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1 Introduction

A very famous problem in mathematics is Cantor’s Continuum Problem: It
poses the question whether the following statement is true or false:

JACR:|N| < |A] < |R|, (1)

where |B| < |C| for sets B, C means that there exists an injection from B to C,
but there exists no bijection from B to C. This seems like a difficult question.
And it is. Thanks to Kurt Godel and Paul Cohen we now know that this is in
fact independent of ZFC i.e., there exists a model of ZFC where such a set A
with the property from [I] exists, but there also exists a different model of ZFC
where no such set A exists.

However, if we cannot answer this difficult question, maybe we can look at a
simpler variant of it: We do not ask if there exists any set with property [1} but
we ask whether there exists a “nice” set that also fulfills this property.

To investigate this, we will use the perfect set property - that is a set is either
countable or contains a perfect subset. The main theorem in the first part
will show that analytic sets have the perfect set property. Many “nice” sets,
e.g. closed sets, open sets, and Borel sets are in fact analytic. Additionally, by
showing that perfect sets always have cardinality |R|, we will have proved that
these “nice” sets can never fulfill the property that is asked in the Continuum
Problem.

In the second part, we will add an axiom: The Axiom of Determinacy, AD for
short. This tells us if we have an infinite two player game then one player is
guaranteed to have a winning strategy. Here we have to cut our losses, since AD
contradicts the axiom of choice, which means we only work in ZF. Thus if we
assume AD, then we can show that actually all subsets of reals have the perfect
set property. So, if we assume the Axiom of Determinacy then the Continuum
Problem has a negative answer, so no sets with property |1] exist.

Definitions, theorems and proofs from the first part are taken from [2], and
in the second part from [1]. This Bachelor thesis aims to explain the topic in
further detail and to fill in more steps in the proofs.



2 Analytic sets and the perfect set property

In this section our goal is to show that analytic sets satisfy the so called “perfect
set property” and as a direct consequence that analytic sets cannot be witnesses
to the Continuum Problem. In order to do so, we will first define what analytic
sets are and what it means to have the “perfect set property”. We will be
working in a special space, namely the Baire space. The main source of this
section will be [2].

2.1 The Baire Space

Before we define what the Baire space is, we want to look at more general
cases and therefore, define a topology on the set of sequences “X := {f : w —
X | fis a function} for any arbitrary set X. We will also need the set of finite
sequences, which we will denote by <“X := {f:n — X | n € w, { is a function}.
We will call s € <“X an initial segment of z (s Cz) for x € “X or z € <“X,
if the domain of s (denoted dom s) is a subset of domz and = | doms = s.
Sometimes we want to extend a finite sequence s € "X by one element r € X.
We will denote this extension by s”r, or more formally: s"r:n+1— X,s7r |
n = s and s”r(n) := r. Analogously, we define the shifted sequence that starts
with 7 77s:n+1— X,r"s(0) :=r and r~s(k) = s(k—1) for k£ > 0, k < n.

Definition 2.1. Let X # () be a set. For s € <“X define
Usi={re“X[sCu}
and call it a basic open set.
Ti={AeX2|A=]JU, TC~X}
sel
Lemma 2.1. 7 is a topology on “X.

Proof. In order to prove that 7 is a topology on “X we need to show that
the empty set and “X are in 7 and that 7 is closed under finite intersections
and arbitrary unions: With I = @ we get ) € 7 and taking I = <“X we get
X = Uy eeox Us € 7.

Let A, Ber. A=U,cr, Us,B=U,eq, Us:

AnB=Jw.n = JWnuy= |J U er

i€l telp sclatelp scla,telp
s tCs
where Us*)t =<t ifsCt
0 else.
The union of sets in 7 is obviously in 7 as well as the union of unions of basic
open sets. Therefore, 7 is a topology on “X. O

Definition 2.2. For X = w we call “X with the topology defined above the
Baire Space. For X = 2 we call (“X, 1) the Cantor Space.



2.1.1 Perfect sets

Definition 2.3. Let A C“X. z € “X is called an accumulation point of A, if
Vs € ““X : [z €Uy, = (A\{z})NUs #0)
A # (] is called perfect, if
xr € A < z is an accumulation point of A.

Definition 2.4. A subset of the Baire space has the perfect set property, if it
is countable or if it contains a perfect subset.

An important reason why perfect sets are interesting in our quest of getting
a better understanding of the Continuum Problem is the following lemma. It
tells us that perfect sets are of size continuum. Therefore, if a set A fulfills the
perfect set property, it is either at most countable or at least continuum big, so
in particular it cannot be a witness to the Continuum Problem. But in order
to prove this lemma about the size of perfect sets we need a practical theorem
first, which tells us there exists a bijection between two sets, if there exist two
injective functions from each set to the other respectively.

Theorem 2.1 (Cantor-Schroder-Bernstein). Let A, B be two arbitrary sets,
f:A— B, g: B — A injective functions, then there exists some function
h: A — B bijective.

Proof. We aim to define a function h: A — B:
For x € A define the “A-Orbit of 2”7 as the sequence

(97 (@), fTH g @), g (fTH e @), )

as long as this exists. (This is well defined because f, g are one-to-one.) Denote
the length of this orbit by k4 (). If it is infinite, we set k4 (x) := oo. Analogously,
we define “B-Orbits of y” for y € B and its length by kg(y).
We partition A and B according to k4, kp into disjoint sets:

Ao ={x € A|ka(x) =00}, By :={y € B| kp(y) = oo}
Ay :={z € A| ka(z) is even}, By := {y € B | kg(y) is odd}

As :={x € A| ka(x) is odd}, By :={y € B| kp(y) is even}
Now for x € A define:

) f(=) ifxe Ag U A
M) = {g_l(x) if z € As.

This is well defined because if © € Ay then the orbit has at least length one so
g~ (z) exists and f(x) always exists.



Claim: h is injective:
Let x1, 29 € A with h(z1) = h(z2).
If both x1,25 € Ag U Ay, then x1 = xo by the injectivity of f. If x1,z0 € Ao,
then z1 = x5 because g~ is injective, since g is an injective function.
And if (without loss of generality) 21 € AgU Ay, 29 € Ao, then f(x1) = g~ (22),
so #1 = f~1(g 1 (x2)). This implies that ka(x2) = ka(x1) + 2. However, that
is impossible because k4(x1) is odd or infinite and k4 (z2) is even. Therefore,
this case never occurs and we get that h is injective.

Claim: h is surjective:
Take y € B = Byo U By U Bs. This union is disjoint.
If y € By then f~1(y) exists in A. ka(f~*(y)) = kp(y) — 1 = oo implies
fH(y) € Ag and h(f~'(y)) = fF(f(y) = v
If y € By then f~!(y) exists in B, since the B-Orbit of y has an odd length.
ka(f~Y(y)) = kp(y) — 1 is therefore even and f~!(y) € A; which yields:
M y) =y
If y € By, then g(y) € A. The A-orbit of g(y) looks like:

W 7 W)g (W), )

and ka(g(y)) = kg (y) + 1. This gives h(g(y)) = 9~ (9(y)) = y.
This tells us that h is bijective, which concludes the proof. O

Lemma 2.2. For every perfect set A C “w there exists f : A — “w bijective.

Proof. Let A C “w perfect. We want to use Theorem [2.1] by finding injections
from A to “w and vice-versa. The injection from A to “w is trivial, since A C “w.
So our goal is to find an injection g : Yw — A:

Claim: There exists a bijection ¥ : “w — “2:

“2 naturally embeds into “w, so we just need an injection from “w to “2: We
can use the injection ¢ : “w — “2\ E C “2 that is defined later in the proof
of Corollary [3:1] This is an injection from the Baire space into a subset of the
Cantor space and hence defines an injection from “w to “2. Now using Theoem
[2.3] we get the proposed bijection V.

Therefore, it suffices to find an injective function F : “2 — A: We start by
recursively defining a function: We know A # () which implies

Jag € ““w(ANU,, #0). Using this ay we can define:

<2 =5 {Up | t € Yw}

¢(®) = an

If we have already defined ¢(s) =: U, for some s € <“2 such that AN U, # 0,
we want to define ¢(s70) and ¢(s™1). Because A is perfect, there exist two
distinct elements b,c € ANU,,. So 3k € w(b(k) # c(k)). We define

ag~0:=blk+1,a;~1:=clk+1



and

#(s70) := 4y o(s71) = Ui, -
Where b € ANU, . #0,c€ ANU, . # 0 and a5 C as~; for i € {0,1}.
Hence, ¢ : <¥2 — {U; | t € <“w} is a well defined, injective function. We want
to “lift” ¢ to the Cantor space by defining

Qg = U Ay n

new

for w € “2. This gives us a function F': “2 — “w, F(u) := ay.

Claim: F' is one-to-one

Let u # v € “2. This means that there exists n € w such that v [ n # v [ n.
This implies ayn 7# @yin, and because ay,a, are ascending unions it follows
that a, # a,.

Claim: a, € A for all u € “2:

We prove this by showing that a, is an accumulation point of A: Let t € <“w
such that a, € U, then for some k large enough a,;, € U;. Because a, ¢

h
Uaufk’“(l—u(k)ﬁ we have

(A\{a,})NU; 2 (A\ {a,}) N Uaumﬁ(lim)) =AnN U%WAU?“(M) # 0.
So a, is an accumulation point of A and therefore an element of A.
We have found g := F oV : “w — A, where F and ¥ are injective. This
implies that g is injective. Theorem [2.I]implies the existence of a bijection from
A= Yw. U

2.1.2 Trees

A fruitful definition in sequence spaces “ X is the concept of trees. We look at
a set T' of finite sequences in X that is closed under initial segments, and we
say that T is a tree on X. Elements of T are called nodes. We call a node t
an extension of s for any t,s € T, if s is an initial segment of t. We say that
two such extensions ¢,t" are incompatible, if neither is an initial segment of the
other. We call a tree perfect if for every node there exist | X |-many incompatible
extensions.

For such a tree T it is interesting to look at all possible infinite branches, so
all w-sequences in X, such that every finite initial segment is a node in T. We
denote this by [T], and one can think of this as some sort of closure of 7.

Definition 2.5. For a set X # 0.

o A subset T'C <*X is called a tree on X : <
VseTV¥n<doms:(s[neT).

e For T a tree on X we define [T]:={ze€“X :Vncw(z[neT)}.

o Atree T # () on X is perfect : <= Vs € T3(t;);cx| € T (Vi € | X]:
(s Cti) At L t5) A (t; L 1))



The definition of perfect trees is not really nice to grasp, but we will mostly
use the following remark, which tells us an easier equivalent for trees on w (or
any countable set X).

Remark 2.1. A tree T on w is perfect if Vs € T3, t' € T(s Ct,s Ct' ANt €
tAY Z ).

Proof. Suppose we only have a finite number of incompatible extensions for
some s € T. Let k be minimal in w such that there are not k-many pairwise
incompatible extensions of s in T. Let {t, : 0 < n < k — 1} be k — 1-many
pairwise incompatible extensions. For 0 < n < k—1let m,, € domtyNdomt,, be
a witness to the incompatibility i.e., to(my,) # t,(m,,). Since ¢, are extensions
of s, m, ¢ doms. We define m := maz,<p_1my. Now ¢y [ (m+ 1) € T has
two incompatible extensions t,t’ by prerequisite and s C ¢y | (m+1) Ct,s C
to [(m—l—l) gt/.
Claim: {t,, : 0 <n < k—1}U{t, '} are k-many pairwise incompatible extensions
of sin T
Let 0 <n < k—1,then m, <m+1 = t(my,) =ty | (m+1)(my,) =
to(my) # tn(my) and therefore ¢ € ¢, At, € t. Analogously for ¢. Hence,
we have k-many pairwise incompatible extensions of s, which contradicts the
minimality of k. So we do in fact have w-many pairwise incompatible extensions
of s in T, which means that T is perfect.

O

Ezample 1. T := {s € <Yw | Vm < k < doms : s(m) < s(k)} the set of
all strictly monotone, finite sequences is a tree, because any initial segment
of a strictly monotone sequence is a strictly monotone sequence. T is perfect
as well since any strictly monotone and finite sequence can be extended by
t(dom s) := s(doms — 1)+ 1 and t'(dom s) := s(som s — 1) + 2. Those are two
incompatible extensions that are still in T'.

We now have talked about perfect sets and perfect trees, so it seems rather
obvious that we somehow want to link those two concepts. The following lemma
gives us this insight, at least in the case A C “w or A C “2.

Lemma 2.3. et X=wor X =2and A C¥“X.
(i) A is closed <= 3T...tree on *X such that A = [T).
(11) A is perfect <= 3T # (...perfect tree on Y X such that A = [T].

Proof. (i): “="7: Let AC“X closed. T:={te€ <X |Jx € A(t Cx)}.
Claim: A = [T]

“C Letz€eAncw Thenz [nCax €A = z|[neT,hence z € [T].
“D”: Let « € [T], that means that Vn € w3z, € A:z [ n C x,. This gives us
lim,, 4 oo ©,, = ¢ and because A is closed we have that z € A.

“ <=7 Let (I,=<) be a directed set i.e., I is a set and = is a reflexive and
transitive relation on I. Furthermore for every two elements ¢, j € I there exists



some k € I such that i < kA j = k. Now let (z;); C [T] be a convergent net
with lim;_, - z; = . That means

Vn € widig € IVi = ig: x; € Uzm.

Showing that the limit of every convergent net in [T'] is still in [T7] is equivalent
to showing that [T is closed, so we want to prove that € [T]. Let n € w:
JigVi = ig : x; € Uygpp, that means x [ n C x;. Furthermore z; € [T yields
xn=ux; [neT,hence z € [T]. So [T] is closed.

(ii): “ = 7: Let A be perfect, define T := {t € <¥X | 3z € A(t C z)}
as before. We already know from (i) (since A perfect implies A is closed) that
A=1T).

Since A # () we can take a € A, and a [ n € T for some n € w, so T # (.

Claim: T is perfect:
For s € T we want to find two incompatible extensions. By definition of T" we
know that there exists z € A such that s C . This implies z € Us.
A being perfect implies Jy € A\ {x} NUs # 0. = # y yields the existence of
some n < w, such that z(n) # y(n). But s Cz and s Cy = n > doms.
We now know that z [ n+ 1 and y [ n 4+ 1 are extensions of s and
xln+l1Zyn+1lAyn+1Z x| n+1,sothey are incompatible extensions
of s. Alsoz [n+1€ T,y [ n+1 € T because z,y € A, which allows us
to conclude that T is perfect. (For X = “2 this follows per definition and for
X =“w we use Remark [2.1])

“<«=": Let x be an accumulation point of [T] for a perfect tree T. We want to
show that « € [T]: So let n € w, then « € Uy},. « being an accumulation point
yields Jy € ([T)\ {z}) N Uyppn. Therefore x [ n Cy [ n €T, and because T is a
tree x [ n € T, this implies z € [T.

If, on the other hand, we have x € [T], we want to show that it is also an
accumulation point of [T]: Take s € <“w such that x € U,. It follows that
s € T and therefore two incompatible extensions of s in T" exist: We call them ¢
and ¢. Without loss of generality, assume that ¢t € z: Define y € “w as follows:

y(n) :=t(n), if n € dom .

For n > domt we define y(n) recursively: If y(n) is already defined such that
y | n+1 € T, we know that there exists an extension ¢ of y [ n+ 1 in T and we
define y(n+1) := #(n+1) (We know there are two incompatible extensions and
therefore there is an extension £ with domt 2 domy | n + 1.) By construction
y € [T], x # y and y € Us which proves that x is an accumulation point of 7.

In total we now know that x € [T] if and only if z is an accumulation point of
[T] - in other words: [T is perfect. O

As a final definition regarding trees, we will talk about trees on w x « for some
ordinal o. These are sets of pairs of finite sequences with the same domain, that



are closed under initial segments. As before, we can define [T] naturally. We
can also talk about the projection of a tree which contains all infinite sequences
in w such that there exists some corresponding infinite sequence in « such that
every finite initial segment of the pair is a node in T.

Definition 2.6. For @ > w define:

o A tree onw x avis asubset T C {(s,t) € <“w x ¥« | dom s = domt} and
V(s,t) € TVYn <doms:(s|n,t|n)eT.

o T]:={(r,y) e“wxYa|Vnew: (xnyl[n)eT}

e For a tree T on w X a we define the projection of T
plT] ={re“w|Iye“aVnew: (znyln) €T}

2.1.3 Analytic and a-Souslin sets

We now have all the tools we need to talk about analytic sets which you can
think of as the projections of Borel sets.

Definition 2.7. We call A C “w analytic : <= 3T tree on w X w such that
A = p[T]. We call it coanalytic : < “w \ A is analytic.

We want to show that analytic sets fulfill the perfect set property. In the
following lemma, we will show that every Borel set is analytic; therefore, if we
can prove that analytic sets satisfy the perfect set property, then so do Borel
sets.

Lemma 2.4. Every Borel set A C “w is analytic.

Proof. Claim: If for n < w : A, is analytic, then (J, ., A, is analytic.
Since A,, is analytic for every n € w, there are trees T, on w X w such that
Ay, = p[Ty]. Define a new tree T on w x w by

z=y=10 or

(Z‘,y) el — {Eln < way/ (y _ n,\y/ A ({I? {(domz—l)?y/) c Tn)
We want to show that 7" is a tree i.e., that it is closed under initial segments:
Let (x,y) € T. (Without loss of generality (z,y) # (0,0)). This implies t = n"y’
and (2 [(dom (m)_l),y’) € T, for some n € w,y € w. Because T}, is a tree we
know that dom x [(gom+—1)= dom y' < w which implies domx = domy < w.
And for any m < domz : y [;m=n"(Y [m-1) and (& [;m-1,Y" [m-1) € Tp, yields
(€ Tm»y Im) € T. Therefore T is a tree on w X w.
We want to show: p[T] =, .., An:

“C”: Let z € p[T], this means that 3y : Vm < w(x [,y [m) € T-

Define n := y(0), and take y’ such that y = n"y’. Then for every m < w:

(@ Ty ¥ [m) € Ty s0x € Ay

“D7: Take x € A, = p[Ty], we get Iy (Ym : (x [m, ¥ [m) € Thn).

Define y := n"y’ and let m < w, then y [,,=n"(y' [m-1) and



(@ Tm-1,Y" Tm-1) € Tn, therefore (z [,y [m) € T. And as a consequence
x € p[T].

Claim: If for every n < w A, is analytic, then so is [, _,, An:
Let T, be trees on w x w such that A, = p[T,], and let ¢ : w X w — w be a
bijection that satisfies p(n,m) < ¢(n, k) for m < k. For t = (my, ..., m;) € ““w
and n € w we define t" := (My(n,0)s - My(n,k—1)), Where k := min{l € w |
p(n,1) > j.

T :={(s,t) € ““w x ““w | dom s = domt,Vn < w(s | domt" t") € T,,}

We claim T is a tree, so for £ < doms = domt we want to check whether
(s T kit [ k) e T. So, let n < w: We look at (s [ dom (¢t | k)™, (¢t [ k)™).
(t T k)" = (Mo, Mp—1)" = (Mp(n,0)5 s Mp(n,i—1)), Where [ is minimal such
that o(n,l) >k —1, t" = (Myn,0), --» Me(n,r—1)), Where I’ is minimal such that
p(n,1") > domt — 1. This implies | <’ and therefore p(n,l) < p(n,l’) because
k—1 < domt—1. This implies (¢ [ k)™ C ¢", hence (s [ dom (¢t | k)™, (t [ k)™) €
T, as an initial segment of (s [ domt™,t") € T,,. So T is a tree and we claim
ﬂn<w A’ﬂ = p[T]

“C”: Let x € A, for every n, so there exist y, € “w such that Vk < w(z |
k,yn | k) € T,,. Define y € “w,y(n) := yn, (n2), where o~1(n) = (n1,ns).

Now take k < w and see that for every n < w:

((x T'k) Idom(y [ k)", (y [ k)") = (z [, (y(p(n,0)),....,y(p(n,l - 1))))

where | minimal such that ¢(n,l) > k — 1. So x € p[T].

“D7: Take x € p[T], so we have some y € “w so that for every n € w
(x [ nyy [ n) € T. Define y,(m) := y(p(n,m)). We claim that = € p[T;,] is
witnessed by yp:
Let k < w. We regard (x [ k,yn [ k) = (z | k, (y(p(n,0)),...,y(p(n, k —1)))) =

(@ [k ((y To(n k)" [ k) € (x fdom(y [ o(n, k)", (y [ ¢(n,k))") € T And
the latter is in fact in 7T}, because (z [ p(n,k),y [ ¢(n,k)) € T.

We know that basic open sets Uy are closed sets ((Us)® = J{U; | domt <
doms ANt s} as its complement is a union of open sets). Lemma tells us
that closed sets are analytic and using the two results shown above, we get that

Borel sets are analytic.
O

Remark 2.2. There is an analytic set that is not Borel.
Proof. See Theorem 7.5 and Lemma 7.11 in [2]. O

Our goal in the beginning was to prove something about analytic sets, but
we will actually prove a more general result for a generalization of analytic sets,
the so-called a-Souslin sets.

10



Definition 2.8. For w < a € Ord we say that A C “w is a-Souslin : < 3T
tree on w x « such that A = p[T].

Remark 2.3. w-Souslin-sets are exactly the analytic sets.

Theorem 2.2 (Souslin, Mansfield). Let o € Ord, A C “w be a-Souslin. Then
either 3B C A such that B is perfect or Card(A) < Card(a).

Proof. We start by giving two useful definitions regarding trees:
Let U be a tree on w x a. Define for every (s,t) € U:

Ugs,ty == {(s0,t0) €U | (s0 SsAtg St)V(so25Ntg 21)}

One can think of Uy, ) for a given node (s,t) € U as the tree consisting of all
initial segments and extensions of (s,t) in U. Since for (so,to) € Uy and for
every n € w (sg [ n,tp [ n) € Ugs,tys Ugs,py 1s in fact a tree on w X «, therefore
the following definition is justified.

U':={(s,t) €U | Card(p[Us,)]) > 1}

Claim: U’ is a tree:

Let (S7t) € Ulv n e w. U(s[n,t[n) 2 U(s,t) = p[U(s[n,t[n)] 2 p[U(s,t)]a Y
(s [ n,t [ n) €T and therefore U’ a tree.

A node (s,t) € U is in U’ if there is more than one branch in U with inital
segment (s,t), or in other words if the tree U(s,+) has more than one branch.

Now back to our analytic set A and the corresponding tree T: Let T be a
tree on w X « such that A = p[T]. Define

Ty =T, Tpi1:= (Tp), Tn:= )| Tp

for $ an ordinal and A a limit ordinal. The intersection of trees is obviously a
tree, so T is a tree for every 5. And Tz O T for every 8 < .

= Card(T) < Card(Ty) = Card(T) < Card(w x a) < Card(a)

Claim: 36 < Card(a)® (where put denotes the successor cardinal of u) such
that Tsy =T =: T°°:

Assume by contradiction that for every 8 < |a|t: T\ Tp41 # 0. With the
axiom of choice we then get a set {zg € T\ Ts41 | B < |a|t} C T, so
IT| > |{zp € Tg\ Tp+1 | B < |a|T}| = |a|" > |T|, which contradicts regularity.

Case 1: T =0
For x € A = p[T] there exists ay € “a:Vn € w(z [ n,y [ n) € T.

Bo:=min{B|3Im: (x| m,ym)¢Ts}

If By were a limit ordinal, then Im : (z | m,y | m) ¢ Tp, = ﬂ7<50 T, which
means 3y < fo : (z [ m,y | m) ¢ T, this contradicts the minimality of 8y. So

11



there exists some § with §+ 1 = .
For this S define

n:=min{m €w | (x [ m,y [ m) ¢ Tsy1}.

Claim: p[(TB)(LE[n,yFn)] = {:C}
“D”: With y € “«a and an arbitrary m € w:

(x [m,y [ m)elp

due to the minimality of By. And either (z [ m) C (z [n)A(y [ m) C (y | n) or
(z [n) S (zTm)A(y[n)C(ym)andhence (z [ m,y [ m) € (Ts)@inyn),
which yields 2 € p[(T3) 2 n,y1n))-

“C”: By our choice of n we know: (z | n,y [ n) ¢ Tgy1 = (Ip) =
Card(p[(Ts) (z1n,yn)]) < 1. Therefore we get p[(T3)(zin,yn)] = {2}

This gives us

) S (Hel(Tp) ) | B <6, (s,t) € Ts \ Ta, Ipl(Ts) (5,0 = 1} S pIT].

So we have
Al = [ {p[(T5) s.0)] | B <6, (s,t) € T \ Tpsr, Ip[(Th) (s,0)| = 1}

< s\ Tara x {8} < | U T x {8} = 18] < |-

B<d B<é

So Card(A) < Card(c), which concludes the first part of the proof.
Case 2: T™® £ ()

T = (T®) = {(s,t) € T™ | Card(p[T(S,)) > 1}

implies that for all (s,t) € T°° the cardinality of p[T(OS‘f t)] is greater than one. We

want to find (s,,t,) € T™ for every z € <“2. We can achieve this via recursive
construction:
(s0,tp) == (@7®) er

If (s.,tz) € T* is already defined for z € =“2: we know that p[T( ; || has at
least two distinct elements, call them xg,z;. For xg,x; there are yg,y1 € “w :
Yn € w: (z; [ ny [ n) € T(O:Z,tz) for ¢ € {0,1}. In particular we can choose
n > dom s, such that zo [ n # 21 | n. Now we can define

(82~0,t2-0) = (w0 [, y0 [ 1) € T, (5,~1,t,~1) := (21 [ y01 [n) €T

with dom s,~g = doms,~; > doms,. We note that Vi € Ord : (0,0) € T},
because Tip1 # 0 = p[(Ti)w,0] = p[Ti] 2 pl(Ti)(s,p)] has more than one
element for some (s,t) € T; 11, so our definition makes sense. Note as well that
Sq = Sy = a = b by construction.
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Take v € “2 and define
Ty = U{Sum |new}e“w.
Then z,, € p[T] = A, because
Ynew: (T [y [n) = (Sy [Nty [n) €T CT

with y, := U{tun | n € w}.
We get B := {x, | u € “2} C A and proving B is perfect concludes the proof:

T:={z, n|ncwuec“2}C <y
~ T is obviously closed under initial segments and therefore a tree on w. Also
T # 0. B ~
T={re“w|Vnew(xIneT)} 2B
Claim: [T] C B and hence B is a perfect subset of A:
Define for some fixed v € “2
k:w—w K rw—w
n — dom(Syn) n— min{m € w | n € k(m)}
k is well defined and independent of v because the domain of s, only depends
on the domain of x for z € <¥2 and for any vy, v, € ¥2:

domwvy [ n=domuvs [ n =n. k is strictly monotone increasing and therefore
unbounded as well by construction of s,. This implies £* is well defined.

Let x € [T]: For every n € w3Ju, € “2s.t. & [ n =z, | n. This implies
St 1% () [n= Ly, In= Ty g1 In= Sty 1 Tk*(n) I'nC Sty lk*(n+1) fn+1
- Su, [k*(n)—1 = Su"Jrl[k:*(n)fl
= up [k"(n) =1 =tupt1 [ K (n) =1 Cuppq [ K" (n+1)—1

So we can define
u = U Up [ k" (n) —1€“2.
new

Now for every n:
Ty [ 0= Supkr(n) [ M= Tu,py [N=2y, [n=2]n,

therefore x = z, € B and B is perfect.
O

Corollary 2.1. Let A C “w analytic. Then A satisfies the perfect set property.
Corollary 2.2. For any A C “w that is open, closed, Borel or analytic:
“(jwl < A] < [“wl)

Proof. A is analytic (Lemma [2.4); therefore, |A| < |w| or 3B C A is perfect
(Theorem [2.2). And in the second case, Lemma [2.2] tells us that
[“w = [B| < [A]. m
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3 Determinacy

In this next section, we will consider two players who take turns playing a natural
number. If they take w-many turns, they generate a countable sequence. If this
sequence is in a certain payoff set A, then Player 1 wins, if it is not in A, then
Player II wins. We can use such games to find out more about the payoff
sets of these games. If we require that for every game one of the players has
to have a way of playing that ensures they will win (we say that the game is
determined), then we will show that every subset of the Baire space has the
perfect set property. The source of this section is [1].

3.1 Infinite Games

Definition 3.1. For aset X # () and A C “X we define the game Gx(A): This
game consists of two players Player I and Player II, who take turns choosing
some z; € X resulting in an infinite sequence x = (xg, 1, x2,...) € “*X. We call
x a play. We say Player I wins if x € A, otherwise Player II wins.

Player 1 ‘xo‘ ‘:@‘ ‘
PlayerII‘ ‘xl‘ ‘9@‘

A function o : ¢, X — X is called o strategy for Player I.

If y = (yo,y1,...) € “X are all the moves played by Player II, we denote by
oxy = (d(0),y0,5((c(?),y0),%1,...) the play we get if Player I responds to
Player II playing y according to strategy o.

We call o a winning strategy for Player I : < {oxy|y e “X} C A.

A winning strategy for Player II is a function 7 : |J,,c,, LY & X, and z %7
denotes the play resulting from Player II playing against z € “ X according to
T.

Definition 3.2. We say a game G x (A) is determined if and only if there exists
a winning strategy for Player I or Player II.
For X = w we say A C “w is determined if Gx(A) is determined.

3.1.1 The Davis Game and Davis Theorem

Definition 3.3. (Davis Game) For X = 2 and A C “2 we consider the game
G5(A) (Davis Game) consisting of two Players, Player I and Player II, where
now Player I chooses s; € <*2, Player II chooses a k; € 2 resulting in a play
x = (S0, k1, S2, ks, ...). We say Player I wins, if the generated sequence of this
play x. := sg ki s5 ... € A, otherwise Player IT wins.

The next theorem is the core part for proving that under the axiom of
determinacy (AD) i.e. every set is determined, every set A C “w has the perfect
set property. The statement is still slightly different: We prove that a subset of
the Cantor space satisfies the perfect set property if and only if it is determined.

14



Theorem 3.1. (Davis) For A C “2:
e A is countable <= Player II has a winning strategy in G5(A)

e A contains a perfect subset B <=
Player I has a winnning strategy in G5(A).

Proof. “ = ": We argue by some sort of diagonalization: As A is countable,
we want to write it as A = {a, | n € w}, now we define a winning strategy for
player II:
(2 x2) x <22,
ncw

(Y2 x 2) X <923 s+ 7(s) =1 — a,(dom s).

That is to say Player II looks at the sequence that has been played so far after
2n+1 turns, and then they play the value such that the emerging sequence does
not match the n-th entry of A at the respecting index dom s. Then s~7(s) € a,
(because s77(s)(doms) = 7(s) # an(doms)). Therefore, z * 7 # a, for all
n € w and Player II is sure to win.

“ <= "7: If conversely there is a winning strategy 7 for Player II, we aim to
find a countable superset of A. In order to do that we look at partial plays
p = (S0, k15,82, s kant1), 8i € <¥2,k; € 2 for i,j < w according to 7. We
denote the corresponding sequence with p, = sy (k1)”...7 (k2nt1) € 2. We
define sets

D,:={xe“2|p. Cx = 3te~Y2(p t"r(p,t) Cxz)}.

Claim: A C{J,(“2\ Dy):

Let € (), D, then for p, = 0 there exists a to € <“2 such that (¢t"7(t)) C z.
Recursively we find ¢; : ¢ € w such that x = t;7(¢0)"...t; 7(...,t;)"... a play
according to 7 - a winning strategy for player II - which tells us z ¢ A, which
proves the claim.

Now we take a closer look at “2\ D,, for some p: We know that z € “2\ D, <=
P« Cx AVt E <2 (pit™T(p,t) £ x.

Claim: 3y, : {yp} =“2\ D,:

It must hold p, C y,, then taking ¢ = () we gain that y,(domp,) =1 — 7(p,0).
Recursively we get for all i € w:

yp(domp, +1) =1 —7(p, (yp(domp,), ..., yp(domp, + i — 1))),

hence y, is uniquely defined.

There are only countably many partial plays p according to 7, so we have that A
is a subset of a countable union of sets that contain exactly one element, which
yields that A is countable. This concludes the first part of the theorem.

“ =" For the second part we start with a perfect subset B C A. We define
T:={z [ n|n€waec B} Asin the proof of Lemma 2.3 we see that T is a

15



perfect tree. A winning strategy o for Player I is defined recursively: The player
starts by picking some finite sequence sy € <“2 such that both s; (0) € T' and
sg (1) € T. Such sq exists, because T' # () and every element of T must have two
incompatible extensions. For a given partial play p = (sg, (k1), ..., S2n—1, (k2n)),
according to the strategy p. = sy (k1)”...” 85,1 (k2n) € T and again there exist
two incompatible extensions, which means 3s;,,41 € <“2 such that pi's5,,1(0) €
T and p% s3,,,(1) € T. From Lemmawe get B=[T]and oxy € [T] =B C
A for all y, hence o is a winning strategy for Player I.

“<«<=": Assume we have a winning strategy o for Player I. Then we claim

B:i={oxylye“2} CA

is perfect:
We define
T:={oxyln|ye“2ncw}

a tree, T # (). T is also perfect, because taking o *y | n € T, we know that
this is an initial segment of a play, therefore we can extend it to a partial play
p = (so, (k1), ..., S2n—1), where p, := s (k1)"... " sap—1 2 0 *y | n. Therefore,
both p% (0) € T and p; (1) € T are two incompatible extensions, so T is a perfect
tree and [T] = B. Using Lemma we conclude B is in fact a perfect subset
of A.

O

3.2 AD and the perfect set property

Now we can show that, assuming that every subset of the Baire space is determined,
then every set A C “w is either countable or else contains a perfect subset.

Definition 3.4. (Axiom of Determinacy (AD)) For all A C “w, A is determined.
Corollary 3.1. (AD) = VA C“w: A has the perfect set property.

Proof. Let A C “w. Because of the axiom of determinacy we know, that either
Player T or Player II has a winning strategy for G, (A). Of course we want to
use Theorem from above. But to use this we need to say something about
G5(A).

Therefore we want to define a homeomorphism ¢ : “w — “2\ E, where
E:={z€“2|3ng € w(Vk > ng: z(k) = z(ng))}. Take n,k € w:

peon+1— 2, b0(i) =

k+1 mod2 i<n
k mod 2 i=n

Using these b} we can define ¢:

(p(l‘) = bg(o) r\b;(l) L S (.U2

 injective and surjective onto “2\ E.
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Claim: ¢ is a homeomorphism:
Let s € <¥2, then U, \ E is an open set in “2\ E. s = (sg, 51, ..., S,) and let
k < n be maximal such that VI > k : s; # si. Then (sq, ..., sx) = ¢(t), where
t € “Yw and ¢ is defined analogously. Then

UNE = | Uy

I>n—k

which is an open set, so ¢ is continuous.
Take t € <*“w, then ¢"U; = U, )\ E, which is of course open. So ¢ : “w — “2\E
is a homeomorphism.

We want to show that G5(¢” A) is determined:
First we fix a bijection 6 : w — <“2. Then we define a new payoff set B in the
Baire space that lets player II loose instantly, if they play something different
than 671(0) or #71(1). And that lets player I win, if the image of the generated
sequence under 6 is in ¢” A:

For the sake of readability, for a sequence x = (21, z2,...) € “X, and a function
f:X =Y wedenote f(z):= (f(z1), f(z2),...) € “Y.

B:={re“w|In€w(@()¢{0,1})}U{re“w|b(xg) 0(x1)"... € ¢" A}

Because we assume (AD), we know that either player I or player IT has a winning
strategy for G, (B).

Case 1: Player I has a winning strategy o for G, (B):
We need to define a winning strategy o* for player I in G5(p” A): For a partial
play p* := (so, (k1), s2, ..., (kan—1)) we define:

U*(p*) =0 (U (9_1 (80,k1,827 ...Jﬂgn,l)))

Is 0* a winning strategy for player 1?7

Take k € “2: o* * k is the sequence obtained by the play p = (so, ko, $1, k1, --)
where Player I plays according to o*. If we look at the corresponding play
0~ 1(p) in “w, this is a play according to o: Let n be minimal in w such that
6~1(s,) is not played according to o. Then

Sp = O'*(So,k‘o,sl, ~-~7kn—1) =0 (O' (9_1 (So,k‘o, veny kn—l))) 5

SO
9(377.) =0 (971 (807 ko, veey knfl))

and 0~ (so, ko, ..., kn—1) is played according to o by the minimality of n, therefore
6~1(p) is the play obtained by Player II playing §~'(k) and Player I playing
according to 0. Which means o x §~1(k) € B, which implies

ox 07 (k) € {x €“w | O(x0)"0(x2)"... € 9" A},
hence

00 (50))"0(0 (ko)) "... = sgky sg - € ¢ A.

17



Which proves that o* is a winning strategy for Player I in G5(¢"” A).

Case 2: Player II has a winning strategy 7 for G, (B):
We need to define a winning strategy for Player II in G5(¢"” A): For a partial
play (so, k1, ..., S2n) we define

T (p*) =0 (7' (071 (s0, k1, )))

This is well defined, because 7 is a winning strategy for Player II, and if
Player 1I were to play anything different that 6=1(0) or #=!(1) then Player
1T would loose instantly, so 7*(p*) € {0,1}. Now as before for a play p =
(80, ko, 51, k1, ...) according to 7%, §71(p) is a play in “w according to 7. Because
7 is a winning strategy we then know that 671(s) x 7 ¢ B and therefore
0071 (50))°0(0 (ko)) ... = sgkgsy... ¢ ¢"A and 7* is a winning strategy
for Player II.

This yields G5(¢"” A) is determined and Theorem [3.1] then tells us that ¢” A
has the perfect set property. If ©”’A is countable then so is A and if ¢”A
contains a perfect subset B, then B is also perfect in the subspace topology
(“2\ B, T | ge), therefore o ~1[B] C A is perfect as the homeomorph image of a
perfect set.

This concludes that every set A C “w has the perfect set property under the
Axiom of Determinancy.
O

Corollary 3.2. Under the Aziom of Determinacy the Continuum Problem has
a megative answer, i.e.

(AD) = PAC“w: |w| <|A| < |“w]

Proof. Take A C “w. Corollary tells us A has the perfect set property. So
either [A| < |w|, or 3B C A perfect. Then Lemma [2.2] tells us
Al = [B| = [“wl. O
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