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Motivation

Not all questions in mathematics can be answered in ZFC

Abstractly: Godel's incompleteness theorems.
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What is determinacy good for?

Theorem (Mycielski, Swierczkowski, Mazur, Davis, 60's)
If all sets of reals are determined, then all sets of reals
@ are Lebesgue measurable,

@ have the Baire property, and

@ have the perfect set property.
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Equivalences for analytic and projective determinacy

Theorem (Harrington, Martin)
The following are equivalent.

© All analytic sets are
determined.

@ a7 exists for all reals x.
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Equivalences for analytic and projective determinacy

Theorem (Harrington, Martin) Theorem (Neeman, Woodin)
The following are equivalent. The following are equivalent for all
@ All analytic sets are n > 1.
determined. Q All =) | sets are determined.
Q™) exists for all reals . @ For every real x the wy-iterable

countable model of set theory
with n Woodin cardinals
M () exists.

For (1) = (2) see (M-Schindler-Woodin)
“Mice with Finitely many Woodin
Cardinals from Optimal Determinacy
Hypotheses”, JML 2020.

For (2) = (1) see (Neeman) “Optimal
proofs of determinacy II”, JML 2002.
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Games of countable length o > w and games on reals

Games

Det = Mice

Mice = Det

Analytic, length w on N

Projective, length w on N,
level by level

o-projective, length w on N

Projective, length w? on N

Analytic, length w® on N

Projective, length w® on N

Projective, length w on R

Martin, 1970

Woodin, appeared in
M-Schindler-Woodin,
JML 2020

Aguilera

Aguilera-M, JSL 2020

Trang, 2013, building
on Woodin

M, 2020

Aguilera-M, NDJFL
2020

Harrington, 1978

Neeman, 2002, build-
ing on Martin-Steel,
1989

Aguilera-M-Schlicht,
APAL 2021, Aguilera

Neeman, 2004
Neeman, 2004

Neeman, 2004

easy from Martin-
Steel, 1989
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Determinacy when all sets are universally Baire

Another approach to strengthen determinacy

Keep playing games of length w and impose additional
structural properties on the model.

Sandra Miiller (TU Wien) Universally Baire sets, determinacy and inner models Jan 7, 2023



Determinacy when all sets are universally Baire

AD + all sets of reals are Suslin

Being Suslin is a generalization of being analytic. More precisely, a set of
reals is Suslin if it is the projection of a tree on w X k for some ordinal k.
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Determinacy when all sets are universally Baire
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Determinacy when all sets are universally Baire

AD + all sets of reals are Suslin

Being Suslin is a generalization of being analytic. More precisely, a set of
reals is Suslin if it is the projection of a tree on w X k for some ordinal k.
Theorem (Woodin, Derived model construction, 1980's)
Suppose there is a cardinal \ that is

@ a limit of Woodin cardinals, and

@ a limit of <\-strong cardinals.

Then there is a model of

“AD + all sets of reals are Suslin”.
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Determinacy when all sets are universally Baire

AD + all sets of reals are Suslin

Being Suslin is a generalization of being analytic. More precisely, a set of
reals is Suslin if it is the projection of a tree on w X k for some ordinal .
Theorem (Woodin, Derived model construction, 1980's)
Suppose there is a cardinal \ that is

@ a limit of Woodin cardinals, and

@ a limit of <\-strong cardinals.
Then there is a model of

“AD + all sets of reals are Suslin”.

Theorem (Steel, 2008)
This is optimal.
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Determinacy when all sets are universally Baire

A further strengthening: universally Baire sets

Definition (Schilling-Vaught, Feng-Magidor-Woodin)

A subset A of a topological space Y is universally Baire if f~1(A) has the
property of Baire in any topological space X, where f: X — Y is
continuous.
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Determinacy when all sets are universally Baire

A further strengthening: universally Baire sets

Definition (Schilling-Vaught, Feng-Magidor-Woodin)

A subset A of a topological space Y is universally Baire if f~1(A) has the
property of Baire in any topological space X, where f: X — Y is
continuous.

Being universally Baire is a strengthening of being Suslin:

Definition

Let (S,T) be trees on w X k for some ordinal x and let Z be any set. We
say (S,T') is Z-absolutely complementing iff p[S] = “w \ p[T] in every
Col(w, Z)-generic extension of V.
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A further strengthening: universally Baire sets

Definition (Schilling-Vaught, Feng-Magidor-Woodin)

A subset A of a topological space Y is universally Baire if f~1(A) has the
property of Baire in any topological space X, where f: X — Y is
continuous.

Being universally Baire is a strengthening of being Suslin:

Definition

Let (S,T) be trees on w x k for some ordinal k and let Z be any set. We
say (S,T') is Z-absolutely complementing iff p[S] = “w \ p[T] in every
Col(w, Z)-generic extension of V.

Definition (Feng-Magidor-Woodin)

A set of reals A is universally Baire (uB) if for every Z, there are
Z-absolutely complementing trees (S, T") with p[S] = A.
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AD and all sets uB

Can all sets be universally Baire?

Is there a model of determinacy in which all sets are universally Baire?
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AD and all sets uB

Can all sets be universally Baire?

Is there a model of determinacy in which all sets are universally Baire?

Theorem (Larson-Sargsyan-Wilson, 2014)
Suppose there is a cardinal A that is

@ a limit of Woodin cardinals, and

e a limit of (fully) strong cardinals.
Then there is a model of

“AD + all sets of reals are universally Baire”.
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AD and all sets uB

Can all sets be universally Baire?

Is there a model of determinacy in which all sets are universally Baire?

Theorem (Larson-Sargsyan-Wilson, 2014) oxdlins

Suppose there is a cardinal \ that is 2
@ a limit of Woodin cardinals, and
e a limit of (fully) strong cardinals.

Then there is a model of +g

“AD + all sets of reals are universally Baire”.

Conjecture (Sargsyan)

This is optimal.
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AD and all sets uB

Sargsyan's conjecture holds

Theorem (M, 2021)

Suppose there is a proper class model of

“AD + all sets of reals are universally Baire".
Then there is a transitive model M of ZFC containing all ordinals such
that M has a cardinal \ that is
@ a limit of Woodin cardinals, and

e a limit of (fully) strong cardinals.
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AD and all sets uB

Sargsyan's conjecture holds

Theorem (M, 2021)

Suppose there is a proper class model of

“AD + all sets of reals are universally Baire".
Then there is a transitive model M of ZFC containing all ordinals such
that M has a cardinal \ that is
@ a limit of Woodin cardinals, and

e a limit of (fully) strong cardinals.

The proof is based on a new translation procedure to translate iteration

strategies in hybrid mice into large cardinals. This extends work of Steel,
Zhu, and Sargsyan.
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The Inner Model Program

My vision

The connection between determinacy and inner models
should continue throughout the large cardinal hierarchy.
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It should for example ultimately
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Axiom (PFA). Z?
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Motivation

Not all questions in mathematics can be answered in ZFC

atondasd axiws
£ e m@v&

Abstractly: Godel's incompleteness theorems.

Nowadays there are numerous concrete examples:

|s hae ased A suck Lot
|N\<\A\<\R\Z

e Continuum Problem (set theory),

e Whitehead Problem (group theory),

Borel Conjecture (measure theory),

Kaplansky's Conjecture on Banach algebras (analysis),

Brown-Douglas-Fillmore Problem (operator algebras),
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Sealing and its impact on inner model theory

Sealing: Why is a Woodin limit of Woodins a barrier?

Shoenfield's Absoluteness Theorem implies that the truth of X}-facts
cannot be changed by forcing.
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Sealing and its impact on inner model theory

Sealing: Why is a Woodin limit of Woodins a barrier?

Shoenfield's Absoluteness Theorem implies that the truth of X}-facts
cannot be changed by forcing.

Theorem (Woodin)

If A is a universally Baire set of reals and there is a class of Woodin
cardinals, then the theory of L(A,R) cannot be changed by forcing, i.e.,
for any set generic extensions V'[g] C V[g * h], there is an elementary
embedding

j: L(AsbRg) - L(Ag*haRg*h)'
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Sealing and its impact on inner model theory

Sealing: Why is a Woodin limit of Woodins a barrier?

Shoenfield's Absoluteness Theorem implies that the truth of X}-facts
cannot be changed by forcing.

Theorem (Woodin)

If A is a universally Baire set of reals and there is a class of Woodin
cardinals, then the theory of L(A,R) cannot be changed by forcing, i.e.,
for any set generic extensions V'[g] C V[g * h], there is an elementary
embedding

j: L(Ag, Rg) = L(Agsn, Rgun).

Sealing is a similar but stronger generic absoluteness statement: It asserts
that the theory of all the universally Baire sets cannot be changed by
forcing.
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Sealing and its impact on inner model theory

Sealing

Definition (Woodin)
Sealing is the conjunction of the following statements.
Q For every set generic g over V, L(I'}°,Ry) = AD™ and
P(Ry) N LT, Ry) =T
@ For every set generic extensions V]g] C Vg  h], there is an
elementary embedding

j: L(F;OaRg) — L(FﬁhaRg*h)

such that for every A € I'g°, j(A) = Ay,
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Sealing and its impact on inner model theory

The importance of Sealing
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Sealing and its impact on inner model theory

The importance of Sealing

Question J

Is there a large cardinal that implies Sealing?
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The importance of Sealing

Is there a large cardinal that implies Sealing?
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Sealing and its impact on inner model theory

The importance of Sealing

Question
Is there a large cardinal that implies Sealing?

L7/ﬂm-3 (s a-ées‘f /ar,«ﬁ'ovl l‘éf’me ‘

weet Mook %%M

Ls Govghuct caowica®
inter waocle®s B

& ane cordina®

Sandra Miiller (TU Wien)

=] & = E E DA
Universally Baire sets, determinacy and inner models Jan 7, 2023

17



Sealing and its impact on inner model theory

The importance of Sealing
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Sealing and its impact on inner model theory

The importance of Sealing

Question
Is there a large cardinal that implies Sealing?
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Sealing and its impact on inner model theory

What we know about Sealing
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Sealing and its impact on inner model theory

What we know about Sealing

@ (Woodin) Suppose there is a proper class of Woodin cardinals and x
is|supercompact.] Then Sealing holds after collapsing 22 to be
countable.
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@ (Woodin) Suppose there is a proper class of Woodin cardinals and x
is|supercompact.] Then Sealing holds after collapsing 22 to be
countable.

@ (Sargsyan-Trang, 2019) If there is a\Woodin limit of Woodin
cardinals, then Sealing is consistent.
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@ (Woodin) Suppose there is a proper class of Woodin cardinals and s
is|supercompact.] Then Sealing holds after collapsing 22 to be
countable.

@ (Sargsyan-Trang, 2019) If there is a\Woodin limit of Woodin
cardinals, then Sealing is consistent.

@ (Sargsyan-Trang, 2019) Suppose there is a proper class of Woodin
cardinals and a strong cardinal, and self-iterability| holds. Then
Sealing holds after collapsing the successor of the least strong
cardinal to be countable.
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What we know about Sealing

@ (Woodin) Suppose there is a proper class of Woodin cardinals and s
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@ (M-Sargsyan, 2022) There is a new|stationary-tower-free proof|of
Woodin's Sealing Theorem, building on ideas from Sargsyan-Trang.
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What we know about Sealing

@ (Woodin) Suppose there is a proper class of Woodin cardinals and s
is|supercompact.] Then Sealing holds after collapsing 22 to be
countable.

@ (Sargsyan-Trang, 2019) If there is a\Woodin limit of Woodin
cardinals, then Sealing is consistent.

@ (Sargsyan-Trang, 2019) Suppose there is a proper class of Woodin
cardinals and a strong cardinal, and self-iterability| holds. Then
Sealing holds after collapsing the successor of the least strong
cardinal to be countable.

@ (M-Sargsyan, 2022) There is a new|stationary-tower-free proof|of
Woodin's Sealing Theorem, building on ideas from Sargsyan-Trang.

@ (M-Sargsyan, Woodin, 2022) Suppose there is a proper class of
Woodin cardinals, « is supercompact, and A > & is an inaccessible
limit of Woodin cardinals. Then| © regular-Sealing holds after
collapsing 22" to be countable.
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Sealing and its impact on inner model theory

There is a deep connection between
determinacy, inner models, and hybrid mice
that has applications in general topology,
model theory, and many other fields.
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model theory, and many other fields.
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barrier.

Universally Baire sets and Sealing are key
concepts to study for a clear picture of the
universe at this level.
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barrier.
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universe at this level.
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Is there a large cardinal that implies Sealing?



Sealing and its impact on inner model theory

Links to the images:

@ nttps://pixabay.com/illustrations/chess-play-relax-think-chess-board-1019908/
@ nttps://pixabay.com/illustrations/deoxyribonucleic-acid-dns-genetics-1500068/
o https://pixabay.com/illustrations/white-male-3d-man-isolated-3d-1871366/
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