when endowed with the norm

]l = sup{|u(K)| - K € B}.
The general linear group GL(n) acts on the Banach space Val in a natural
way: For every A € GL(n) and p € Val,
(A-w)(K) = p(A7'K), K e k™

Note that the subspaces Val¥ are invariant under this GL(n)-action. In fact,
a deep result of Alesker [3], known as the Irreducibility Theorem, states that
these subspaces are also irreducible:

Theorem 5.1 (Alesker [3]) The natural representation of GL(n) on Vali is
irreducible for any 1 € {0,...,n}.

It follows from Theorem 5.1 that any GL(n)-invariant subspace of
translation invariant continuous valuations (of a given degree 7 and parity) is
already dense in Valy.

Definition A valuation p € Val is called smooth if the map GL(n) — Val
defined by A — A - is infinitely differentiable.

The subspace of smooth translation invariant valuations is denoted by
Val™ and we write Val:"™ for smooth valuations in Valf. It is well known
(cf. [61, p. 32]) that Val™™ is a dense GL(n) invariant subspace of Val¥.
Moreover, Val™ carries a natural Fréchet space topology, called Garding
topology (see [61, p. 33]), which is stronger than the topology induced from
Val. Finally, we note that the representation of GL(n) on Val™ is continuous.
Examples:

(a) If L € K™ is strictly convex with smooth boundary, then
pr K" — R, pr(K) =V, (K + L),

is a smooth valuation.
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(b) If f € C*(S™ ') and 0 < i <n—1, then v;; : K* — R, defined by

vif(K) = s (u) dS;(K,u), (5.2)

is a smooth valuation in Val:*.

Before we turn to generalized valuations, we recall the definition of the
Alesker product of smooth translation invariant valuations.

Theorem 5.2 ([5]) There ezists a bilinear product
Val™ x Val®* — Val*, (u,v) — p-v,
which is uniquely determined by the following two properties:
(i) The product is continuous in the Garding topology.
(i1) If L1, Ly € K™ are strictly convex and smooth, then
(pey - piry) () = Vau (u(K) + Ly X La),
where ¢t : R™ — R™ x R" is defined by 1(z) = (z,x).

Endowed with this multiplicative structure, Val™ becomes an associative and
commutative algebra which is graded by the degree of homogeneity and with
unit given by the Euler characteristic.

The next example was computed in [5] and will be needed in the appendix.

Example:

Let Ly,..., L, ; € K" and My,..., M; € K™ be strictly convex and smooth.
If 4 € Val® and v € Val}”, are defined by

wK)=V(K[i],L,...,L,—;) and v(K)=V(K[n—i|,M,..., M),
then

n

o)) = (!

-1
z) V(=Ly,...,—Lp_i, My,..., M;) V,(K). (5.3)

The above example is just a special case of the more general fact that
the Alesker product gives rise to a nondegenerate bilinear pairing between
smooth valuations of complementary degree.
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Theorem 5.3 ([5]) For every 0 < i < n, the continuous bilinear pairing
<-,->:Val® x Val’° . — Val,, (u,v) — p- v,
s nondegenerate. In particular, the induced Poincaré duality map
Val® — (Val*,)" ® Val,, [ <fL, - >,
1s continuous, injective and has dense image with respect to the weak topology.

Here and in the following, for a Fréchet space X, we denote by X* its
topological dual endowed with the weak topology.

Motivated by Theorem 5.3, the notion of generalized valuations was
introduced recently [8]. Before we state the definition, recall that by a
classical theorem of Hadwiger [26, p. 79] the space Val,, is spanned by the
ordinary volume V,,. In other words, if we do not refer to any Euclidean
structure, then Val,, = Z(V), where 2(V') denotes the vector space of all
densities on an n-dimensional vector space V' (see the Appendix for details).

Definition The space of generalized valuations is defined by
Val™™ = (Val™)" @ 2(V)
and we define the space of generalized valuations of degree i € {0,...,n} by

Val;® = (Val;*,)" @ 2(V).

By Theorem 5.3, we have a canonical embedding with dense image
Val™ — Val ™.
Thus, Val™> can be seen as a completion of Val™ in the weak topology.

In order to establish Theorem 3, we need the following new classification
of generalized valuations of degree 1. A proof of this theorem was given by
Semyon Alesker and is included in the appendix.

Theorem 5.4 The map

C>®(S" 1) — Val, fe <K > fu)h(K, u) du) :

15 an isomorphism of Fréchet spaces which extends uniquely by continuity in
the weak topologies to an isomorphism

Coo(S™ 1) — Val[ ™.

Sn—1
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Note that, by Theorem 5.4, if v € Val;> and T, € C;>°(S™1) is the
corresponding distribution, then we can evaluate v on convex bodies K € K"
with smooth support function by

V(K) = (WK, ), T).

Next we briefly recall the Hard Lefschetz operators on smooth translation
invariant scalar valuations. It is well known that McMullen’s decomposition
(5.1) of the space Val implies a general Steiner type formula for continuous
translation invariant valuations which, in turn, gives rise to a derivation
operator A : Val — Val defined by

d

() = G|

w(K +tB).

Note that A commutes with the action of O(n) and that it preserves parity.
Moreover, if ;1 € Val;, then Ay € Val;_;.

The importance of the operator A became evident from a Hard Lefschetz
type theorem established by Alesker [4] for even valuations and by Bernig
and Brocker [11] for general valuations. More recently, a dual version of this
fundamental result was established in [6, 7]. There, the derivation operator
A is replaced by an integration operator £ : Val — Val defined by

() = - n)(K) = [ B, (5.4)

where here and in the following AGry ,, denotes the affine Grassmannian of
k planes in R™ and integration is with respect to a (suitably normalized)
invariant measure. The original definition of £ corresponds to the first equality
in (5.4) and it was proved by Bernig [10] that the second equality holds. We
also note that £ commutes with the action of O(n) and that it preserves
parity. Moreover, if u € Val;, then £u € Val,; ;.

In the final part of this section we turn to Minkowski valuations. Recall
that the trivial Minkowski valuation maps every convex body to the set
containing only the origin and that, for 0 < j < n, we denote by MVal; the
set of all continuous, translation invariant and SO(n) equivariant Minkowski
valuations of degree j. In the next lemma we state basic properties of such
Minkowski valuations which are well known (cf. [9, 47, 55]) and are needed
in what follows.
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Lemma 5.5 If ®; € MVal;, 0 < j < n, then the following statements hold:

a) The Steiner point of ®,K is at the origin, that is, s(®;K) = o for every
j j
K e K",

(b) There exists re, > 0 such that
Wi 1(®;K) = 1o, Wy—;(K)
Jor every K € K". If ®; is non-trivial, then rg, > 0.
(¢) The SO(n — 1) invariant valuation v; € Val;, defined by
vj(K) = h(®,K,e)

uniquely determines ®; and is called the associated real valued valuation

Lemma 5.5 (c) motivated the following definition which first appeared
in [55].

Definition A Minkowski valuation ®; € MVal;, 0 < j <n, is called smooth
if its assoctated real valued valuation v; is smooth.

Recall that smooth translation invariant scalar valuations are dense in
all continuous translation invariant scalar valuations. However, this does
not directly imply the same for Minkowski valuations but instead additional
arguments were needed for the proof which was given in [55] for even and
in [58] for general Minkowski valuations.

In order to state the crucial integral representation of smooth translation
invariant and SO(n) equivariant Minkowski valuations we have to briefly
recall the convolution between functions and measures on S"~!. First note
that since SO(n) is a compact Lie group, the convolution o x 7 of signed
measures 0,7 on SO(n) can be defined by

/ f() d(U*T)(ﬁ)Z/ / f(n@)do(n)dr(0),  feC(SO(n)).
50(n) 50(n)/S0(n)

Using the identification of the sphere S"~! with the homogeneous space
SO(n)/SO(n — 1) leads to a one-to-one correspondence of C'(S™!) and
M(S™1) with right SO(n — 1) invariant functions and measures on SO(n),
respectively. Using this correspondence, the convolution of measures on SO(n)
induces a convolution product on M(S"!) (cf. [55] for more details).
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For spherical convolution zonal functions and measures on S"~! play an
essential role. We denote the set of continuous zonal functions on S"~! by
C(S™ 1 e). For 0 € M(S™™1), f € C(S" ! €), and n € SO(n), it is easy to
check that

(0% f)me) = [ fln~u)do(u). (5.5)
gn—
Note that, by (5.5), we have, for every ¥ € SO(n), that

(Vo) * f = (o = f),

where o is the image measure of ¢ under the rotation ¥ € SO(n). Moreover,
from the obvious identification of zonal functions on S™~! with functions
on [—1,1], (5.5), and the Funk-Hecke Theorem, it follows that there are
a?[f] € R such that the spherical harmonic expansion of o * f € C(S™"!) is
given by

Hence, convolution from the right induces a multiplier transformation. It is
also not difficult to check from (5.5) that the convolution of zonal functions
and measures is Abelian.

Another property of spherical convolution which is going to be critical for
us is the fact that the convolution is selfadjoint, in particular, we have for all

o,7 € M(S"1) and every f € C(S"1 e),

/ (o * f)(u)dr(u) :/ (1 f)(u) do(u). (5.6)
Sn—l Sn—l

We are now in a position to state a recent Hadwiger type theorem for
smooth Minkowski valuations which is the key to the proof of Theorem 3.

Theorem 5.6 ([58]) If &; € MVal, j € {1,...,n — 1}, then there eists
a unique f € C°(S"1,€), called the generating function of ®;, such that for
every K € K",

h(®,K,-) = 5;(K,-)* f. (5.7)
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Examples:

()

Kiderlen [27] proved (in a slightly different form) that if ®; € MVal(”,
then there exists a unique g € C°(S™"!, €) such that for every K € K",

h(®K,") = h(K,") % g. (5.8)
In order see how (5.8) is related to Theorem 5.6, we use (4.10) and
the fact that O, : C°(S™ ') — C(S™ 1) is a bijective multiplier

transformation, to obtain a function f € C*(S" ! e) with O, f = g¢
and conclude that

h(P1K,-)=h(K, )xg=hK,")«O,f =0,h(K, ) x f = S1(K,-) * f.

The case j = n — 1 of Theorem 5.6 was first proved (in a more general
form) in [54]. Moreover, it was also shown there that ®,,_; € MVal;® ;
is even if and only if there exists an o-symmetric body of revolution
L € K™ with smooth support function such that for every K € K",

W@, 1K,-) = Spy(K,-) % h(L,-).

Fori € {1,...,n— 1}, the support function of the projection body map
of order i, II; € MVal;, is given by

1
h(ILK,u) = Vi(K|ut) = 5/ lu - v|dS;(K,v), ue S"
Sn—1

Note that II; is continuous but not smooth. Its (merely) continuous
generating function is given by f(u) = %]u ce|, ue S"L.

For ¢ € {2,...,n}, the (normalized) mean section operator of order i,
M; € MVal,,,;_;, was first defined in [18] by

h(MiK,-)_/ hI(K N E),-) dE.

Here, J € MVal, is defined by JK = K — s(K), where s : K" — R"
is the Steiner point map. Recently, Goodey and Weil [19] proved
that the generating functions of the mean section operators are up
to normalization the zonal functions §; € L;(S"!, &) determined by
C. Berg’s functions g; on [—1,1]. More precisely,

h(MiKy ) = Pny Sn+1—i(K7 ) * i, (5-9>

with constants p,; which were explicitly determined in [19].
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The integration operator £ on translation invariant scalar valuations can
be extended to Minkowski valuations by using (5.4):

h((Scb)(K),-):/AG (K N E), ) dE.

It was proved in [47] that also the derivation operator A can be extended
to continuous translation invariant Minkowski valuations:

h((AD)(K), ) = % h(®(K +tB),-).

t=0

Note that in this case it is not trivial that the right hand side actually defines
the support function of a convex body; this was proved in [47].

If &; € MVal®, 1 < j < n— 1, with associated real valued valuation
v; € Val®, then the associated real valued valuations of £&; and A®; are
given by £v; € Val | and Ay; € ValT |, respectively. In particular, we have
£0; € MVal®, and A®; € MVal*,.

In view of Theorem 5.6, it is a natural problem to determine the induced
action of the SO(n) equivariant operators A and £ on the generating functions
of smooth Minkowski valuations. This was done in [57] and is the content of
the following theorem.

Theorem 5.7 ([57]) Suppose that ®; € MVal}® and let f € C(S" ', €) be
the generating function of ;.

(a) If 2 < j <mn—1, then the generating function of A®; is given by jf.

(b) If 1 < j < n —2, then there exists a constant ¢, ; > 0 such that the
generating function of £&; is given by ¢, ; Up_ji1 f * Gy

In particular, A : MVal® — MVal?, is injective for all2 < j <n —1 and
£: MVal® — MVal, is injective for all 1 < j <n —2.

The constants ¢, ; from Theorem 5.7 (b) were explicitly determined in [57].
We also note that, by Theorem 5.7, for ¢ > j, the map

A7 MVal — MVal®

is well defined. From Theorem 5.7 (a) and Examples (a) and (b) above, we
can also deduce more information about the classes MVal.
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Corollary 5.8

(a) Suppose that 1 <i,j <n—1, ®; € MVal®, and let f € C(S" ', ¢)
be the generating function of ®;. Then ®; € MVal; if and only if
Si(K,-) = [ is a support function for every K € K.

(b) MValf, | & MVal®.

Proof. Statement (a) is a direct consequence of the definition of MVal;
and Theorem 5.7 (a).

In order to prove (b) let ®; € MVal{® be even and let f € C°(S"!,¢)
be the generating function of ®;. Then, by (a) and Example (b) from above,
®; € MValy, , if and only if f = h(L,-) for some o-symmetric body of
revolution L € ™. In this case, we have

hMP1K,-) = S1(K,-)*h(L,-) =0,h(K,-) *xh(L,-) = h(K,-) * s1(L, -),

where s1(L,-) = O,h(L,-) is the smooth density of Si(L, ). It was proved by
Kiderlen [27] that for any (even) non-negative g € C°(S"!, &), (5.8) defines
an (even) Minkowski valuation in MVal{®. Since the set of area measures of
order 1 is nowhere dense in M,, this proves the claim. [ |

Note that, by Corollary 5.8 (b), in general MVal$; & MVal*® for i > j.
Explicit examples of Minkowski valuations in MVal; with generating functions
which do not generate a Minkowski valuation in MVal,,_; are provided by
the mean section operators. This follows from (5.9) and the case i =n — 1 of
Theorem 5.6 for continuous Minkowski valuations established in [54], where
it was proved that ®,,_; € MVal,,_; is generated by a continuous function
f € C,(S" ! €). However, C. Berg’s functions g; are not continuous on [—1, 1]
for i > 5.

We end this section with another remark concerning Corollary 5.8 (a):
Generating functions or earlier versions of Theorem 5.6, respectively, were the
critical tool used in the proofs of the first Brunn—Minkowski type inequalities
for Minkowski valuations. In the next section we will see that the Hard
Lefschetz operators on Minkowski valuations (which were introduced only
recently) and Theorem 5.6 both naturally lead to the same classes MVal;;
for which we can establish such inequalities.
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6. Proofs of main results

After these preparations, we are now in a position to complete the proofs
of Theorems 3, 4, and 5. We begin with Theorem 3 which we first recall.

Theorem 6.1 Let ®; € MVal;’O, 2<j<n-—1. Forj+2<1i<mn and
every L € K", there exists v; ;(L,-) € Val;{™ such that

Wi (K, ®;L) = 5ii(L, (£77719;)(K))
for every K € K. Moreover, if ®; € MVal’,_,, then

Jii—1s

oL (€70 (00) = SR (1 (e )

Proof. First define an isomorphism ©; : C3°(S™1) — C°(S™ 1) by

0;¢ = cnjUn—j10 * Gnj = Cnj ¢ * U jr1Gn—j,

where the constant ¢, ; > 0 is as in Theorem 5.7 (b). Here, the second
equality follows from the fact that multiplier transformations commute and
Un—j+19n—; is to be understood in the sense of distributions, where we use
the canonical extension of the selfadjoint operator O,,_; 1 to C;°°(5™1).
Let 7o = 0z — m10e € Mo (S™ 1), where d; is the Dirac measure supported
in e € S"1. Then, by (5.5), ( * 7z = ¢ for every ¢ € C>°(S™"1). Now since
Okdr = Te, it follows from Theorem 5.7 (b) that if f € C(S™1 €) is the
generating function of ®;, then £771®, € MVal;°, is generated by

©i 201 0;10,f = @i jUnjirf * Gnoiyo, (6.1)

where ¢, ; = H:;j ; Cnm > 0. Note that the inverse of the isomorphism (6.1)

is, for ¢ € C°(S™1), given by
Q;%,j Upi2C * Gn—jt1-

For every L € K" we define a distribution T ;(L) € C,>°(S™!) by

(T (D) = . / (Cmir2C * i) (w) dS; (L, )

Sn—1

for ¢ € C>(S"1). Let v;(L,-) € Val{™ be the generalized valuation
corresponding to 7; ;(L) determined by Theorem 5.4.
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Since £7771®; is smooth, it follows that h((L"771®;)(K),-) is smooth
for every K € K". Hence, we can evaluate 7; ;(L, ) on (£7771®;)(K). Using
that

R(L 770 (K), ) = G Sica (K, ) % (O jr f * Guiva),

we obtain
Bl (€570 (K)) = (& 79,)(K), ), Ty (L)
= [ (Sl < D sy (L),

Now on one hand it follows from (5.6), that

Yig (L, (77710 (K)) = /S (S5(Ly ) %) (w) dSi—1 (K, u) = Wi(K, B5L).
On the other hand, if ®; € MVal?;_,, then, by Theorem 5.7 (a),

‘777:_17

S (i, )« f = D e (), )

g!

and, thus,
i—j—1 (1 —1)! jA1—i
Vi (L, (L7777 05)(K)) = ———=Wao1-(L, (AV77°®;)(K))
which completes the proof. |

Note that, by Theorem 4.4 and Lemma 4.2, O, 20n—j+1 € C; (5" 1)
and that if f € C,(S™ 1), then also

f*Onivadn-jir = Onoigaf % gnji1 € C(S"7H), (6.2)
However, in general (6.2) does not define a continuous function on S™! if f

is merely continuous.

Next, we note that using Theorem 5.6 we can also give a new and short
proof of Theorem 2: If &; € MVal®, 2 < j <n — 1, has generating function
fecCxe(S" 1) and 1 <i < j+1, then, by (5.6) and Theorem 5.7 (a),

Wrd K.0,0) = [ (SeaB) = Pla) dS (L)

O Dy (L (8, (k)

4!

for every K, L € K".
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Putting together Theorem 2 and Theorem 6.1 we obtain the following.

Corollary 6.2 For1<i<n,2<j<n-—1, and ®, € MValﬁ»_l, we have
(1 —1)! 1
Wii(K, ®;L) = ———= Wy_1-(L, (M7 7'9;)(K)) (6.3)

j!
for every K, L € K™.

For the proof of Theorem 5 and in order to establish the equality cases
in Theorem 4, we need the following monotonicity property of Minkowski
valuations:

Lemma 6.3 Suppose that 1 <1 <n,2<j<n-—1, and let &, € MVal,;,
be non-trivial. If K, L € K" have non-empty interiors, then K C L implies
that

Wh—i(Q;K) < W,,_i(®,L) (6.4)
with equality if and only if K = L. In particular, W,_;(®;K) > 0 for every
K € K™ with non-empty interior.

Proof. We first assume that ¢ > 2, that ®; is smooth and that K and L are
of class C%. In this case, it was proved in [47, p. 992] that ®; K and ®;L also
have non-empty interiors. Moreover, by (6.3) and the monotonicity of mixed
volumes, we have for every ) € K",

i—1)! .
Wni(@, ®;L) = ( i ) Wao1—(L, (A F17125)(Q))
(1 —1)!
j!
Thus, taking ) = ®;L and using inequality (3.3), yields

> W15 (K, (A7) (Q)) = Wii(Q, @5 K).

W, i(®;L) > W, _(®,L, ®;K)" > W, _;(®;L)" W, (P, K)

which implies (6.4) since W,,_;(®,L) > 0. If &; € MVal,;;_; is not smooth
and K and L are arbitrary, (6.4) follows by approximation.

In order to establish the equality conditions first note that, by the SO(n)
equivariance of ®;, the convex body ®;5 must be an o-symmetric ball.
Moreover, from Lemma 5.5 (b), it follows that ®;B = rg, B, where rg, > 0.
Thus, since K and L have non-empty interiors, we conclude from (6.4)
that W,,_;(®,;K), W,,_;(®,L) > 0 or, equivalently, that ;K and ®;L have
dimension at least ¢ holds for all K, L € K™ with non-empty interiors.
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Assume now that equality holds in (6.4). Then, by the equality conditions
of (3.3) and Lemma 5.5 (a), there exists an o > 0 such that ®;K = a ®;L. It
follows from equality in (6.4) that o = 1. Thus, by Lemma 5.5 (b), we have

Wi j(K) = rg; Wn 1 (®5K) = g Wi (®;L) = W, 5(L). (6.5)
Using again the monotonicity of mixed volumes and (3.3), we obtain
Wi j(L) = Wo i (L, L) > Wy j (LK) > W,y (LY T W, (K.

From (6.5) and the equality conditions of inequality (3.3), we conclude that
K is a translate of L. But since K C L, we must have K = L.

Inequality (6.4) for i = 1 follows directly from Lemma 5.5 (b) and the
monotonicity of quermassintegrals. If equality holds in (6.4) for i = 1, then
we have (6.5) and therefore, as before, obtain that K = L. |

In contrast to Lemma 6.3, we note that not every Minkowski valuation
®; € MVal;,;_; is monotone with respect to set inclusion (cf. [27]). However,
all known examples of Minkowski valuations ®; € MVal;, 1 < j <n —1 are
weakly monotone, that is, for every pair of convex bodies K, . € K™ such that
K C L, there exists a vector z(K, L) € R"™ such that

It is an open problem whether all translation invariant and SO(n) equivariant
Minkowski valuations are weakly monotone. Using arguments as in the proof
of Lemma 6.3, we can show the following.

Proposition 6.4 Suppose that 2 < j <n —1. If ®; € MVal;,,_;, then ®;
15 weakly monotone.

Proof. Without loss of generality we may assume that ®; is smooth. If
K, L € K" such that K C L, then, as in Lemma 6.3, it follows from (6.3) and
the monotonicity of mixed volumes that for every ) € K",

(n—1)!

Wo(@, ®;L) = i W1 (L, (M T705)(Q)
(n—1)! 1en
> (R (710, Q) = W Q.2 )
But it is well known (cf. [54, Corollary 4.3]) that Wy(Q, ®,;K) < Ws(Q, P;L)
for every ) € K" implies ®; K C ®,L + x for some z € R™. [ ]
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We return now to the proof of Theorem 4 which we also first recall.

Theorem 6.5 Let 1 <t < n and let ®; € MVal;;_;, 2 < j<n—1, be
non-trivial. If K, L € K™ have non-empty interiors, then for all X € (0,1),

Wi i(®;((1 = N K + ML) > W, _(®,;K) W, _i(®,; L), (6.6)
with equality if and only if K and L are translates of each other.
Proof. First we assume that ¢ > 2 and that ®; is smooth. We also use the

abbreviations K = (1 — A\)K + AL and @ = ®,K,. Then, by (6.3),

Wisi(@;Ky) = Wii(Q, ;K,) = uanH(Km (AMH719,)(Q)).

!

From an application of inequality (3.5), we therefore obtain

Wii(®;K5) > (i;})! W15 (B (A0, (Q)) ™ W15 (L, (M F1770,) (@)

Thus, using (6.3) again, we obtain
Wn7i<q>jK/\)i Z Wn7i<Q7 q)jK)i(li)\)ani(Qa (I)]L)M
Now, if ®; € MVal;;_; is not smooth, then this inequality still follows

by approximation. Hence, using (3.3) and the fact that, by Lemma 6.3,
W,_i(Q) > 0, we arrive at

Wosi(@K))" = Woei(Q) ' Wiy (0, K) AW,y (@5 L)

which, by the definitions of ®,; K and @, is the desired inequality (6.6).

In order to establish the equality conditions, first note that by Lemma 6.3,
O,K, ®;L, and ®;K) all have dimension at least 7. Therefore, the equality
conditions of inequality (3.3) imply that ®,;K is homothetic to ®,; K, which
is in turn homothetic to ®;L. In fact, by Lemma 5.5 (a), they have to be
dilates of one another, that is, there exist ¢1,ty > 0 such that

1P, K = O Ky = t,®,1L,

where 1 = t17*#}, by the equality in (6.6). Moreover, an application of Lemma
5.5 (b) yields t;W,_;(K) = W,,—;(K)) = taW,_;(L). Consequently, we have

Wi (Bx) = Waj(K)' Wy (D)

By the equality conditions of inequality (3.4), this is possible only if K and
L are translates. This completes the proof for ¢ > 2. If ¢ = 1, then the
statement is an immediate consequence of Lemma 5.5 (b) and (3.4). [
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It remains to complete the proof of Theorem 5.

Theorem 6.6 Let p € ©1,1 <i<mn, andlet®; € MVal;; ;,2 <j<n-—1,
be non-trivial. If K, L € K™ contain the origin, then for all X € (0,1),

Wy i(®;(K +,0 L)) > Wy i(®;K) W, _i(®;L). (6.7)

When ¢ s strictly convex and K and L have non-empty interiors, equality
holds if and only if K = L.

Proof. First note that inequality (6.7) follows from Lemma 3.2, Lemma 6.3,
and Theorem 6.5.

In order to establish the equality conditions, let ¢ be strictly convex and
let K and L have non-empty interiors. It follows from the equality conditions
of Lemma 6.3 that

K+, L= (1-)NK+ AL (6.8)
We want to show that this is possible only if K = L or, equivalently, if
h(K,u) = h(L,u) for all w € S™*. If h(K,u) = h(L,u) = 0, then there is
nothing to prove. Therefore, we may assume that hA(K 4+, L,u) > 0. Now
from the definition of the Orlicz convex combination, (6.8), together with the
convexity of ¢ and our assumption that ¢(1) = 1, we obtain

(1= NA(K, u) + Ah(L,u)\
“”( WK o L, 0) )‘1

But since we have assumed that ¢ is strictly convex, this implies that
h(K,u) = h(L,u). |

Like the classical inequality (3.4), Theorem 6.5 as well as Theorem 6.6
in case of a homogeneous addition are equivalent to corresponding additive
versions. Here we state one such additive version for L, Minkowski addition.

Corollary 6.7 Letp>1,1<i<n, andlet ®; € MVal;;, 1,2<j<n-—1,
be non-trivial. If K, L € K™ contain the origin in their interiors, then

V;((I)j«l — >\> - K +p - L))% > (1 _ )\)‘/z(q)]K)% + A‘/Z(CI)]L)%7
with equality if and only if K and L are dilates of each other.

We finally remark that the special case 7 = n — 1 of Corollary 6.7 was
recently obtained by Wang [63].
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Appendix
by Semyon Alesker

The purpose of this appendix is to provide a proof of Theorem 5.4. To
this end we first show that all valuations in Valj” and Val” | are of the form
(5.2). In order to prove this, we want to apply the Irreducibility Theorem as
well as a deep result from representation theory by Casselmann-Wallach [14].
Therefore, we need to rewrite the valuations v4 5 and v,_1 ¢ in GL(n) invariant
terms without referring to a Fuclidean structure.

Recall that a line bundle over a smooth manifold M consists of a smooth

manifold £ and a surjective smooth map 7 : E — M satisfying the following:

e For each p € M, the fiber E, = 77 !(p) is a 1-dimensional vector space.

e Every p € M has an open neighborhood U in M for which there exists
a diffeomorphism o : 775(U) — U x R such that, for each ¢ € U,
0(Eq) € {q} x R and 9|, : E; = {q} x R is a linear isomorphism.

For more information on line bundles, in particular, the definitions of the
dual of a line bundle and the tensor product of line bundles needed in the
following, see, e.g., [60, p. 4].

A section of a line bundle 7 : E — M is a continuous map h: M — E
such that h(p) € E, for every p € M. We denote by C(M, E) the vector
space of all sections of E and by C*°(M, E) the space of smooth sections of
E endowed with the natural locally convex topology which makes it a Fréchet
space (see, e.g, [21, Chapter 3]). A sequence of smooth sections converges in
this topology if and only if in local coordinates all the derivatives converge
uniformly on compact subsets.

Important examples of line bundles are density bundles of manifolds
(see, e.g., [29, p. 429]). Recall that a density on an n-dimensional vector
space V' is a function on the n-fold product of V., §:V x --- x V — R, such
that if A:V — V is any linear map, then

d(Avy, ..., Av,) = |det A §(vy, ..., vp).

We denote by (V') the vector space of all densities on V' and, as usual, write
Ak (V) for the kth exterior power of V.

Proposition A.1 ([29, p. 428]) The vector space 2(V') is 1-dimensional
and spanned by |w| for any nonzero w € A"(V*).
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The density bundle m: M — M of a smooth manifold M is defined by
oM = [ 2(T,M),

peEM

where 7 is the natural projection map taking each element of 2(7,M) to p.

A density on M is a section of ZM. By Proposition A.1, any nonvanishing
n-form w on M determines a positive density |w| on M. In fact, if w
is a nonvanishing n-form on an open subset U C M, then any density
d on U is of the form 6 = f|w| for some continuous function f on U.
From this, it is now straightforward to define the integral over M of a
compactly supported density on M. We refer to [29, p. 431ff] for the details.

If M is a compact smooth manifold and 7 : £ — M a line bundle over
M, then, using integration of densities on M, one can define a canonical and
nondegenerate bilinear pairing

(.Y C(M,E) x C(M,E*® 9M) — R, (f,g)»—>/M[f,g]. (A1)

Here, C(M, E* @ M) is the space of sections of the line bundle
E*® M = Hom(E, M),
whose fiber at p € M is the space of all linear maps E, — 2(1,M), and
[, ]:C(M,E)x C(M,E*® M) - C(M,2M)

is pointwise just the evaluation map.

Now let V' be an n-dimensional vector space and denote by P, (V*) the
oriented projectivized cotangent bundle, that is, the compact smooth manifold
given by

P (V*) = (V\{0})/R".
In the following we write [¢] := span¢ for the 1-dimensional linear span of
¢ € V*\{0} and we use [¢]; to denote the elements of P, (V*). Note that if
we choose a Euclidean structure on V', then we can identify V* with V' and
P, (V*) is diffeomorphic to S"~!. However, in contrast to S"~!, we have a
natural GL(V) action on P, (V*) given by

A-[gs =[A- g, A € GL(V),

where A - ¢ € V* is defined by (A4 -€&)(v) = (A7 ) for v € V. Also note that
GL(V) acts naturally on Z(V) by

(A-6)(v1,...,v) =6(A vy, ..., A7 ), Ae GL(V),v; e V.
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Theorem A.2

(a) The map C*(S™1) — Val®, f — vy, where

v f(K) = - (u) dSy (K, u), (A.2)

1s an isomorphism of Fréchet spaces.

(b) The map C>(S" ') — Val’ |, f+ v, 1, where

Un—1,7(K) = s (u) dS,—1(K,u), (A.3)

is an isomorphism of Fréchet spaces.

Proof. First we note that, by the density properties of area measures, both
maps f +— vy 5 and f +— v,y ¢ are injective. Moreover, it is not difficult to
show that they are also both continuous in the respective Fréchet topologies.

In order to prove (a), we use (4.10) and the fact that O, is self-adjoint,
to rewrite (A.2) to

v (K) = /S O () (K w) .

Since [J,, : C°(S™ 1) — C°(S™~1) is an isomorphism, it suffices to show that

f= (K > fu)h(K,u) du) (A.4)

Sn—l
is an isomorphism between C2°(S™1) and Val{®. To this end, recall that the
support function of a convex body K € K" is a 1-homogeneous function on
V* and, thus, can be identified with a section of a line bundle E over P, (V*)
whose fiber over ] € P, (V™) is given by Ejg, = Z([£]). To be more precise,
we identify h(K,-) with the section h(K,-) € C(P,(V*), E) defined by

h(K, [€]4)(c€) = |clh(K,§),  §€V', ceR.

Note that if we choose a Euclidean structure on V', then C(P.(V*), E)
can be identified with C'(S™!). In the same way, the Fréchet space of smooth
sections C®(P,(V*), E* ® 2P, (V*)) is isomorphic to C*°(S"!) and we let
Cx(P,(V*), E* @ 2P, (V*)) denote the subspace isomorphic to C°(S™1).
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Using these identifications and the pairing defined in (A.1), the integral
in (A.4) can be rewritten as

f(u)h(K7u>du:/ [}_Z(Kv)v ]:U_l(K?)v >7 (A5>

Sn—t Py (V™)

where f € C®(P,(V*), E* @ 2P, (V*)) denotes the section corresponding
to f € C°(S™!). Finally, note that the group GL(V) acts on the spaces
C(PL(V*),E) and C*(P,(V*), E* @ 2P, (V*)) by left translation, that is,

(AN =FA7T-[Es),  AeGLV), gy € PL(V7),
and the pairing (A.5) is invariant under these actions. Thus, the map
CoPL(V7), E" @ P (V")) = Valy,  f = (h(K, ), f) (A.6)

is GL(V) equivariant. Hence, its image is a GL(V') invariant subspace of
Val(® and, therefore, dense by the Irreducibility Theorem. However, by the
Casselmann—Wallach theorem [14], this image is also closed which proves (a).

For the proof of (b), first note that if P € K" is a polytope, then by the
definition of S,,_1 (P, -), we have

varp(P) = > flup)vol,_i(F), (A7)

FE]‘-n71(P)

where F,,_1(P) is the set of all facets of P and up is the outer unit normal
vector of the facet F. Conversely, it is well known that if f € C,(S™™1), then
any function on polytopes in R” of the form (A.7) has a unique extension to a
valuation in Val,_; (see, e.g., [52, Chapter 6.4]). Moreover, if f € C>°(S™"™1),
then this valuation is smooth and given by (A.3). In order to rewrite v,_q ¢
in GL(V) invariant terms, it therefore suffices to rewrite (A.7).

To this end, let PY (V') denote the compact manifold of all cooriented
n — 1 dimensional subspaces in V. (Recall that if H is such a subspace,
an orientation of V/H is called a coorientation of H.) Note that there is
a natural diffecomorphism between PY (V') and P, (V*) which is equivariant
under the action of GL(V') on both manifolds. Let S denote the line bundle
over PY (V) whose fiber over H € PY (V') is given by Sy = Z(H). If we choose
a Euclidean structure, C*°(PY(V), S) is clearly isomorphic to C*°(S"!) and
we write again C5°(PY.(V), S) for the subspace isomorphic to C°(S™1).
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We now rewrite (A.7) in the form

o) = 3 [ AP (A8)
FeF,_1(P)’F

where f € C>(PY(V), S) is the section corresponding to f € C°(S"!) and
F' is the cooriented subspace parallel to the facet F. Using the identification
of PY (V) with P, (V*), we can identify the line bundle S over P (V) with

the line bundle £ ® Z(V) over P (V*), where E is the line bundle from part
(a) of the proof. Thus, there is a canonical isomorphism of Fréchet spaces

Co(Pr(V7), E) @ (V) = CF(PL(V), 5) (A.9)

which is GL(V') equivariant. Together, (A.8) and (A.9) determine a continuous
GL(V) equivariant map

C=(PL(V*), E) ® (V) — Val® , (A.10)

whose image is dense by the Irreducibility Theorem and closed by the
Casselmann—Wallach theorem [14]. |

Now let M again be a compact smooth manifold and 7 : E — M a line
bundle over M. In the same way the Poincaré duality map motivated the
definition of generalized valuations, the pairing (A.1) motivates the following
definition of the space of generalized sections of E:

C—=(M, E) = C®(M, E* @ 9M)".
Note that the pairing (A.1) yields a canonical embedding
C*(M,E) — C (M, E). (A.11)

Finally, we are in a position to proof the main result of this appendix.

Proof of Theorem 5.4. The first part of the statement was already established
in the proof of Theorem A.2. In order to prove the second statement, we first
compute explicitly the Poincaré duality map Val{® — Val;>°. To this end,
let © € Val® and v € Val” , be given by

w(K)=V(K,L,...,L) and v(K)=V(K,...,K,M)
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for some strictly convex bodies L, M € K™ with smooth boundary. By the
Irreducibility Theorem, linear combinations of valuations of this form are
dense in Val® and Val,” ,, respectively. From (5.3), it follows that

1 Va
<p,v>= EV(—L,...,—L,M) Vo, = h(M,u)dS,—1(—L,u).

n2 Sn—l

Thus, if f € C2(P,(V*), B* @ 2P, (V*)) is the section corresponding to the
valuation p € Val(® according to (A.6) and g € C*(P.(V*),E)® 2(V) is
the section corresponding to v € Val,” ; according to (A.10), then

/ B(M, u) dS_y(~L,u) = / [Foa,g)
gt P (V)

where a : P (V*) — P, (V*) denotes the antipodal involution on P, (V*),
that is, the change of orientation. Now, noting that, by (A.10) and the fact
that 2(V)* @ 2(V) is trivial,

Val; ™ = (Val® )" @ 2(V) 2 C;=°(P.(V*),EB* @ 2P (V"))

and using again the isomorphism (A.6), we see that the Poincaré duality map
induces a map C° (P (V*), E*@ 2P (V*)) —» Co°(PL(V*), E* 2P (V*)),
given by

1
= —=/foa
n
Here we have used the embedding (A.11). This map obviously extends to an
isomorphism of topological vector spaces equipped with weak topologies

Cr=(PL(V*), B* & 9P, (V")) = C=(P,(V*), E* © 9P, (V")) = Val;™,
However, if we endow V' with a Euclidean structure, this map becomes an

isomorphism
Co®(S" 1) — Val[ ™

which, when restricted to smooth functions, is just given by

f <K — %/Snlﬂ—u) h(K, u) dU) :

Clearly, this implies the desired statement. |
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