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1 Introduction

1.1 Background

The Derived Model Theorem is a fundamental theorem in the study of large

cardinals and determinacy, originally due to Woodin in the 1980s. It establishes

the consistency of AD`, which is a strengthening of the Axiom of Determinacy,

from the consistency of infinitely many Woodin cardinals via forcing. In the

same result, Woodin also constructs an inner model of ZFC with infinitely many

Woodin cardinals, under the assumption of AD` V “ LpRq. Taking these two

together, we get the seminal result that AD is equiconsistent with infinitely

many Woodin cardinals.

The proof that these notes use is outlined in Steel’s stationary-tower-free

proof of the derived model theorem (see [8]), with many of the details of the

proof omitted there. These notes will fill in those details and give a clean,

complete presentation of the proof. To make it as self-contained as possible, we

will record the necessary definitions and preliminary results in Section 1.2. We

will assume that readers are familiar with relevant set-theoretic notions such as

forcing, direct limit, measurable cardinal, Woodin cardinal and so on. We use

the following convention:

• OR denotes the class of ordinals, otpX,Rq denotes the order-type of a

well-order R Ď X2.

• For sets X,Y , XY “ Y X denotes the collection of functions from X

to Y , R “ ωω. For an ordinal α, Y ăα “
Ť

βăα Y
β . For function f ,

fæA “ f X pAˆ ranpfqq. For a family tYi : i P Iu of non-empty sets,

ź

iPI

Yi “ tf P p
ď

iPI

Yiq
I : @i P I, fpiq P Yiu.
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• We endow Y ω with the product topology generated by the open basis of

sets of the form Ns “ tf P Y
ω : s Ă fu for s P Y ăω.

• T Ď Xăω is a tree on X if it is closed under taking initial segments. The

branches through T are

rT s “ tx P Xω : @n ă ω, xæn P T u.

For a tree T on X ˆ Y and s P Xăω, write Ts “ tt : ps, tq P T u, and we

identify rT s as a subset of XωˆY ω in the natural way. Given f P
ś

iPI Xi

and i P I, let projipfq “ fpiq.

• If M is a class, µ is an M -ultrafilter on Z P M , M is a model of enough

ZFC to prove  Los’ theorem for functions with domain Z, then UltpM,µq

is the ultrapower of M by µ. Given a direct system xpMi, πi,jq : i ď j P Iy,

lim
ÝÑ
xMi : i P Iy is the direct limit of the system.

• If UltpM,µq is well-founded, then we identify it with the unique transitive

class isomorphic to it and compose the ultrapower embedding with the

isomorphism; similarly, if the direct limit of a directed system xpMi, πi,jq :

i ď j P Iy is well-founded, then we identify it with the corresponding

isomorphic transitive class and compose the direct limit embedding with

the isomorphism.

1.2 Preliminaries

1.2.1 Homogeneity Systems

The main tools that will be used to construct the derived model are homogene-

ity systems, which are sequences of indexed measures that interact with the

indexing set in a coherent way, and the measures give rise to various notion of

regularity properties.

Definition 1.1. For any set Z and κ ě ω1, measκpZq denotes the set of

κ-complete ultrafilters on Z. We abuse notation and write measκpZ
ăωq “

Ť

năω measκpZ
nq. Also, measω1pZq “ measpZq.

Definition 1.2. A homogeneity system over Y with support Z is a sequene

µ “ xµs : s P Y ăωy such that:

1. µs P measpZ |s|q, and
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2. @s Ď t, µs is the projection of µt to Z |s|, which means

A P µs ô tu P Z |t| : uæ|s| P Au P µt.

µ is κ-complete if each µs is κ-complete.

Remark 1.3. Since each µs is countably complete, UltpV, µsq “ Ms is well-

founded with the associated ultrapower embedding js : V Ñ Ms. Also, for

s Ď t P Y ăω, u P Z |t|, f : Z |t| Ñ V , put

us,tpiq “ upjq ô spiq “ tpjq,

fs,tpuq “ fpus,tq.

So by clause 2 of the definition above, the map js,t : Ms ÑMt via

js,tprf sµs
q “ rfs,tsµt

is well-defined and elementary. Moreover, the diagram below commutes

V Mt

Ms

jt

js
js,t

so that each x P Y ω corresponds canonically to a direct limit given by

Mx “ lim
ÝÑ
xpMxæm, jxæm,xænq : m ď n ă ωy.

Definition 1.4. A tower is a sequence xµn : n ă αy for some α ď ω so that

each µn is the projection of µn`1. If α ă ω then it is a finite tower, otherwise we

call it an infinite tower (or simply a tower). If Y Ď measκpZ
ăωq, then TWY is

the collection of towers whose range is contained in Y . TWăω
Y is the collection

of finite towers whose range is contained in Y .

Definition 1.5. A weak homogeneity system over Y with support Z is a se-

quence µ “ xµs : s P Y ăωy such that for every s P Y ăω

1. µs is a countably complete ultrafilter on Zn for some n ď |s|, and

2. if ν is the projection of µs to Zm with m ă n, then there is i ă |s| such

that µsæi “ ν.

µ is κ-complete if each µs is κ-complete.
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Remark 1.6. As in the previous remark, if x, y P ωω are such that each

µxæypi`1q is a projection of µxæypiq, then we can form the tower

Mx,y “ lim
ÝÑ
xpMxæypmq, jxæypmq,xæypnqq : m ď n ă ωy.

Definition 1.7. A tower xµn : n ă ωy is countably complete if whenever tAn Ď

Zn : n ă ωu is such that An P µn for each n ă ω, there is f : ω Ñ Z with

fæn P An.

The following is due to Martin and Steel [4].

Proposition 1.8. Let xµn : n ă ωy be a tower. Then lim
ÝÑ
xµn : n ă ωy is

well-founded if and only if xµn : n ă ωy is countably complete.

Definition 1.9. For a homogeneity system µ with Y “ ranpµq we write Wµ “

tν P TWY : ν is countably completeu. For a weak homogeneity system we

write Sµ instead of Wµ. A Ď Y ω is κ-homogeneous iff there is a κ-complete

homogeneity system µ such that A “ Wµ. A is κ-weakly homogeneous iff there

is a κ-weak homogeneity system µ such that A “ Sµ. A tree T on Y ˆ Z is

κ-homogeneous iff there is a κ-homogeneity system µ satisfying

1. x P proj0rT s ô lim
ÝÑ
xUltpV, µxænq : n ă ωy is well-founded, and

2. @s P Y ăω Ts P µs.

T is κ-weakly homogeneous iff there is a κ-weak homogeneity system µ satisfying

1. x P proj0rT s ô Dy P ωω lim
ÝÑ
xUltpV, µxæypnqq : n ă ωy is well-founded, and

2. @s P Y ăωDn ď |s| Ts P µsæn.

A is κ-(weakly)-homogeneously Suslin iff there is a κ-(weakly)-homogeneous tree

T with A “ proj0rT s. Let

HomY
κ “ tA Ď Y ω : A is κ-homogeneousu,

HomY
ăκ “

č

αăκ

HomY
α ,

HomY
8 “

č

αPOR

HomY
α .

When Y “ ω we shall suppress the superscript Y .

So for weakly homogeneous A witnessed by µ, x P A if and only if there

is an increasing sequence xin : n ă ωy such that xµxæin : n ă ωy is countably
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complete. The proof of the equivalence below is left as an exercise in [9], which

we fill in the detail.

Proposition 1.10. Suppose κ ě ω1 and there is a measurable cardinal at least

κ. Then, for A Ď Y ω, the following are equivalent:

1. A is κ-weakly homogeneous.

2. A “ proj0rBs for some homogeneous B Ď Y ω ˆ ωω.

Proof. pðq : Fix an effective enumeration trn : n ă ωu “ ωăω with prefixes

listed first, and let νs “ µpsæ|rn|,rnq where n “ |s|. It’s not hard to see that ν

is a weak homogeneity system. If x P A “ proj0rBs so that px, yq P B for some

y P ωω then, putting in “ k ô yæn “ rk, we see that xµxæin : n ă ωy forms

a countably complete tower; if xµxæin : n ă ωy is countably complete then,

putting y “
Ť

năω rin , we see that xµpxæn,yænq : n ă ωy is countably complete,

so px, yq P B, and x P A.

pñq : Intuitively, the second coordinate of B should encode the increasing enu-

meration of the lengths of the initial segments of x we attempt to take, so a

member px, fq P B should be so that f is increasing with xµxæfpnq : n ă ωy

countably complete (where the µ’s come from the weak homogeneity system).

For two measures M0,M1 on Zm, Zn, let M0 ⌢M1 be the measure on Zm`n

gluing together M0,M1 via

X PM0 ⌢M1 ô tpx0, ..., xmq : x P Xu PM0^tpxm`1, ..., xm`nq : x P Xu PM1.

Fix z P Z and for each n ă ω, let Pn be the principal measure generated by

tzun, Qn generated by t0un , and Un the non-principal ultrafilter on decreasing

n-tuples of κ, derived from the n-fold product measure on κn given by the non-

principal ultrafilter U on κ as a t0, 1u-valued measure. Given finite sequence

ps, tq, if i ă |t| “ n is the first place with tpi`1q ď tpiq then let νps,tq be measure

on pZ ˆ κqn via

νps,tq “ νps,tqæpi`1q ⌢ pP
n´i ˆ Un´iq.

If i is the first place with tpi ` 1q ď n and µsætpi`1q does not project to µsætpiq

then change the i` 1 above to tpi` 1q. Otherwise, we recursively keep an index

set Ips,tq where the actual measures are “activated”: let i be the largest such

that

tpiq ď n, Ips,tq “ Ips,tqæn Y tiu “ ti0, ..., imu, pn` 1qzIps,tq “ tj0, ..., jn´m´1u
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and set

X P νps,tq ô tpui0 , ..., uimq : pu, rq P Xu P µsæptpiq`1q

^ tppuj0 , ..., ujn´m´1
q, prj0 , ..., rjn´m´1

qq : pu, rq P Xu P Pn´m ˆQn´m

So we measure the indices on which the actual measures are activated and fill

in the rest with dummy variables.

It’s not hard to see that if ps0, t0q Ď ps1, t1q then νps1,t1q projects to νps0,t0q.

For the countable completeness, if px, fq P B then we can easily translate the

witnesses; if px, fq R B then there is some i after which the second coordinate

cannot encode a valid enumeration of the lengths of initial segments of x, so we

are tagging along Pn´i ˆUn´i. Let Aj P νpx,fqæj be arbitrary, let Xn´i P Un´i

be the set of decreasing pn ´ iq-tuples of κ for n ą i, and put An “ Ai "

ptzun´i ˆXn´iq. Then each An P νpx,fqæn, but if there is pg0, g1q so that each

pg0, g1qæn P An then g1pn`1q ą g1pnq for n ą i and we get a decreasing sequence

of ordinals, which is impossible. Thus the tower is not countably complete.

Remark 1.11. The only reason that we need the measurable cardinal here is

to rule out the indexing sequences that are not valid encodings. More generally,

using the same trick, if A Ď Y ω, S Ď Y ăω satisfies
Ť

sPS Ns X A “ ∅, then

defining only µt for t R S suffices to produce a homogeneity system for A.

A detailed proof of the following fact can be found in [9].

Proposition 1.12. A is κ-homogeneous iff A is κ-homogeneously Suslin, and

A is κ-weakly homogeneous iff A is κ-weakly homogeneously Suslin.

1.2.2 Universally Baire

The derived model is a forcing construction, and in order to have canonical

names for the homogeneous sets, we need to ensure a certain degree of forcing

absoluteness; in particular, we will use universally Baire sets, which we now

define.

Definition 1.13. For cardinal κ, we say G is ă κ-generic if G is a V -generic

filter for some poset P with |P|V ă κ.

Definition 1.14. A tree T on X ˆ Y is κ-absolutely complemented if there is

a tree U on X ˆ Z such that for every poset P with |P| ă κ,

,P
V proj0rT s “ Y ω ´ proj0rU s.
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A Ď Xω is κ-universally Baire if there is a κ-absolutely complemented tree T

so that A “ proj0rT s. We write

UBXκ “ tA Ď Xω : A is κ-universally Baireu,UBκ “ UBωκ .

The above definition is the most sensible one for our purposes; in [1] Feng,

Magidor, and Woodin give an equivalent characterization as stated below, which

we will also use for a proposition later.

Theorem 1.15. Let κ ě ω be a cardinal and A Ď R; the following are equiva-

lent:

1. A is κ-universally Baire.

2. For every topological space X with regular open basis of size ď κ and every

continuous f : X Ñ R, f´1rAs has the Baire property.

3. For every continuous f : κω Ñ R, f´1rAs has the Baire property.

In particular, every κ-universally Baire A has the Baire property. Martin

and Solovay have shown that κ-weakly homogeneous implies κ-universally Baire

via the following construction. We start by a simpler construction; the essential

idea is that the tree should be searching for an infinite decreasing chain in the

direct limit of the ultrapowers indexed by initial segments of x R A.

Definition 1.16. For a homogeneity system µ over Y with associated embed-

dings js,t for s Ď t P Y ăω and ordinal θ, write θ1 “ supt
Ť

js,trθs : s Ď tu; its

Martin-Solovay tree mspµ, θq on Y ˆ θ1 is given by

ps, tq P mspµ, θq ô tp0q ă θ ^ @n ă |s| ´ 1rjsæn,sæpn`1qptpnqq ą tpn` 1qs.

Remark 1.17. It is not hard to see that

1. If px, fq is a branch through mspµ, θq with direct limit embedding jxæi,x,

then xjxæn,xpfpnqq : n ă ωy is an infinite decreasing sequence of ordinals

in Mx.

2. If the direct limit is ill-founded, then the witness to ill-foundedness can be

found below jr|Z|`s where j is the embedding from V to the direct limit,

so when θ ą |Z|` we have proj0rmspµ, θqs “ Y ω ´ Sµ.

We may extend the construction to weak homogeneity systems.
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Definition 1.18. For a weak homogeneity system µ over Y with associated

ultrapower embeddings js,t for s, t P Y ăω such that µt projects to µs, and

ordinal θ, write θ1 “ supt
Ť

js,trθs : µt projects to µsu; its Martin-Solovay tree

mspµ, θq on Y ˆ θ1 is given by

ps, tq P mspµ, θq ôtp0q ă θ ^ @m ă n ď |s|

pµsæn projects to µsæm ñ jsæm,sænptpn´ 1qq ą tpmqq.

As the name suggests, we have the following result due to Martin and Solo-

vay.

Theorem 1.19. Let T Ď pX ˆ Zqăω be a κ-weakly homogeneous tree as wit-

nessed by µ, and θ ą |T |`; then T and mspµ, θq are κ-absolute complements.

In particular, proj0rT s is κ-universally Baire.

To prove the theorem above, we need some elementary results about mea-

sures with respect to small forcing. Let µ be a κ-complete measure on I in V

and G be ă κ-generic over V ; in V rGs we define µ˚ “ tB Ď I : DA P µ,A Ď Bu.

Proposition 1.20. Let I P V and let ν P PpPpIqqV rGs. The following are

equivalent:

1. ν “ µ˚ for some µ P V .

2. In V rGs, ν is a κ-complete measure on I.

Furthermore, if (1) or (2) holds then for any f : I Ñ V with f P V rGs, there is

g P V and A P ν X V such that fpiq “ gpiq for i P I.

Proof. pñq: Let B Ď I,B P V rGs. Let p P G, 9B P V with p , 9B Ď Ǐ; work in

V , we say r decides φpτq if either r , φpτq or r , ␣φpτq. For each q ď p and

r ď q, let

Br “ ti P I : r decides ǐ P 9Bu.

Note that for each q,
Ť

rďq Br “ I P µ, so some r ď q has Br P µ. Then

tr ď p : Br P µu is dense below p, so there is q ď p with q P G and Bq P µ. Let

B0 “ ti P Bq : q , ǐ R 9Bu, B1 “ tx P Bq : q , ǐ P 9Bu

and note that either B0 P µ or B1 P µ, with B0 Ď I ´ B,B1 Ď B. Similarly,

let µ̃ P V be the canonical name for ν˚, if p , 9B “ x 9Bα : α ă γ̌y, 9Brγ̌s Ď µ̃ for

some p P G, γ ă κ, then working in V , we fix Aq,α P µ for each q ď p, α ă γ

such that q , Ǎq,α Ď 9Bpα̌q whenever it exists (else let Aq,α “ X), and note that
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A “
Ş

qďp,αăγ Aq,α P ν by the completeness of µ, and p , Ǎ Ď
Ş

αăγ̌
9Bpαq, so

Ş

αăγ Bα P µ
˚.

pðq : First fix a name 9ν P V for ν.

Claim 1. For all A P ν, there is B Ď A with B P ν X V .

Proof of claim: For each A in the claim, fix a name 9A P V and q P G forcing
9A P 9ν. Let Ap be defined as before for p P P, so each Ap P V . For each q ď p,

we have
Ť

rďq Ar “ I P ν, so some Ar P ν. Then tr : DB, r , B̌ Ď 9A, B̌ P 9νu is

dense below p, thus is forced by some condition in G. △
Let Q be the Boolean completion of the forcing poset P computed in V . Then

Q has no κ-length decreasing chain in V rGs, since such a chain corresponds to

a collection of incompatible conditions of P of size κ, which is impossible since

κ is still a cardinal in V rGs.

Claim 2. There is B P ν X V such that for every C Ď B with C P V , either

}Č P 9ν} “ }B̌ P 9ν} or }Č P 9ν} “ 0

Proof of claim: Suppose this is not true. Work in V rGs, put B0 “ I. For

each α ă κ, we can inductively find some Bα`1 Ď Bα such that Bα`1 P V ,

}B̌α`1 P 9ν} ă }B̌α P 9ν}, and }B̌α`1 P 9ν} P G. For limit β ă κ, let Aβ “
Ş

αăβ Bα and let Bβ Ď Aβ with Bβ P νXV be given by Claim 1. But note now

that x}B̌α P 9ν} : α ă κy is a decreasing κ-sequence of Boolean values, which is

impossible. △
Finally, work in V , let

µ “ tC Ď I : }B̌ P 9ν} ď }Č P 9ν}u.

It’s not hard to see that µ˚ “ ν in V rGs. µ is a κ-complete measure in V , since

for every C Ď I with C P V if C P ν then }B̌ P 9ν} “ }Č X B̌ P 9ν} ď }Č P 9ν},

and otherwise the same applies to I ´C; upward closure is also trivial, and the

κ-completeness follows from the same calculation as above by replacing C with
Ş

αăγ Cα and noting that each Cα P ν.

The moreover part follows from essentially the same calculation: let Br be the

collection of i P I for which fpiq is decided by r, and find r P P, A P µ so that

fpiq is decided by r for every i P A. This proves the proposition.

Before working in a generic extension, let us first see that mspµ, θq and T

are complementing in V :

Lemma 1.21. Let T Ď pY ˆ Zqăω be a κ-weakly homogeneous tree witnessed

by µ and θ ě |T |`. Then proj0rT s “
ωY ´ proj0rmspµ, θqs
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Proof. If px, fq P rT s then f witnesses that lim
ÝÑ
xUltpV, µxæypnqq : n ă ωy is ill-

founded for all towers xµxæypnq : n ă ωy. Conversely, suppose x R proj0rT s. For

each y P R such that xµxæypnq : n ă ωy forms a tower, we may pick tAyn : n ă ωu

witnessing that the tower is countably incomplete, so that each Ayn P µxæypnq.

For each k ă ω, let nk be the unique n ď k such that Zn P µxæk. Let

Bk “
č

tAyk : xµxæypnq : n ă ωy is a tower, ypnkq “ ku

Each Ayk P µxæk with Ayk Ď Znk since ypnkq “ k. Since each µxæypnq is either

principal or has measurable completeness, and the intersection is over a set of

size ď 2ℵ0 , each Bk P µxæk. Define now a relation R on ω ˆ Zăω via

pk, sqRpℓ, tq ô k ą ℓ, s P Bk, t P Bℓ, s Ą t.

Then R is a well-founded relation, since if there are tpypkq, skq : k ă ωu with

each pypk ` 1q, sk`1qRpypkq, skq, then putting f “
Ť

kăω sk : ω Ñ Z, we see

that each fæypkq P Bk Ď Aynk
, which is a contradiction by our choice of the

Ayn’s. Let ρ : ω ˆ Zăω Ñ θ be the corresponding rank function for R, and put

fkpuq “ ρpk, uq for u P Znk . Let αk “ rfksµxæk
and fpkq “ αk. By  Los’ theorem

and definition of αk, if µxæi projects to µxæk, then

jxæk,xæipαjq ą αi ô tu P Zni : fxæk,xæi
j puq ą fipuqu P µxæi

ô tu : fkpuænkq ą fipuqu P µxæi

ô tu : ρpk, uænkq ą ρpi, uqu P µxæi

ô tu : pi, uqRpk, uænkqu P µxæi.

But the last line is true for every u P Bi P µxæi. Thus px, fq P rmspµ, θqs, as

desired.

We may now prove the theorem.

Proof. (of Theorem 1.19) Let G be ă κ-generic over V . By the previous

proposition, each µs extends to a κ-complete µ˚
s in V rGs; moreover, for each

f : Z |s| Ñ V with f P V rGs we can find g P V with rf sµ˚
s
“ rgsµ˚

s
using the same

proposition. In particular, for x, xin : n ă ωy P V rGs if j : V Ñ lim
ÝÑ

UltpV, µxæinq

is the direct limit on V using µ1 and j˚ : V rGs Ñ lim
ÝÑ

UltpV rGs, µ˚
xæin

q is the

1Note that this is a direct limit taken in V rGs, external to V (although the functions we
use are still in V )
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one on V rGs using µ˚, then

lim
ÝÑ

UltpV rGs, µ˚
xæin

q is ill-founded

ôDtfn P
Zn

OR : n ă ωu Ď V rGs,

tu : fnpuæpn` 1qq ą fn`1puqu P µ
˚
xæin

ôDtfn P
Zn

OR : n ă ωu Ď V,

tu : fnpuæpn` 1qq ą fn`1puqu P µxæin

ô lim
ÝÑ

UltpV, µxæinq is ill-founded.

Also, px, fq P rmspµ, θqsV rGs precisely when it witnesses the direct limits are ill-

founded, so that pproj0rmspµ, θq
V s “ Y ω ´ Sµ˚ “ proj0rmspµ

˚, θqsqV rGs. Thus

it suffices to see that pproj0rT s “ Sµ˚qV rGs.

Note that if x P proj0rT s
V rGs then x R proj0rmspµ, θq

V sV rGs, as otherwise

the tree of attempts to find px, f0, f1q with px, f0q branch through T and px, f1q

through mspµ, θqV would be ill-founded in V rGs, thus in V by absoluteness,

which is impossible since they are disjoint in V , so x P Sµ˚ . If x P Sµ˚ , then

the tower xµxæin : n ă ωy is countably complete. Since Txæn P µxæin Ď µ˚
xæin

for each n ă ω, we can fix f P V rGs with fæn P Txæn, so that px, fq P rT sV rGs,

meaning that x P proj0rT s
V rGs. Hence pproj0rT s “ Sµ˚qV rGs.

Thus every κ-weakly homogeneous set is κ-universally Baire. Conversely,

Martin and Steel showed the following.

Theorem 1.22. Let δ be Woodin and let µ be a δ`-complete weak homogene-

ity system over Y with |Y | ă δ. For sufficiently large θ, mspµ, θq is ă δ-

homogeneous.

The following theorem is originally due to Woodin using Stationary Tower

forcing. In Section 3 we shall give a stationary-tower-free proof of it.

Theorem 1.23. Suppose δ is Woodin and A P UBδ` . Then for all κ ă δ, A is

κ-weakly homogeneous.

Combining the results above, we obtain the corollary.

Corollary 1.24. Homăλ “ UBλ “ tA Ď R : A is ă λ-weakly homogeneousu.

1.2.3 Games and Borel Codes

The statement of the derived model theorem is that AD` holds in the symmetric

extension, so we will need to explain what AD` means and record a few basic

tools that help us prove it.
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Definition 1.25. Given a set X and A Ď ωX, the Gale-Stewart game GpX,Aq

on A consists of runs in the following form

I xp0q xp2q . . .

II xp1q . . .

where player I makes the first move, then player II makes the second move, and

so on, until a run x P ωX is formed; I wins if x P A, and II wins otherwise. We

write GpAq when the ambient set X is clear from context, and say that A is the

payoff set. A strategy for I is a function σ :
Ť

năωX
2n Ñ X, a strategy for II

is a function τ :
Ť

năωX
2n`1 Ñ X. A strategy is winning if the corresponding

player wins every run of GpAq by following the strategy, in which case we say

GpAq is determined. Axiom of Determinacy (AD) is the statement that for

every A Ď R, GpAq is determined.

Definition 1.26. A binary relation ĺ on X is a prewellordering if it’s reflexive,

transitive, total, and well-founded. To each such relation and x P X we let

rxsĺ “ ty P X : x ĺ y ĺ xu be its ĺ-class and E “ trxsĺ : x P Xu, so

that ĺ induces a well-order on E. Let lhpĺq “ otpE,ĺq “ λ so that pE,ĺq is

isomorphic to pλ,ăq via a unique f . Let rkpxq “ fprxsĺq be the rank of x.

Definition 1.27. Θ “ suptlhpĺq :ĺ is prewellordering on Ru

Definition 1.28. Y ω is endowed with the (metrizable) topology with basic open

neighborhood consisting of Ns “ tx P Y
ω : s Ă xu. Given f : Y ăω Ñ Zăω with

s Ď t ñ fpsq Ď fptq and supt|fpxænq| : n ă ωu “ ω, we say it is a continuous

representation, with the induced continuous function φf : x ÞÑ
Ť

năω fpxænq.

We say φ is a Lipschitz representation if |fpsq| “ |s|.

Remark 1.29. If M Ď N are transitive models of enough set theory and

f P M , then f being a continuous/Lipschitz representation is absolute, with

pφf q
M Ď pφf q

N .

Definition 1.30. Given sets A,B Ď R, the Wadge game W pA,Bq has the

same configuration as above, except that player II can choose not to play in

some turns. Player II wins just in case

1. xII is played infinitely many times

2. xI P Aô xII P B

We say A is Wadge reducible to B and write A ďW B when player II has a

winning strategy in W pA,Bq

12



Remark 1.31. Here are a few basic observations:

1. Every winning strategy for II induces a continuous representation f with

φ´1
f rBs “ A, and every such continuous representation induces a winning

strategy for II, so that A ďW B if and only if A is a continuous preimage

of B.

2. By using the trick of filling in with principal measures in the previous

proposition, one can similarly show that being κ-(weakly)-homogeneous

is closed under continuous reduction. That is, if f : RÑ R is continuous

and B Ď R is κ-(weakly)-homogeneous, then so is f´1rBs. Thus Homκ is

closed under Wadge reducibility.

3. If player I has a winning strategy in W pA,Bq then player II has a winning

strategy in W pB,R´Aq.

4. For any A,B we can code W pA,Bq by an equivalent game GpCq of the

form

x P C ô DxI , xII , y P R, x “ xI ˚ pxII ˚ yq

^ ppxI P A^ xII R Bq _ pxI R A^ xII P Bq

_ xII has finite supportq

So that if A,B P Homγ` for some Woodin γ then C P Homăγ

Besides playing games using members of ω, we may also be interested in

playing with members of larger ordinals. If δ ą ω and A Ď ωδ is any payoff set,

then the game played on A can be undetermined. However, we can look at the

games that are very definable from subsets of R:

Definition 1.32. For δ ă Θ and continuous f : δω Ñ R and B Ď R, the game

Gpf,Bq is defined by player I and II taking turns to play αi ă δ, producing

some α P δω, and I wins precisely when fpαq P B. Ordinal Determinacy is the

statement that Gpf,Bq is determined for all such δ, f, B.

The notion of being 8-Borel is a generalization of the usual Borel sets:

Definition 1.33. Given ordinals γ, δ ě ω, L0
γ,δ is the language with 0-ary

predicate Pα for each α ă δ with negation, as well as disjunction and conjunction

indexed by members of γ. Each sentence φ P L0
γ,δ is associated with a code

S Ď Ppγq for δ ď γ “ |γ|:

• φtpp0,αqu “ Pα

13



• φtpp1,αq:αPSu “ ␣φS

• φtpp2`α,βq:αPX,βPSαu “
Ź

αPX φSα

And L0
8,δ “

Ť

γPOR L0
γ,δ. For x P 2δ, define

• x |ù Pα ô xpαq “ 1

• x |ù ␣φô ␣px |ù φq

• x |ù
Ź

αPX φα ô @α P X,x |ù φα

Let Aφ “ tx P 2δ : x |ù φu. B Ď 2δ is 8-Borel if and only if B “ Aφ for some

φ P L0
8,δ. We write L0

γ “ L0
γ,ω and L0

8 “ L0
8,ω.

We also need a localization of the length of 8-Borel codes for some certain

nice set B Ď ω2.

Theorem 1.34. Assume Lipschitz determinacy. Suppose B is 8-Borel, and

δB “ suptlhpRq : R is prewellorder Wadge reducible to Bu. Then B has a code

φ P L0
δB

.

Remark 1.35. δB ă Θ, as we have a surjection σ ÞÑ lhpσ´1rBsq for every

σ P R coding a continuous reduction with preimage a prewellorder.

Theorem 1.36. Assume B is Suslin. Then there is an 8-Borel code for B.

Definition 1.37. Let tφn : n ă ωu be an effective enumeration of formulae

quantifying over N and R, with extra predicate symbol 9Q for members of R.

Let UnpQq Ď Rn`1 be the set defined by

pn ⌢ x0, ..., xnq P U
npQq ô φn P Σ1

1p
9Qq ^ φnpx0, ..., xnq

Remark 1.38. U1
1 pQq is a Σ1

1pQq set which is Σ
r

1
1pQq-universal. Moreover, note

that U1
1 pQq is definable over the structure pHC, Qq uniformly in Q. Note that

this construction also works generally for Q Ď Rm or any list Q0, ..., Qn of

predicates.

Theorem 1.39 (Coding Lemma). Assume ZF+AD. For any X Ď R, prewellorder
ĺ on X, and Z Ď X ˆ ωω, there’s x P R such that

1. U2
xpĺq Ď Z

2. @y P X,

U2
xpĺq X prysĺ ˆ Rq ‰ ∅ô Z X prysĺ ˆ Rq ‰ ∅

14



In the proof of the coding lemma, we build a real game which is ∆1
2pĺ, X, Zq

and argue that if the theorem fails then the game is not determined; using the

same proof, we see the following holds:

Theorem 1.40 (Generalized Coding Lemma). Let X Ď R, ĺ prewellorder on

X, and Z Ď X ˆ ωω; assume ∆1
2pĺ, X, Zq determinacy. Then there’s x P R

such that

1. U2
xpĺq Ď Z

2. @y P X,

U2
xpĺq X prysĺ ˆ Rq ‰ ∅ô Z X prysĺ ˆ Rq ‰ ∅

The proof of following observation uses the kind of games mentioned before,

which is sketched in [9]

Theorem 1.41. Let λ be a limit of Woodins. Then there is κ ă λ with Homκ “

Homăλ.

Proof. Note that whenever A P Homβ , the same witness also shows A P Homα

for α ă β, so if the statement were false then fixing Woodin γ0 below λ, for

each n ă ω there would be Woodins

γn`1 ą δ4n`3 ą δ4n`2 ą δ4n`1 ą δ4n ą γn

below λ and An P Homδ`
4n`1

´Homδ4n`2
; then R ´ An is γ`

n -homogeneous,

so An,R ´ An P Homγ`
n
´Homγ`

n`1
(if we have R ´ An P Homγ`

n`1
then

An P Homăδ4n`3 Ď Homδ4n`2). Then An,R ´ An ęW An`1 for each n as

otherwise An P Homγn`1 by our previous remark. But An`1,R´ An`1, An are

all γn homogeneous, so the Wadge games on W pAn, An`1q,W pAn,R ´ An`1q

are determined. So player I has winning strategy σ1
n in W pAn, An`1q and win-

ning strategy σ0
n in W pAn,R´An`1q. The following argument is due to Martin;

a visual presentation can be found in [2]:

For each n ă ω we form a two-player game, where player I follows σ
xpnq
n in

the nth game to play xyp0q, yp2q, ...y “ fnpxq. Let player II respond to yp2iq

by playing yp2i ` 1q “ fn`1pxqpiq (i.e. the action that player I has just taken

in the n ` 1st game). Note that for each n, ℓ ă ω, fnpxqæℓ depends only on

xæpn ` ℓq, so that each fn : ω2 Ñ ωω is Lipschitz. Let X “ f´1
0 rA0s. Since

A0 is γ0-universally Baire, so is X, so X has the Baire property. Write A0
n “

ωω´An, A
1
n “ An, and note fnpxq P An ô fn`1pxq P A

xpnq`1
n`1 , since σ

xpnq
n wins
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for player I in the game W pAn, A
xpnq

n`1q. An easy induction shows that

f0pxq P A0 ô fnpxq P A
ř

iďnpxpiq`1q
n

The above equivalence implies that if x, y differs at exactly one k ă ω, then

x P X ô y R X: note that fℓpxq, fℓpyq depends only on xpmq, ypmq for m ě ℓ;

in particular, fk`1pxq “ fk`1pyq, so

f0pxq P A0 ô fkpxq P A
ř

iďkpxpiq`1q mod 2

k

ô fk`1pxq P A
xpk`1q`xpkq`

ř

iăkpxpiq`1q mod 2

k`1

ô fk`1pyq P A
ypk`1q`xpkq`

ř

iăkpypiq`1q mod 2

k`1 (xpiq “ ypiq)

ô fk`1pyq R A
ř

iďk`1pypiq`1q mod 2

k`1 (xpkq ‰ ypkq)

ô f0pyq R A0

Since X has the Baire property, we may fix s P 2ăω so that X is meager or

comeager in Ns. Let ℓ “ |s| and let g : ω2 Ñ ω2 be the homeomorphism given

by

gpxqpiq “

$

&

%

xpiq ô i ‰ ℓ` 1

1´ xpiq otherwise

Then grNss “ Ns, but grXXNss “ Ns´X is comeager or meager in Ns, which

is a contradiction. Consequently, this process terminates; that is, there is κ ă λ

with Homκ “ Homăλ

Definition 1.42. For a set X ‰ ∅, DCX is the statement that for every total

relation R Ď X2, there is f : ω Ñ X with fpnqRfpn` 1q for every n ă ω. DC

is the statement that @X,DCX holds.

Definition 1.43. AD` is the conjunction of AD`DCR`Ordinal Determinacy`

“every set of reals has an 8-Borel code”.

1.3 Derived Model Theorem

Finally, we are ready to define the derived model and state our main theorem.

Definition 1.44. Let P be the proper class
ś

αPOR Collpω, αq and Păα “
ś

βăα Collpω, βq,Prα,βq “ Păβ ´ Păα and so on. For D Ď Păβ and α ď β,

also put Dæα “ tpæα : p P Du.
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Definition 1.45. If λ is a limit of Woodin cardinals and G is V -generic for

Collpω,ă λq, then we write

R˚ “
ď

αăλ

RV rGæαs

For each α ă λ, λ is still a limit of Woodin cardinals, and for A P Hom
V rGæαs

ăλ

we fix λ-absolutely complementing trees T, S with proj0rT s
V rGæαs “ A and put

A˚ “ proj0rT s
V rGs X R˚

Hom˚
“ tA˚ : Dα ă λ,A P Hom

V rGæαs

ăλ u

In such a scenario, we call LpR˚,Hom˚
q “the” derived model, although it

depends on the choice of G. In the definition above, one might be worried about

whether Hom˚ depends on the choice of tree representation for A; the following

observation, essentially the proof of Mostowski Σ1
1-absoluteness, shows that it

does not.

Proposition 1.46. Let M Ď N be transitive models of enough set theory and

T,U P M be trees on Y ˆ Z; then proj0rT s
M X proj0rU s

M “ ∅ô proj0rT s
N X

proj0rU s
N “ ∅.

Proof. The backward direction is obvious; for the forward direction, let S “

tps, u0, u1q : ps, u0q P T, ps, u1q P Uu; then rSsM “ ∅ since an infinite branch

px, f0, f1q P rSs
M would witness x P proj0rT s

M Xproj0rU s
M . Let ρ : S Ñ ORM

be the corresponding rank function; if proj0rT s
N X proj0rU s

N ‰ ∅ then we can

find px, f0, f1q P rSs
N as above, so that xρppx, f0, f1qænq : n ă ωy would be an

infinite decreasing sequence of ordinals, which is impossible.

Corollary 1.47. If pT0, U0q, pT1, U1q are κ-absolute complements with proj0rT0s “

proj0rT1s Ď Y ω and G is ă κ-generic, then proj0rT0s
V rGs “ proj0rT1s

V rGs.

Proof. If x P proj0rT0s
V rGs but x R proj0rT1s

V rGs then x P proj0rU1s since

pproj0rT1s Y proj0rU1s “ Y ωqV rGs, so pproj0rT0s X proj0rU1s ‰ ∅qV rGs. By the

previous proposition, the same holds in V , which is impossible since proj0rU0s
V “

proj0rU1s
V ; the other direction holds similarly.

Another useful observation about the derived model is that it is a symmetric

extension; more formally:

Proposition 1.48. Let λ be a limit of Woodins and P “ Collpω,ă λq. Then

there are names τR, τH such that P is a tτR, τHu-weakly homogeneous forcing;
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that is,

@p, q P PDπ P AutpPqpπppq||q ^ πpτRq “ τR ^ πpτHq “ τHq.

Proof. (sketch) The construction of τR is just like in other forcing extensions

such as the Solovay model (the construction itself does not require λ to be

regular). For τH , note that if A P Hom
V rGæαs

ăλ for some potential generic G and

α ă λ, then we can pick the tree T projecting to A as the Martin-Solovay tree

mspν, θq for some ν “ xνs : s P ωăωy P V rGæαs, where the completeness of µ

is some large enough γ P pα, λq. But since Gæα is ă γ-generic, we can pick

ν to be a measure on some κ such that for each s P ωăω, νs “ µ˚
s for some

µs P V . One can define a name τµs
for each such measure µs P V so that the

image of τµs under the forcing map is µ˚
s for any V -generic H Ď Collpω,ă αq,

so the only thing that is really “added” in V rGæαs is the indexing s ÞÑ µ˚
s ,

which is a countable sequence whose image has canonical names in V . Now the

construction is similar to the one for R˚.

The derived model theorem due to Woodin, is the following:

Theorem 1.49 (Derived Model Theorem). Let λ be a limit of Woodin and G

be V -generic for Collpω,ă λq. Then

1. AD` holds in LpR˚,Hom˚
q

2. A P Hom˚
ô A is Suslin and co-Suslin in LpR˚,Hom˚

q
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2 Neeman’s Iteration

A tool critical to the stationary-tower-free proof of the theorem is Neeman’s

iteration. However, since the version of the result that we need is not technically

what is stated in [6], we will give a brief sketch of the main result.

Let M be a transitive model of enough set theory, E , δ P M are such that

M |ù E is a set of extenders witnessing δ is Woodin. Let 9A P M be a name for

a set of reals for Collpω, δq.

Definition 2.1. A run of the game Ĝp 9Aq is played as follows, where each xn P ω,

Tn is a finite iteration tree on M with i ă j ñ Ti Ă Tj using only extenders

from E , hn is a function with domphnq “ lhpTnq, i ă j ñ hi Ă hj . The game

ends after ω turns with x P R, T :“
Ť

năω Tn, and for a branch b through T , put

hpbq “
Ť

nPb hpnq. Player I wins if and only if for every branch b of T (in V ) such

that Mb is well-founded, hpbq is Mb-generic for Collpω, ibpδqq and x P ibp 9Aqhpbq.

I xp0q, T0 xp2q, T2 . . .

II xp1q, h0, T1 . . .

Remark 2.2. If k is M -generic for some P P pHκq
M with κ ă δ and critpEq ě κ

for each E P E , then k is also Mb-generic and hpbq would be Mbrks-generic. For

a name 9A P M rks we can define the game Ĝp 9Aq exactly the same way, except

that we require hpbq be Mbrks-generic for Collpω, ibpδqq and x P ĩbp 9Aqhpbq, where

ĩb : M rks ÑMbrks naturally extends ib.

Theorem 2.3. Let M, E , δ, 9A, k be as above. Suppose there is g Ď Collpω, δq

which is M rks-generic. Exactly one of the following holds

1. I has a winning strategy σ PM rksrgs against all plays xodd P V .

2. II has a winning strategy τ PM rksrgs in the standard game Gp 9Agq against

all xeven PM rksrg
1s, for any g1 Ď Collpω, δq which is M -generic.

The proof of the (superficially stronger) theorem above is essentially the

same as in [6]. In there, one defines an open game G˚p 9Aq in M , in which player

I plays a tree of potential names 9yn for the real, a tree of conditions extending

their predecessors and meeting some dense set, and some type (an element of

VMδ which, in some sense, witnesses the reflection phenomenon of δ in M given

by its Woodinness there); player II in turn produces the odd digits of the real

and some type. One then picks a winning strategy σ˚ in M and translate it to

a strategy σ P M rgs. Here the proof is the same, with the trivial modification

that we define the game in M rks and that for an extender E P E , using E˚ in

M rks and E in M essentially gives us the same conclusion.
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Corollary 2.4. Suppose M is a countable model of enough set theory and M |ù

δ is Woodin. Suppose k is ă δ-generic over M ; then for every y P V there is

a well-founded iteration ib : M Ñ Mb and g P V which is Mbrks-generic for

Collpω, ibpδqq with y PMbrksrgs.

Proof. The existence of a generic for the theorem above is for free since M and

therefore M rks is countable. Putting 9A “ 9R to be the canonical Collpω, δq-

name for the set of reals in M rks, we easily see that I has winning strategy σ.

For any y P V , let II play x2n`1 “ yn to form an iteration tree T on M of

length ω, and [5] guarantees the existence of a well-founded branch b; since σ

is winning, hpbq “ g is Mbrks-generic; x P RMbrksrgs and we can easily read off

y “ xI PMbrksrgs.
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3 Reflection

We are now in the position to present a complete, stationary-tower-free proof of

the Derived Model Theorem. First we give an encoding necessary for the proof

of Windzus’ lemma:

Let M be a countable transitive model of enough ZFC to prove  Los’ theorem

for the relevant extenders. We will encode the collection of iteration trees on M

as follows: let Y be the countable set of tuples pn, T q where T “ păT , xET
i : i ă

n`1yq is a finite iteration tree on M . Then pb, T̃ q P ωY encodes an iteration tree

T of length ω`1 precisely when bn is the nth node of r0, ωsT and T̃i “ T æpbi`1q.

Note that the set of encodings is a closed subset of the Polish space ωY .

Lemma 3.1 (Windzus). Let π : M Ñ Vθ be elementary with ranpπq Ď Vα for

some α ă cofpθq and 2ℵ0 ă cofpθq, µ P ORM . Let

W “tpb, T̃ q : pb, T̃ q codes a 2ℵ0-closed iteration tree T on M ,

lhpT q “ ω ` 1, critpT q ą µ,MπrT s
ω is well-foundedu.

If there is a measurable cardinal κ ą πpµq, then W is πpµq`-homogeneous

Suslin.

Proof. Let X0 “ πrM s and, for each n ă ω, let Xn`1 be a Skolem closure in

Vθ of Xn Y
ωXn of size p2ℵ0qℵ0 “ 2ℵ0 . Let X “

Ť

năωXn; a simple elementary

chain argument shows πrM s ă X ă Vθ with |X| “ 2ℵ0 , and moreover ωX Ď X.

Let ψ : N Ñ X be the inverse of the collapse and let σ “ ψ´1 ˝ π : M Ñ N .

Note that ωN Ď N as well. Moreover, if T is an iteration tree on M with

lhpT q “ ω ` 1, then πrT s P X and σrT s P N , so the iterations MπrT s
ω ,MσrT s

ω

can be formed inside X,N respectively and moreover, by absoluteness of well-

foundedness (between V, Vθ and N,V ) and elementarity (between Vθ, X and

X,N),

MπrT s
ω is well-founded ôMσrT s

ω is well-founded

We now define a tree U via

pxpbi, T̃iq : i ă ny, xτi : i ă nyq P U ôpb, T̃ q codes a 2ℵ0 -closed iteration tree T on M ,

dompăT q “ sn´1 ` 1, critpT q ą µ,

@i ă j ă n, τj : MσrT s
sj Ñ Vθ is elementary,

τj ˝ j
πrT s
si,si “ τi, τ0 “ ψ

U is obviously a tree, and U P Vθ since θ is sufficiently large; in fact, since θ
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is sufficiently large, we can find Y P Vθ such that Y ă Vθ and ranpτiq Ď Y for

each such τi, so U is definable from M,N, Y . Each stage of U is approximating

a realization map that makes the diagram commutes:

Vθ MπrT s
s1 MπrT s

s2

N MσrT s
s1 MσrT s

s2

j
πrT s

0,s1
jπrT s
s1,s2

ψ

j
σrT s

0,s1

τ1

jσrT s
s1,s2

τ2

If τ⃗ is a witness to pb, T̃ q P proj0rU s encoding the iteration tree T , then we can

use the universal property of the direct limit on the embeddings

xτn : m ďT n ăT ωy

to get an embedding τω : MσrT s
ω Ñ Vθ, so that MσrT s

ω is well-founded. But

then MπrT s
ω is also well-founded, so pb, T̃ q PW . Suppose now that pb, T̃ q codes

a 2ℵ0-closed T on M with MσrT s
ω well-founded. For each n ă ω, define the

copying map ψT
n : MσrT s

sn ÑMπrT s
sn via ψT

n “ ψ and

ψT
n pra, f s

E

MσrT s
sn

q “ rψT
n paq, ψ

T
n pfqs

F

MπrT s
sn

where F “ ψT
n rEs. It’s not hard to check that each ψT

n is well-defined and

elementary:

Vθ MπrT s
s1 MπrT s

s2

N MσrT s
s1 MσrT s

s2

j
πrT s

0,s1
jπrT s
s1,s2

ψ

j
σrT s

0,s1
jσrT s
s1,s2

ψ1 ψ2

Also, by induction each MσrT s
sn P MπrT s

sn , and MπrT s
sn |ù |MσrT s

sn | “ 2ℵ0 , so

ψn PMπrT s
sn by 2ℵ0 -closedness of T . Let Ψn “ j

πrT s
sn,ω pψ

T
n q, so for each n ă ω,

MπrT s
ω |ù Ψn : jπrT s

sn,ω pM
σrT s
sn q Ñ V

so xΨn : n ă ωy is a branch through j
πrT s

0,ω pUq
px,T̃ q

in V . But this means

j
πrT s

0,ω pUq
pb,T̃ q

“ j
πrT s

0,ω pUq
j
πrT s

0,ω ppb,T̃ qq
is ill-founded, so it must be ill-founded in

MπrT s
ω by absoluteness of ill-foundedness. By elementarity, U

pb,T̃ q
is ill-founded

in Vθ, so pb, T̃ q P proj0rU s. Thus W “ proj0rU s.
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Vθ MπrT s
s1 MπrT s

s2

N MσrT s
s1 MσrT s

s2

j
πrT s

0,s1
jπrT s
s1,s2

ψ

j
σrT s

0,s1

τ1

jσrT s
s1,s2

φ1
τ2

φ2

To obtain a homogeneity system for U , let pb, T̃ q be a node on the first coordi-

nate of U . The system of measure ν
pb,T̃ q

on U
pb,T̃ q

is given by

A P ν
pb,T̃ q

ô xj
πrT s

bi,bn´1
pψT
i q : i ă ny P j

πrT s

0,bn´1
pAq

It’s obviously an ultrafilter. It concentrates on U
ps,T̃ q

as each j
πrT s

bi,bn´1
pψT
i q em-

beds j
πrT s

bi,bn´1
pMσrT s

bi
q into MπrT s

bn´1
, so xj

πrT s

bi,bn´1
pψT
i q : i ă ny P j

πrT s

0,bn´1
pU

pb,T̃ q
q.

The completeness of ν
pb,T̃ q

follows from the fact that critpπrT sq ą πpµq, so

xj
πrT s

bi,bn´1
pψT
i q : i ă ny P

č

αăπpµq

j
πrT s

0,bn´1
pAαq “ j

πrT s

0,bn´1

¨

˝

č

αăπpµq

Aα

˛

‚

whenever each Aα P νpb,T̃ q
. We finally check that it is a homogeneity system for

U ; that is,

pb, T̃ q P proj0rU s ô xν
pb,T̃ qæn : n ă ωy is countably complete

The backward direction is true in general. Suppose pb, T̃ q P proj0rU s so that

MπrT s
ω is well-founded. Suppose xAn : n ă ωy is such that each An P νpb,T̃ q

.

Note that by applying j
πrT s

bn´1,ω
,

An P νpb,T̃ q
ô xj

πrT s

bi,bn´1
pψT
i q : i ă ny P j

πrT s

0,bn´1
pAnq

ô xj
πrT s

bi,ω
pψT
i q : i ă ny P j

πrT s

0,ω pAnq

so xj
πrT s

bn,ω
pψT
n q : n ă ωy is a thread through each j

πrT s

0,ω pAnq. By elementarity,

there is a thread through each An, as desired.

As promised in Section 1.2, we can use the above lemma to shift from uni-

versally Baire to weakly homogeneous:

Corollary 3.2. Let δ be Woodin and A P UBδ` . For every γ ă δ, A is γ-weakly
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homogeneous.

Proof. Let T,U be δ`-absolutely complementing trees with proj0rT s “ A. Let

θ ą δ` be large enough to satisfy the requirements of Windzus’ lemma with

T,U P Vθ. Let γ ă δ. Let X ă Vθ be countable elementary with T,U, γ P X,

π : M Ñ X the inverse of the Mostowski collapse with

πpγ̄q “ γ, πpδ̄q “ δ, πpT̄ q “ T, πpŪq “ U

Let W be the corresponding set in Windzus’ lemma with µ “ γ̄.

Claim 3. For every x P R, the following are equivalent:

1. x P A.

2.

DgDpb, fq PW, pb, fq codes T , g is MT
ω -generic for Collpω, jT0,ωpδ̄qq,

x PMT
ω rgs,M

T
ω rgs |ù x P proj0rj

T
0,ωpT̄ qs.

Proof of claim: Suppose x P A “ proj0rT s. Let T , h be the iteration tree from

Neeman’s iteration with

E “ tE PM : M |ù UltpV,Eq is 2ℵ0-closed, critpEq ą µu

resulted from a run with player II playing x; by [5] there is a well-founded branch

b through πrT s, so pb, T̃ q P W . b is also a well-founded branch through T . Let

g “ hpbq be the corresponding MT
ω -generic filter so that x P MT

ω rgs. Since

MπrT s

b is well-founded, the argument before gives a realization σ : MT
ω Ñ Vθ

with σ ˝ jT0,ω “ π. By elementarity,

MT
ω |ù jT0,ωpT̄ q, j

T
0,ωpŪq are jT0,ωpδ̄q

`-absolutely complementing

so either x P proj0rj
T
0,ωpT̄ qs XMT

ω rgs or x P proj0rj
T
0,ωpŪqs XMT

ω rgs. But if

x P proj0rj
T
0,ωpŪqs X MT

ω rgs then there is f such that px, fq P rjT0,ωpŪqs, so

pxæn, fænq P jT0,ωpŪq for each n ă ω. By elementarity, pxæn, σpfænqq P U

and σpfænq Ď σpfæmq for every n ď m, so if we put σpfq “
Ť

năω σpfænq, then

px, σpfqq P rU s, so x P proj0rU s, which is a contradiction. So x P proj0rj
T
0,ωpT̄ qsX

MT
ω rgs.

Conversely, if the second clause is satisfied, then again there is an elementary

embedding σ : MT
ω Ñ Vθ with σ ˝ jT0,ω “ π. Pick f P MT

ω rgs with px, fq P
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rjT0,ωpT̄ qs. Let σpfq be defined as before, we have px, σpfqq P rσpjT0,ωpT̄ qqs “ rT s,

so x P proj0rT s “ A. △
Now, note that the existential quantifier of countable triples pg, b, T̃ q is a

real existential quantifier, and the condition pb, fq P W is γ`-homogeneous by

Windzus’ lemma, and the remaining part of clause 2 in the claim above is

arithmetic in the parameter coding M , so A is the real projection of a γ`-

homogeneous set, so A is γ`-weakly homogeneous.

We also have the following lemma.

Lemma 3.3 (Flipping Function). Let δ be Woodin, Y Ď measδ`pZăωq with

|Y | ă δ. Then for any γ ă δ there is W and R Ď measγpW
ăωq and Lipschitz

representation f : TWăω
Y Ñ TWăω

R such that for any ă γ-generic extension

V rGs, if

f̃ : µ˚ ÞÑ fpµq˚

then

µ is well-foundedô φf̃ pµq is ill-founded

In this scenario, we call such φf̃ a flipping function.

Proof. We may as well assume that there is measurable κ ą δ`, as otherwise Y

consists of only principal ultrafilters, and for γ ă δ we can just find γ0 P rγ, δq

measurable and use the Un in the preliminaries section to ill-found every tower.

Work in V , for each µ “ xµi : i ă ωy P TWY which is not countably

complete, pick xAµi : i ă ωy such that each Aµi P µi but there’s no f P Zω with

fæi P µi. For ν “ xνi : i ă ny P TWăω
Y , put

Bνi “
č

µPTWY ,νĂµ

Aµi

Define a tree T on Y ˆ Z via

pν, tq P T ô @i ă |t|, tæi P Bνi

Then we have

µ P proj0rT s ô Df@i, fæi P Bµæi
i

ô @xAi : i ă ωyDf@i, fæi P Ai (as Bµæi
i Ď Ai)

ô µ is well-founded.

For ν “ xνi : i ă ny P TWăω
Y , put µν “ νn´1 (if ν P Y ăω ´ TWăω

Y then use
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the Un as in the proof of preliminaries that ill-founds the final tower). By the

exact same calculation as above, each µν P measδ`pTνq and µ is a homogeneity

system for T , so T is δ`-homogeneous with |Y | ă δ, so for θ “ |Y |` ă δ we

have S “ mspµ, θq is γ-homogeneous. Let fS “ xfSpνq : ν P Y ăωy be a γ-

homogeneity system for S and let fpxνi : i ă nyq “ xfSpνiq : i ă ny. Recall

that every γ-homogeneous S is γ-universally Baire, and this f extends to V rGs,

which is as desired.

Using the lemma above, Steel proves the following theorem.

Theorem 3.4 (Derived Model Reflection). Let λ be a limit of Woodin, G be

V -generic for Păλ. Let LpR˚,Hom˚
q “ M˚ and HC˚

“ pHCqM
˚

be the set

of hereditarily countable sets in M˚. Suppose φ is a tP, 9A, 9Bu-sentence, A P

Hom
V rGăα

s

ăλ , and

DB Ď R˚, B PM˚ ^ pHC˚, A˚, Bq |ù φ

Then

DB P Hom
V rGăα

s

ăλ , pHCV rGăα
s, A,Bq |ù φ

Proof. By working in V rGăαs, we may as well assume α “ 0, so A P HomV
ăλ.

Since M˚ is a symmetric extension, we have that

,Păλ DB Ď R˚, B PM˚ ^ pHCM
˚

, A˚, Bq |ù φ

Work in V , we first prove a weaker version of the theorem.

Lemma 3.5. For some B P LpR,Homăλq, pHC, A,Bq |ù φ

Proof of lemma: Since A P Homăλ, A is λ-universally Baire. Fix λ-absolutely

complementing pT, Sq with proj0rT s “ A. Let θ ą λ be sufficiently large

so that T, S P Vθ and X ă Vθ a countable elementary substructure with

T, S, λ P X. Let σ0 “ σ : M0 Ñ Vθ be the inverse collapse embedding

with σrM s “ X,σpS̄, T̄, λ̄q “ pS, T, λq. Picking θ to be large enough, we

can make M,Vθ to satisfy the hypotheses of Windzus’ lemma. Put δ0 “ 0.

Let H be V -generic for Collpω,Rq, with enumeration txn : 1 ă n ă ωu of

RV . For each n ă ω, work in V , and let λn “ i0,npλ̄q, pick in V an in-

creasing sequence xηnk : k ă ωy cofinal in λn with ηn`1
k ě ηnk , and δ1

n`1

be Woodin in Mn with maxtδn, η
n
nu ă δ1

n`1 ă λn. Let Tn be the iteration

tree on Mn of length ω so that if b is a well-founded branch then there’s

hn`1 Ď Collpω, ibpδ
1
n`1qq generic over MTn

b rgns with x PMTn

b rgnsrhn`1s, given
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by Corollary 2.4, with each extender having critical point ą δn. Since Mn is

countable and σn : Mn Ñ Vθ is elementary, Theorem 3.12 of [5] yields a well-

founded branch bn through Tn along with a realization map σn : MTn

bn
Ñ Vθ so

that σn`1 “ σn˝j
Tn

bn
. Put Mn`1 “MTn

bn
P V where Mn`1 is countable in V , and

im,n`1 “ jTn

bn
˝ im,n : Mm ÑMn`1 P V for m ď n`1, and δn`1 “ in,n`1pδ

1
n`1q.

Also, Mnrgnsrhns is still countable, so in V we can fix h Ď Prδn`1,δn`1q which is

Mnrgnsrhns-generic. Put gn`1 “ gn Y hY hn`1. In V rHs, let Mω be the direct

limit of the system xpMn, in,mq : n ď m ă ωy. Since we have a direct limit em-

bedding σω : Mω Ñ Vθ via the embeddings xσn : n ă ωy, Mω is well-founded,

and we have the commutative diagram:

Vθ

M0 M0 M2 . . . Mω

σ0

i0,1

σ1

i1,2 i2,3

σ2 σω

We can use the gn’s to build a Mω-generic g Ď Păλω such that for each

0 ă n ă ω, gæpδn ` 1q P V and gn P Mnrgæpδn ` 1qs (which makes sense since

critpin,ωq ą δn so that gæpδn`1q is Mn-generic). Concretely, for each k ă n`1,

we can fix a V -enumeration tDk
i : i ă ωu of open dense subsets of Păλk in

Mkrgks; then ik,npD
k
i qæpδn`1q meets gn at some pki æpδn`1q for each k, i ă n`1

by genericity, and we can modify gn`1 in a finitary way so that gn`1 meets each

of in,n`1pp
k
i qæpδn`1`1q and extends gn, since in,n`1pp

k
i æpδn`1qq “ pki æpδn`1q,

and the forcing extension would be equivalent; note that D1 PMω XPpPăλω q is

dense if and only if D1 “ in,ωpD
n
i q for some dense Dn

i P Mn X PpPďλnq. Also,

suptδn : n ă ωu “ suptλn : n ă ωu “ λω, where the first equality is because if

α ă λn then α ă ηnm for some m, so α ă ηmm ă δm, and the second equality is

by definition of the direct limit embedding.

The construction gives us such g which isMω-generic, since ifD “ in,ωpD
n
k q Ď

Păλω is dense then we can find pnkXpωˆpδn`1qq P gnXD
n
k , and letting m be such

that n, k ď m and ranppq Ď δm, we see that in,m`1ppq P gm`1 X in,m`1pD
n
k q,

so that in,ωppq P gm`1 X in,ωpD
n
k q Ď g X D; by relabeling, we may assume

gæδn “ gn.

Whenever n ď k, since δn ă critpin,kq, gn “ in,krgns, and in,k extends to an

embedding ĩn,k : Mnrgns Ñ Mkrgns, with xn “ ĩn,kpxnq P Mkrgns. Similarly,

gn “ in,ωrgns is Mω-generic and we get extension ĩn,ω : Mnrgns ÑMωrgns. Put

R˚
I “

ď

năω

RMωrgns
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Hom˚
I “

ď

tproj0rT s X R˚
ω : Dn ă ω, T P Hom

Mωrgns

ăλ u

So pLpR˚
I ,Hom˚

I qq
Mωrgs is the derived model in Mωrgs. Note that since Mωrgns

is the extension of a direct limit and RMkrgns Ď RMkrgks whenever n ď k and

that ĩn,ωrRMnrgnss “ RMnrgns, we have

ď

năω

RMωrgns “
ď

năω

ď

nďkăω

ĩk,ωrRMkrgnss “
ď

năω

RMnrgns

It follows that R˚
I “ RV : if x P R˚

I then x P Mnrgns for some n ă ω; note

that Mnrgns P V , so x P V . If x P RV then x “ xn for some n ă ω, whence

x P Mnrgns, thus x P Mωrgns. It then follows that pHC˚
qMωrgs “ HCV , since

each member of HC is coded by a real.

Since LpR˚,Hom˚
ăλq is a symmetric extension,

p,Păλ DB Ď R˚, B PM˚ ^ pHC˚, A˚, Bq |ù φqVθ .

By elementarity of σω, we have

p,Păλω DB Ď R˚, B PM˚ ^ pHC˚, i0,ωpĀq
˚, Bq |ù φqMω .

So in Mωrgs, there’s B P LpRV ,Hom˚
I q with pHCV , i0,ωpAq

˚, Bq |ù φ. Since

proj0ri0,ωpT̄ qs X R˚
I “ σωpproj0ri0,ωpT̄ qsq X RV

“ proj0rσω ˝ i0,ωpT̄ qs X RV

“ proj0rT s X RV “ A

it follows that i0,ωpĀq
˚ “ A. To prove the lemma, it will suffice to see

Claim 4. Hom˚
I Ď HomV

ăλ.

Proof of claim: Let C P Hom˚
I so that C “ C˚

0 for some ă λω-homogeneously

Suslin C0 in Mωrgks, so C0 “ ik,ωpC1q for some ă λk-homogeneously Suslin

C1 P Mkrgks. Then C1 is ă λk-universally Baire in Mkrgks. Fix absolutely

complementing pT,W q P Mkrgks with C “ proj0rik,ωpT qs X RV . In Mkrgks, let

δpηq be the least Woodin in the interval pη, λkq and let ρ “ δpδkq.

For each η P rρ, λkq, by previous results on small forcing, we may fix in

Mkrgks a system µ˚
η “ xpµ

η
uq

˚ : u P pω ˆ Zqăωy which is δpηq`-complete homo-

geneity system in Mkrgks with Sµ˚
η
“ proj0rT s in Mkrgks and each µηu P Mk.

We may thus let νηu “ σkpµ
η
uq, so that by elementarity, νη is a σkpδpηqq

`-

complete homogeneity system in V (since incompatibility between measures is
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determined at finite steps). Fix ξk ă λk with HomMk

ăλk
“ HomMk

ξk
, it suffices to

see that Sνη “ proj0rik,ωpT qs X RV “ C for η ě ξk, for then we know C P V

and its σkpδpηqq
` homogeneous Suslin is witnessed by Sνη .

Subclaim. If ρ ă η ă γ ă λk, then Sνη “ Sνγ .

Proof of subclaim: For each η and each u P ωăω, we can fix a name 9µη,u PMk

for pµηuq
˚. Work in Mk, we may pick a δpηq`-complete measure µη,u,p “ µ for

each condition p P Collpω,ď δkq, η, u such that p , µ̌˚ “ 9µη,u and let

Yη “ tµη,u,p : u P ωăω, p P Collpω,ď δkqu

so that |Yη| ď δk. Lemma 2.2 gives a flipping function fη : TWYη
Ñ TWZη

.

Now, for each x P RV , we may use the previous argument to get an iteration

j : Mk Ñ N with x P N rgksrhs for some N rgks-generic h on Collpω, jpρqq, and

a realization map τ : N Ñ Vθ making the diagram commute:

Vθ

Mk N

σk

j

τ

Note that j extends to j̃ : Mkrgks Ñ N rgks, and N rgks |ù jpSµ˚
η
q “ jpSµ˚

γ
q and

is jpρq`-absolutely complemented. Thus in N rgksrhs, if jpµηq
˚
x is well-founded

then jpµγq
˚
x must also be well-founded as well. Similarly, if pjpfpµηqq

˚
x is well-

founded then pjpfpµηqqq
˚
x is well-founded. Thus it suffices to show that pνηqx

is well-founded if and only if jpµγq
˚
x is well-founded and similarly for γ. If

jpµηq
˚
x is ill-founded, then we have an xrxæn, ynsµ : n ă ωy with xn Ă xn`1

and tu : ynpuq ą yn`1puqu P jpµ
η
xænq

˚. As both g, h are ă jpρq`-generic (thus

below the completeness of jpµq), we can make it so that each yn P N with

tu : ynpuq ą yn`1puqu P jpµ
η
xænq, even though the sequence xyn : n ă ωy may

not be in N . Applying τ yields tu : τpynqpuq ą τpynqpuqu P σkpµ
η
xænq for each

n ă ω, so pνηqx is ill-founded as witnessed by xrxæn, τpynqs : n ă ωy. If jpµηq
˚
x is

well-founded, then pjpfpµηqqq
˚
x is ill-founded; an entirely symmetric argument

shows that σkpfqpνηqx “ σkpµηqx is ill-founded, so pνηqx is well-founded by

elementarity. Hence the subclaim is proved. ▲

We proceed to showing that Sνη X RV “ proj0rik,ωpT qs X RV . Let x P RV

be arbitrary. Suppose x P proj0rik,ωpT qs, so that x P proj0rik,npT qs for some

n ą k. Let

xτη : ξn ă η ă λny “ ik,npxµη : ξk ă η ă λkyq

xhη : ξn ă η ă λny “ ik,npxfη : ξk ă η ă λkyq

29



and put pρηqu “ σnpτηqu. Replacing pMk, ρη, νq with pMn, ik,npρq, ρηq in the

proof of the subclaim above, we get that Sρη “ Sργ for ik,npρq ă η ă γ ă λn.

Note that σn ˝ ik,n “ σk, so ρik,npηq “ ik,npµηq “ νη, and it suffices to see that

x P Sρik,npηq
for any (every) η. But by elementarity of ĩk,n, since

Mkrgks |ù @x P proj0rT s, pµηqx is well-founded

we have

Mnrgks |ù @x P proj0r̃ik,npT qs, τik,npηq is well-founded.

The calculation in subclaim above gives us that pρik,npηqqx is well-founded by

replacing σk with σn. A symmetric argument shows that if x R proj0pik,nrT sq

then pρik,npηqqx is ill-founded. This completes the proof of the claim, thus the

lemma. △
▲

By the statement above, there is B P LpRV ,HomV
ăλq with pHCV , A,Bq |ù φ.

We’ll show that in fact B P HomV
ăλ. Recall that we have Homăλ-determinacy,

thus there is a Wadge rank on Homăλ. Let Hom æα be the collection of C P

HomV
ăλ with rank less than α. Let pα0, β0q be the lexicographically least pair

such that there’s B P LβpRV ,Hom æαq satisfying our requirement. Suppose first

that Hom æα0 “ HomV
ăλ :“ Hom. Note that in general B is ordinal definable

over Lβ0
pRV ,HomV

q from tC,HomV
u for some C P HomV , where we can easily

encode the real parameter into a part of C without losing its homogeneity, and

by our case hypothesis, B is ordinal definable over Lβ0
pRV ,HomV

q from tA,Cu.

Minimizing the ordinal parameter, we may assume the definition only involves

A,C. Fix formula ψ so that

x P B ô Lβ0
pRV ,HomV

q |ù ψpx,A,Cq

Let pTA, SAq be ă λ-absolutely complementing trees for A with proj0rT s “

A, and similarly for C. Fix sufficiently large θ with TA, SA, TC , SC P Vθ,

and π : M – X ă Vθ countable elementary with πpS̄A, T̄A, S̄C , T̄C , λ̄q “

pSA, TA, SC , TCλq and M transitive. Let χpv0, v1, v2, v3q be the sentence:

1. v0 is a limit of Woodin cardinals

2. v1 P R, and v2, v3 are trees on ω ˆ Z for some Z

3. (a) If R˚,Hom˚ are derived from Collpω,ă v0q then there is β P OR so

that DB P LβpR˚,Hom˚
q with pHC,proj0rv2s X R˚, Bq |ù φ
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(b) Moreover, for the least such β,

LβpR˚,Hom˚
q |ù ψpv1,proj0rv2s,proj0rv3sq

Let µ ă λ̄ be so that every πpµq-weakly homogeneous C is ă λ-homogeneous,

and let W be the set corresponding to M,Vθ, µ, π as in Windzus’ lemma, so

it is πpµq`-homogeneously Suslin. Let ρ P rµ ` 1, λ̄q be the least such that

M |ù ρ is Woodin.

Lemma 3.6. Work in V . For every x P R, the following are equivalent:

1. x P B

2. Dpb, T̃ q P WDg P R, g codes a MT
ω -generic filter for Collpω, iT0,ωpλ̄qq with

px, zq PMT
ω rgs and MT

ω rgs |ù χpiT0,ωpλ̄q, x, i
T
ω pT̄Aq, i

T
ω pT̄Cqq

Proof of lemma: First note that by the same calculation in the proof of 3.2,

there is pb, T̃ q P W and iT0,ω “ i0,1 : M0 Ñ M1 and g1 P V which is M1-

generic for Collpω, i0,1pρqq with x P M1rg1s. By elementarity of the embedding

ĩ1,b : MT
1 rg1s Ñ MT

ω rg1s it suffices to see that for arbitrary such pb, T̃ q with

corresponding iteration tree T ,

x P B ôM1rg1s |ù χpi0,1pλ̄q, x, z, i0,1pT̄ qq

As in the previous lemma, work in V rHs for some H Ď Collpω,Rq which is

V -generic and obtain xpMn, gn, σnq : n ă ωy. We obtain the well-founded direct

limit Mω and realization σω : Mω Ñ Vθ. Since i1,ω extends to an elementary

ĩ1,ω : M1rg1s ÑMωrg1s and ĩ0,ωpλ̄, T̄, x, zq “ pi1,ωpi0,1pλ̄qq, i1,ωpi0,1pT̄ qq, x, zq, it

suffices to see

x P B ôMωrg1s |ù χpi0,ωpλ0q, x, z, i0,ωpT̄ qq

Just like before, we have R˚
I “ RV , pHC˚

qMωrgs “ HC,proj0ri0,ωpT qs X RV “
A,Hom˚

I Ď HomV
ăλ. Let γ “ Mω X OR. Since every derived model has

D Ď R˚, D P LpR˚,Hom˚
q with pHC˚, A˚, Dq |ù φ (it is forced by the empty

condition), so the elementarity of σω yields

D Ď pR˚qMωrgs “ RV , D P pLpR˚,Hom˚
qqMωrgs “ LγpRV ,Hom˚

I q

with pHCV , A,Dq |ù φ. Since Hom æα0 “ Hom and Hom˚
I is a Wadge initial

segment of Hom (we’ve seen that Hom is closed under continuous reduction, and
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the same reason applies to Hom˚), it cannot be the case that Hom˚
I ‰ Hom,

since otherwise the Wadge rank restricted to Hom˚
I would have order type ă α0,

which contradicts the minimality of α0. We also have that β0 ă γ since otherwise

this would contradict the minimality of β0 (as there is some other D below level

γ also satisfying this). Thus the β mentioned in χ equals β0 in Mωrgs. It now

follows that

x P B ô Lβ0pRV ,Hom æα0q |ù ψpx,A,Cq

ô pLβ0pR˚,Hom˚
I |ù ψpx,A˚, C˚qqMωrgs

ôMωrg1s |ù χpi0,ωpλ0q, x, i0,ωpT̄Aq, i0,ωpT̄Cqq

This completes the proof, assuming that Hom æα0 “ Hom. If Hom æα0 ‰ Hom,

then we fix D P Hom of Wadge rank α0, with λ-absolutely complementing

TD, SD with proj0rTDs “ D, and use the parameters pA,C,Dq for C ăW D so

that

x P B ô Lβ0pRV , tX P HomV
ăλ : X ăW Duq |ù ψpx,C,Dq

and then define χpv0, v1, v2, v3, v4q analogously, modifying clause 3(b) of χ to be

LβpR˚, tX P Hom˚ : X ăW proj0rv4suq |ù ψpv1,proj0rv3s,proj0rv4sq.

As argued before, we have i0,ωpT̄Dq projects to D in the derived model of Mωrgs.

This completes the proof of the lemma. ▲

Finally, by Windzus’ lemma, W is πpµq`-homogeneously Suslin, and the

existence of a g coding MT
ω -generic filter is a real projective quantification in

the parameter encoding M , and the satisfaction relation is arithmetic in the

parameters. Then B is πpµq`-weakly homogeneous, thus ă λ-homogeneous,

whence the theorem follows.

Corollary 3.7. Let G be V -generic for Collpω,ă λq where λ is a limit of

Woodin cardinals; let α ă λ and A P Hom
V rGæαs

ăλ . Then pHCV rGæαs, Aq ă

pHC˚
G, A

˚q

Proof. Note that each ΣHCV rGæαs

n -statement is equivalent to a Σ1
n`1pzq statement

for some z P R in V rGæαs, and tzu P Hom
V rGæαs

ăλ , whence the theorem follows

by an induction on formula complexity.

We now have all the tools we need to prove the Derived Model Theorem,

following the sketch in [9]. Note that below we are proving (2) before proving

(1), which differs from the order of [9] for a technical reason.
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Theorem 3.8. Suppose λ is a limit of Woodin cardinals. Let G Ď Collpω,ă λq

be V -generic, with derived R˚,Hom˚. The following holds:

1. LpR˚,Hom˚
q |ù AD`

2. Hom˚
“ tA Ď R˚ : A is Suslin and co-Suslin in LpR˚,Hom˚

qu

Proof. The proof of (2) is the same as in [9]. First fix C P Hom˚, so that C “ A˚

for some A P Hom
V rGæαs

ăλ . By [7], we may let B P Hom
V rGæαs

ăλ code a scale on

A. This is definable over HCV rGæαs using predicates A,B; by Corollary 3.7, B˚

codes a scale on A˚ “ C in LpR˚,Hom˚
q, so C is Suslin in LpR˚,Hom˚

q. Since

R˚ ´ C P Hom˚, C is also co-Suslin.

Suppose now that A P LpR˚,Hom˚
q is Suslin and co-Suslin, witnessed by trees

T and U , so that proj0rT s “ C, proj0rU s “ R˚ ´C. Since T,U P LpR˚,Hom˚
q,

there is some C P Hom˚ such that T,U P OD
LpR˚,Hom˚

q

C . Let α ă λ,B P

Hom
V rGæαs

ăλ , S P V rGæαs be such that C “ B˚ “ proj0rSs X R˚, and write

W “ V rGæαs. Note that then T,U,C P OD
V rGs

tR˚,Hom˚,Su
. Let H Ď Collpω,ă λq

be W -generic with V rGs “ W rHs, so T,U P OD
W rHs

tR˚,Hom˚,Su
and T,U Ď W .

Note that there are canonical names τR, τHom, Š P W for R˚,Hom˚, S which

are homogeneous for Collpω,ă λq, so in fact T,U P W . Since proj0rT s X R˚ “

R˚ ´ proj0rU s and LpR˚,Hom˚
q is a symmetric extension,

,WCollpω,ăλq proj0rŤ s X τR “ τR ´ proj0rǓ s

In particular, given any κ ă λ and K0 Ď Collpω, κq is any W -generic filter, then

by extending it to K Ď Collpω,ă λq, we see that

proj0rT ss X R˚
W rKs

“ R˚
W rKs

´ proj0rU s

so proj0rT s
W rK0s “ RW rK0s´proj0rU s. Since Collpω, κq is universal forcing, we

see that T,U are ă λ-absolutely complementing, so C “ proj0rT s P Hom˚.

We now proceed to the proof of (1). For AD, ifB P LpR˚,Hom˚
q X PpR˚q

is not determined in LpR˚,Hom˚
q, then

pHC˚,∅, Bq |ù @σ, σ is not a winning strategy for GpBq

By the reflection theorem, there is B0 P HomV
ăλ such that

pHCV ,∅, B0q |ù @σ, σ is not a winning strategy for GpB0q

But we have Homăλ-determinacy, and every winning strategy in V is in HCV ,
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which is a contradiction. Similarly for DCR, if R P LpR˚,Hom˚
q X PpR2q is a

total relation but

pHC˚,∅, Rq |ù @f P Rω␣p@n ă ω, fpnqRfpn` 1qq

then there is a R0 P Homăλ satisfying the same sentence. But every total re-

lation on R2 has such an f , as choice holds in HCV . For Ordinal Determinacy,

suppose toward the contrary that δ ă Θ, f : δω Ñ ωω P LpR˚,Hom˚
q is con-

tinuous, B P LpR˚,Hom˚
q X PpR˚q is such that f´1rBs is not determined in

LpR˚,Hom˚
q. Pick a prewellorder ĺ of length δ and let F Ď R recursively code

f via ĺ. By assumption,

pHC˚, B, F,ĺq |ù ĺ is prewellordering

^F codes a continuous function f : ω lhpĺq Ñ R

^@x P R, U2
xpĺq does not code a winning strategy for G̃pB,F,ĺq

where G̃pB,F,ĺq is the game of playing a sequence of reals with winning condi-

tion determined by B,F,ĺ as a game on ω lhpĺq. By coding f : ω lhpĺq Ñ ωω

we mean F as a subset of R ˆ R coding a function f : ωR Ñ R continuous

under product topology with R taken discrete, such that fpxq “ fpyq if xn ” yn

according to ĺ for every n ă ω. Then there are B0, F0,ĺ0P HomV
ăλ such that

pHCV , B0, F0,ĺ0q |ù ĺ0 is prewellordering

^F0 codes a continuous function f : ω lhpĺ0q Ñ
ωω

^@x P R,

U2
xpĺ0q does not code a winning strategy for G̃pB0, F0,ĺ0q.

So by 3.7,

pHC˚, B˚
0 , F

˚
0 ,ĺ

˚
0 q |ù ĺ˚

0 is prewellordering

^F˚
0 codes a continuous function f : ω lhpĺ˚

0 q Ñ
ωω

^@x P R,

U2
xpĺ

˚
0 q does not code a winning strategy for G̃pB˚

0 , F
˚
0 ,ĺ

˚
0 q.

But B˚
0 P Hom˚

G, thus is Suslin and co-Suslin, so G̃pB˚
0 , F

˚
0 ,ĺ

˚
0 q is determined

in LpR˚,Hom˚
q as given by [3]. Let Z Ď pR˚q2 code a winning strategy for

G̃pB˚
0 , F

˚
0 ,ĺ

˚
0 q; by the coding lemma, we can find x P R˚ such that U2

xpĺ
˚
0 q

codes the same strategy as Z. This is a contradiction.
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Finally, to see that every subset of ω2 is 8-Borel, suppose B P LpR˚,Hom˚
q

is a counter-example to this. We may assume that δB is closed under ordinal

arithmetic, so that every φ P L0
δB

can be recursively encoded by some S Ď δB .

Fix prewellorder ĺ of length δB so that

pHC˚, B,ĺq |ù ĺ is a prewellorder^ lhpĺq “ δB

^@x P R, U2
xpĺq does not code a δB-Borel code for B

where by lhpĺq “ δB we mean

@x P RDσ, z P Rpσ codes a continuous reduction from B to a prewellorder Ď,

U2
z pĺ,Ďq codes an embedding from Ď to ty : y ĺ xuq^

@σ, z P R␣pσ codes a continuous reduction from B to a prewellorder Ď,

U2
z pĺ,Ďq codes an embedding from ĺ to Ďq

which is indeed equivalent to lhpĺq “ δB in LpR˚,Hom˚
q as it satisfies AD.

Then there are B0,ĺ0P Homăλ with

pHC, B0,ĺ0q |ù ĺ0 is a prewellorder^ lhpĺ0q “ δB0

^@x P R, U2
xpĺ0q does not code a δB0-Borel code for B0.

As before,

pHC˚, B˚
0 ,ĺ

˚
0 q |ù ĺ˚

0 is a prewellorder^ lhpĺ˚
0 q “ δB˚

0

^@x P R, U2
xpĺ

˚
0 q does not code a δB˚

0
-Borel code for B˚

0 .

But B˚
0 is Suslin, so it has a δB˚

0
-Borel code in LpR˚,Hom˚

q, encoded by some

Z Ď R2 with Z P LpR˚,Hom˚
q. Using the Coding Lemma again, we can fix

x P R so that U2
xpĺ

˚
0 q encodes the same δB˚

0
-Borel code for B˚

0 . We reach a

contradiction, thus completing the proof.

Remark 3.9. The proof above also gives a nice consequence: ifB,F,ĺP Homăλ

code an ordinal game as above, then (in V ) there is x P R so that U2
xpĺq codes

a winning strategy for the game; in particular, the strategy is also in Homăλ,

which is closed under projection. The same also holds for 8-Borel code.
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