Dyadic diaphony of digital sequences
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Abstract

The dyadic diaphony is a quantitative measure for the irregularity of distribution
of a sequence in the unit cube. In this paper we give formulae for the dyadic
diaphony of digital (0, s)-sequences over Zs, s = 1,2. These formulae show that
for fixed s € {1,2}, the dyadic diaphony has the same values for any digital (0, s)-
sequence. For s = 1, it follows that the dyadic diaphony and the diaphony of special
digital (0, 1)-sequences are up to a constant the same. We give the exact asymptotic
order of the dyadic diaphony of digital (0, s)-sequences and show that for s = 1 it
satisfies a central limit theorem.

1 Introduction

The diaphony F (see [13] or [4, Definition 1.29] or [8, Exercise 5.27, p. 162]) of the first
N elements of a sequence w = (@,,),>0 in [0,1)* is given by

1/2
2\ Y

1
)= 2 oy

1 iy 2mi(k,xn)
DI
keZs n=0
k0
where for k = (ky,....k;) € Z° it is p(k) = [[;_, max(1,|k;|) and (-,-) denotes the usual
inner product in R?®. It is well known that the diaphony is a quantitative measure for the
irregularity of distribution of the first IV points of a sequence. In fact, a sequence w is
uniformly distributed modulo 1 if and only if limy_. Fx(w) = 0. Throughout this paper
we will call the diaphony the classical diaphony.

In [7] Hellekalek and Leeb introduced the notion of dyadic diaphony which is similar to
the classical diaphony but with the trigonometric functions replaced by Walsh functions.
Before we give the exact definition of the dyadic diaphony recall that Walsh-functions in
base 2 can be defined as follows: for a non-negative integer k£ with base 2 representation
k= Ku2™ + -+ 4+ K12 + Ko and a real x with (canonical) base 2 representation x =
-+ 33 + -+ the k-th Walsh function in base 2 is defined as

Walk(l‘) = (_1)$150+x2’@1+"'+xm+15m.
For dimension s > 2, 1, ...,z € [0,1) and kq,..., ks € Ny we define
S
walg, g (21, ..., xs) 1= HWalkj (SL’])
j=1
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For vectors k = (k1,...,ks) € N§ and = (z1,...,xs) € R® we write
walg(x) = waly, g (21,...,2).
Now we can give the definition of the dyadic diaphony (see Hellekalek and Leeb [7]).

Definition 1 The dyadic diaphony Fs y of the first N elements of a sequence w = (@,,)n>0
in [0,1)® is defined by

1/2
1 1 1= ’
F w = —— Wal $n )
k#0

where for k = (ky, ..., k) € N} it is ¢ (k) = [];_, ¢(k;) and for k € N,

1 if k=0,
w(k)—{ 270 if 2" < k < 2" with r € N,.

Throughout the paper we will write r(k) = r if r is the unique determined integer such
that 2" < k < 2L,

It is shown in [7, Theorem 3.1] that the dyadic diaphony is a quantitative measure
for the irregularity of distribution of the first N points of a sequence: a sequence w is
uniformly distributed modulo 1 if and only if limy_,o Fo x(w) = 0. Further it was shown
in [2] that the dyadic diaphony is — up to a factor depending only on s — the worst-case
error for quasi-Monte Carlo integration of functions from a certain Hilbert space.

We consider the dyadic diaphony of a special class of sequences in [0,1)*, namely
of so-called digital (0, s)-sequences over Z, for s = 1,2. Digital (0, s)-sequences or more
generally digital (¢, s)-sequences were introduced by Niederreiter [10, 11] and they provide
at the moment the most efficient method to generate sequences with excellent distribution
properties. We remark that a digital (0, s)-sequence over Z, only exists if s =1 or s = 2.
For higher dimensions s > 3 the concept of digital (¢, s)-sequence over Zy with ¢t > 0 has
to be stressed (see [10] or [11]).

Before we give the definition of digital (0, s)-sequences we introduce some notation:
for a vector ¢ = (y1,72,...) € Z3* and for m € N we denote the vector in Z* consisting
of the first m components of ¢ by ¢(m), i.e., &(m) = (71,...,%m). Further for an N x N
matrix C over Zs and for m € N we denote by C(m) the left upper m x m submatrix of

C.

Definition 2 For s € {1, 2}, choose s NxN matrices C1, . .., Cs over Zy with the following
property: for every m € N and every 0 < n < m the vectors

(1 — —(S —(S
cl()(m),... c(l)(m),cl()(m),... oA (m)

) n rym—n

are linearly independent in Z7'. Here E;-(j ) is the i-th row vector of the matrix C;. (In
particular for any m € N the matrix C;(m) has full rank over Z, for all j € {1,...,s}.)
For n > 0 let n = ng + n2 + n92%2 + --- be the base 2 representation of n. For

j €{1,...,s} multiply the vector i = (ng,ni,...)" with the matrix Cj,

Oyt = (2} (1),23(2),.. ) € ZF
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and set

n 2 2 T
Finally set x,, := (xsll), . ,ng)).
Every sequence (,),>0 constructed in this way is called digital (0, s)-sequence over
Zy. The matrices (', ..., C; are called the generator matrices of the sequence.

To guarantee that the points x,, belong to [0,1)* (and not just to [0, 1]*) and also for
the analysis of the sequence we need the condition that for each n > 0 and 1 < j <s, we
have 27 (i) = 0 for infinitely many i. This condition is always satisfied if we assume that
for each 1 < 7 < s and r > 0 we have cfr = 0 for all sufficiently large i, where cZT are the
entries of the matrix C;. Throughout this paper we assume that the generator matrices
fulfill this condition (see [11, p.72] where this condition is called (S6)).

For example if s = 1 and if we choose as generator matrix the N x N identity matrix,
then the resulting digital (0, 1)-sequence over Zs is the well known van der Corput sequence
in base 2. Hence the concept of digital (0, 1)-sequences over Zs is a generalization of the
construction principle of the van der Corput sequence.

For the classical diaphony it was proved by Faure [5] that

2
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if w is a digital (0,1)-sequence over Z, whose generator matrix C' is a non-singular
upper triangular matrix. Faure (and we shall do so as well) called these sequences
NUT-sequences. Here || - || denotes the distance to the nearest integer function, i.e.,
||| := min(z — |z],1 — (z — [z])). See also [1, 6, 12] for further results concerning the
classical diaphony of special 1-dimensional sequences.

The aim of this paper is to prove a similar formula for the dyadic diaphony of digital
(0, s)-sequences over Zs for s € {1,2} (see Theorems 1 and 2). These formulae show that
for fixed s the dyadic diaphony is invariant for digital (0, s)-sequences over Z,. Further we
find that the dyadic diaphony and the classical diaphony of NUT-sequences (s = 1) only
differ by a multiplicative constant (Corollary 1). We obtain the exact asymptotic order
of the dyadic diaphony of digital (0, s)-sequences over Z, (Corollary 2 and 4). Moreover
it follows from our formula that the squared dyadic diaphony of digital (0, 1)-sequences
over Zy satisfies a central limit theorem (Corollary 3). For digital (0, 2)-sequences we will
obtain a similar, but weaker result (Corollary 5).

2 The Results for s =1

First we give the formula for the dyadic diaphony of digital (0, 1)-sequences over Z,. This
formula shows that the dyadic diaphony is invariant for digital (0, 1)-sequences over Zs.

Theorem 1 Let w be a digital (0,1)-sequence over Zo. Then for any N > 1 we have
o] N 2
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We defer the proof of this formula to Section 4.

Remark 1 In Theorem 1 we have an infinite sum for the dyadic diaphony of a digital
(0, 1)-sequence over Zs. This formula can easily be made computable since for 1 < N < 2™
we have ||N/2"|| = N/2" for u > m + 1. Therefore we have

2 . N2
2m )
From Theorem 1 we find the surprising result that the classical diaphony and the
dyadic diaphony of a NUT-sequence are essentially the same.

N
2u

(NFyn(w)?=3)"

Corollary 1 Let w be a digital NUT-sequence over Zs. Then for any N > 1 we have

ngN(w) = ?FN(U))

Proof. This follows from Theorem 1 together with Faures formula (1). O

From Remark 1 one can see immediately that the dyadic diaphony of a digital (0, 1)-
sequence over Zy is of order F y(w) = O(v/log N/N). But we can even be much more
precise. From a thorough analysis of the sum in Remark 1 we obtain the exact dependence
of the dyadic diaphony of digital (0, 1)-sequences over Zy on /log N/N.

Corollary 2 Let w be a digital (0,1)-sequence over Zs. For N < 2™ we have

m 4 2(=1)™ 1
NF: 24— —
and NF ) .
lim sup (NFon(w)) = .

The proof of this result will be given in Section 5. We just remark that the result
for the lim sup follows also from a result of Chaix and Faure [1, Théoréme 4.13] for the
classical diaphony of the van der Corput sequence together with Corollary 1 and Theorem
1.

In [3] the authors showed that the star discrepancy and all L,-discrepancies of the van
der Corput sequence in base 2 satisfy a central limit theorem. The same arguments as in
their proofs can now be used to obtain the subsequent result.

Corollary 3 Let w be a digital (0,1)-sequence over Zs. Then for every real y we have

Y < R < o N 4y Vo N | = 0(0) + o),

where

1 Y t2

denotes the normal distribution function and log, denotes the logarithm to the base 2.
Le., the squared dyadic diaphony of a digital (0, 1)-sequence over Zy satisfies a central
limat theorem.



Remark 2 Together with Corollary 1 we also obtain a central limit theorem for the
square of the classical diaphony of NUT-sequences.

Proof. As already mentioned, the proof follows exactly the lines of the proof of [3, Theorem
2]. One only has to compute the expectation and the variance of the random variable

Sm=>_1X2"|%,
w=1

where X is uniformly distributed on [0,1). By tedious but straightforward calculations
we obtain ES,, =m/12 and VarS,, = m/432 + 7(1 — 272™) /1620. O

3 The Results for s =2

We give the formula for the dyadic diaphony of digital (0,2)-sequences over Zs which
shows that the dyadic diaphony is invariant for digital (0, 2)-sequences as well.

Theorem 2 Let w be a digital (0,2)-sequence over Zo. Then for any N > 1 we have

2
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We defer the proof of this formula to Section 4.

Remark 3 In Theorem 2 we have an infinite sum for the dyadic diaphony of a digital
(0, 2)-sequence over Zs. Again this formula can easily be made computable (compare with
Remark 1). For 1 < N < 2™ we have
? ( N ) >4+ 3m
u+ .

om 4

m

(NEo(@)? =73

u=1
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From Remark 3 one can see immediately that the dyadic diaphony of a digital (0, 2)-
sequence over Zs is of order F5 y(w) = O(log N/N). Also here we obtain from a thorough
analysis of the sum in Remark 3 the exact dependence of the dyadic diaphony of digital
(0, 2)-sequences over Zy on log N/N.

Corollary 4 Let w be a digital (0,2)-sequence over Zy. Then for any N < 2™ we have

5 _m ™m 11 m
< 44 _
(NPox(@)? < %+ 24 40 (1)

and

The proof of this result will be given in Section 5. Following this proof the O(m/2™)-
term in the above bound can easily be made explicit.

Unfortunately we could not show that the squared dyadic diaphony of a digital (0, 2)-
sequence over Zo satisfies a central limit theorem. However, we were able to prove the
following result.



Corollary 5 Let w be a digital (0,2)-sequence over Zs. Then for any € > 1 we have

. 3 NFQN(W) 2 3
lim {N <2m 2 oo (DN 0 Ly
mlféo{ > 5<< g, N ) “327°

Proof. By tedious but straightforward calculations using Theorem 2 we obtain

om_1
3
> (NFyy(w)) = §m?2m + O(m2™)
N=0
and
2m 1 9
NF. t=——m'2™ + O(m*2™).
S (NEsw(e)! = qzgm'2" + O(m'2")
From this the result immediately follows. a

4 The Proofs of Theorems 1 and 2

For the proofs of Theorems 1 and 2 we need the subsequent lemma. This result was
implicitly proved in [3]. For the sake of completeness we provide the short proof.

Lemma 1 Let the non-negative integer U have binary expansion U = Uy + U2 + - - - +
Upn_12™~Y. For any non-negative integer n < U — 1 let n = ng +m12 + -+ + Ny 271
be the binary representation of n. For 0 < p < m —1 let U(p) := Uy + --- + U,2". Let

by, b1, ..., bym_1 be arbitrary elements of Zs, not all zero. Then
U-1 u
Z(_1>b0no+---+bmf1nmf1 _ (_1)bw+1Uw+1+~~~+bm71Um,12w+1 |
n=0
where w is minimal such that b, = 1.
Proof. From splitting up the sum we obtain
U-1
Z(_1>b0n0+---+bm—mm_1
n=0
204 (U144 Um—12m "7 2)—1
= Z (_1)"10(_1)bw+1nw+1+---+bm_1nm_1
n=0
U(w)—1
+ Z (= 1) (1)Ut tbmoaUnos
n=0
U(w)—1
= 0+ (_1>bw+1Uw+1+"'+bmflUm—1 Z (_1)nw
n=0
= (=1)bwrrUuerttbno Unot o U(w) if U(w) < 2%,
2utl — U(w) if Uw) > 2,

. (_1)bw+1Uw+1+'“+bm_1Um_12w+1 % U(w)/2w+1 lf U(w)/2w+1 < 1/27
1— Uw) /204 it U(w)/29+ > 1/2,

U(w)

2w+1

_ (_1)bw+1Uw+1+"'+bm71 Um—-1 2w+1
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U(w)
2w+1

Since

y H the result follows. O

Now we can give the

Proof of Theorem 1. Let 2" < k < 2""1. Then k = ko + k12 + - - - + k,2" with k; € {0,1},
0<i<randk, =1. Let (-,-) denote the usual inner product in Z$° and let ¢; € Z° be
the i-th row vector of the generator matrix C' of the digital (0, 1)-sequence (for short we
write C' instead of C; here). Since the i-th digit z,(¢) of the point x,, i € N, n € Ny, is
given by (¢, ) (see Definition 2) we have

N-1 N-1
Zwalk (z) = Z( l)ko(81,ﬁ)+---+k:r(€r+1,ﬁ> _ (_1)(koa+---+ma+1,ﬁ>' (2)
n=0 n=0

Let C = (¢ij)ij>1- For ke N, k=ky+ k24 -+ k2", k € {0,1}, 0 <i < r and
k. = 1 define u(k) := min{l > 1 : koc1;+- - -+kyc+1, = 1}. Note that since C' generates a
digital (0, 1)-sequence over Z, we obviously have u(k) < r+ 1. For fixed k, 2" < k < 2!
let b = (bo,br,...)" = koG + -+ + kyCry1. Let N = Ng+ Ny2 4 -+ + Ny 2771 If
u(k) < m we obtain from (2) together with Lemma 1,

N-1 B N—-1
Z Walk; (l‘n) = (—1)<b’ﬁ> — (_1)n0b0+"'+nm—lbm—1
n=0 n=0
N—-1
N
= 1) u(k)—1F — ( Nu<k)bu(k)+... u(k)
_0( 1) (—1) 9 oH

But if u(k) > m the above equality is trivially true. Therefore we have

e}

2
2(NF2,N(W))2 _ 2223@) <2u(k) Qi\(fk) )
= or+1_q 2
- 2227» kZZT QU(k
r+1 22711
= ZQQ?"Z 2% ﬁ ; 1
i o
D3| B ES S Sh
u=1 r=u—1 ulzkf_ru



or+tl_1

Now we have to evaluate the sum > 1 forr > u—1and v > 1. This is the number of

k=2T
u(k)=u

vectors (ko, ..., k._1)" € Z4 such that

0
ko 0
Cr+1)7 ;_1 ~ |1 e 75+ (3)
17" Ty+1
Lr+1

for arbitrary z,.1,..., %11 € Zs. (Recall that for an integer m > 1 we denote by C(m)
the left upper m x m submatrix of the matrix C, see Section 1.)
We consider two cases:

1. Assume that r = u — 1. Then system (3) becomes

ko 0

Cr+1)7" k = 0
r—1

1 1

Since the (r + 1) x (r + 1) matrix C(r + 1)" is regular over Z, it is clear that
there exists a vector k = (ko, ..., k) € Z5*" such that C(r+1)Tk = (0,...,0,1)T.
Assume that k., = 0, then we have C(r)"(ko,...,k.—1)" = (0,...,0)". Again we
know that C(r)" is regular over Z, and therefore we obtain kg = -+ = k,_; = 0.
Hence k = 0, the zero vector in 75t This is now a contradiction since kis a

solution of the system C(r + 1)Tk = (0,...,0,1)T. Therefore we have

2v—1

d o1=1

k=2ou—1
u(k)=u

. Assume that r > u. Since C(r) is regular over Z it is clear that D(r) := (C(r)")™!
is regular over Zs. Hence for any vector k € Z} there is a vector | € Z} such that
k = D(r)l. Therefore system (3) can be rewritten as

0

Clrt+1)7 ( D<1"’>f) _ ?

Tu+1

Tr41



with [ € Z%. Now we use the definition of the matrix D(r) and find that the above
system is equivalent to the system

0
1 0 0 0 :
0 1 .0 0 lo 0
.................... . . = T
00 ...1 0 : = ! e+ 1),
00 ...0 1 br— Tutl
dy dy ... d_y d, :
xr—i—l
where (dy,...,d,) == (c1415-- - Crrp1)D(r). Now one can easily see that for ar-
bitrary x,y1,...,2, there exists exactly one solution [ = (lo,...,l,—1)" € 74 such

that the first r lines of the above system are fulfilled. Further there is exactly one
possible choice of x,,1 € Zs such that this vector [ is a solution of the above system.

Therefore we obtain
artl_q

Z 1=2""

k=27
u(k)=u

Now we have

[e.e]

ANFnw)’ = )

u=1

2

N

N
2” 2u

2 1 o) 1 o)
2u r—u _ E
u=1

r=u

The result follows. O

Proof of Theorem 2. Let w = (x,)n>0 be a digital (0,2)-sequence over Z,. Let x,, =
(Zn, yn) for n > 0. Clearly the sequences (x,,),>0 and (y,)n>0 are digital (0, 1)-sequences
over Zy. We have

N-1
1 1
(NFyn(w)? = 3 — Zwalk(mn)
8 keNd ’(/J(k) n=0
k#0
18 1 |V 2 L= v 2
= gk:1 55 ) nzzowalk(xn) +§12122T(1) nZ:Owall(yn)
1 0 1 N—-1 2
k,l=1 n=0
2
3N|N|P 1S 1 N-1
B 521‘2_ +§;;1W Zowalk@n)walz(yn) , (@)

where for the last equality we used Theorem 1. We have to consider

2

o) N-1
1
2= Z 92r(k)+2r(l) E :Walk(xn)wall(yn)
k=1 n=0
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Assume that 2" < k < 2" and 28 < | < 2!, Then k = kg + k12 + - - + k,2" with
kie{0,1},0<i<randk.=landl =1+ L2+ -+ 12" withl; € {0,1},0<j <t
and [; = 1. Let ¢; € Z3° be the i-th row vector of the generator matrix C'; and let J; € L°
be the i-th row vector of the generator matrix Cs, i € N. Since the i-th digit z,,(¢) of z,,
is given by (&, 7) and the i-th digit y,(i) of y, is given by (d;, @) (see Definition 2) we
have

N-1 . .

Zwalk(ffn)wall(yn) — (_l)ko<517ﬁ>+”'+kr<5r+17ﬁ>+10<d17ﬁ>+”'+lt<dt+17ﬁ>

n=0

=

S
Il
o

=

_ (_1)<k051+'"+kr5r+1+10071+"'+lt07t+17ﬁ>

S
Il
o

Let Cl = (Ci,j>i,j21 and CQ = (di,j>i,j21- Define
u(k, l) = mln{j Z 1: k’oCl’j + -4 k:rcTH,j + lOdl,j + - lsds—l—l,j = ]_}

Since C1, Cy generate a digital (0, 2)-sequence over Zy we obviously have u(k,l) < r+s+2.
As in the proof of Theorem 1 we now apply Lemma 1 and obtain

N-1

. N
;walk(%)wall(?/n) = 210 qu(k,l)
Therefore we have
e’} 1 ) N 2
- = o2u(ky)
5T kzl_:l 22r(k>+2r(l)2 2u(k.l)
oo or+l_q9t+1_1q 2
1 2u(k,l) N
= D w2 2 s
r,t=0 k=2r =21
©. 1 rE N[22
i 2u
- Z Q2r+2t Z 2 ﬁ Z Z L
=0 u=1 k=2 1=2*

u(k,l)=u

artl_jotti_g

We have to evaluate the double-sum Z Z 1forl1 <u < r+t+ 2. This is the
k=2r =2t

u(k,l)=u
number of kg, ..., k._1,lo,...,l;_1 € Zo such that

ko 0
Ci1 <o Crya1 d1,1 e dt+1,1 kr_y 0
C1,2 <o Cry12 d1,2 . dt+1,2 1 . 1 (5)
............................................... lo -

u+1

Cly+t+2 -+ Crglr4t42 d1,r+t+2 cee dt+1,r+t+2 :

lia

1 Tryty2

10



for arbitrary z,y1, ..., Zr1412 € Zo. Note that the above matrix — we denote it by C(r,t)
—is an (r +t+2) x (r + ¢+ 2) matrix. Since C7, Cy generate a digital (0, 2)-sequence
over Zs, it follows that C(r,t) is regular. Now we consider three cases:

1. Assume that u =+t + 2. Then system (5) becomes

0
cirtyh=| = |. (6)
0
1
Since C(r,t) is regular there exists a vector h = (koy ... ko, ... )T € 252,
h # 0, such that C(r,t)h = (0,...,0,1)T. Assume that I, = 0. Then
ko
C1,1 oo Cry1n d171 C dt71 0
C1,2 coe Cry12 dio oo dip k, _ |
............................................. lo 0
Clyttr2 -+ Crglpstr2 Qirrer2 oo dippere : 1
lia
But then
ko
Ci1 Cry1,1 d1,1 iy : 0
C1,2 Cr41,2 d1,2 di o K, _ .
............................................. lo :
Clyttrl -+ Crplpttsl Qiorerr oo dipyern : 0
lia
Since the above matrix is again regular we obtain that (ko,..., k. lo,..., 1) =
(0,...,0) and therefore h = 0, a contradiction. Hence I, = 1 and in the same way

one can show that k., = 1. We have shown that system (6) has exactly one solution

and therefore we have
ar+l_postli_g

> Y 1=1

k=27 =25

u(k,l)=u

2. Assume that u =r+1¢+ 1. Let € Zy. Since C(r,t) is regular there exists exactly
one vector h € Z5T*? such that

C(r,t)h=(0,...,0,1,2)"

Assume that £ is of the form h = (koy ... kp_r, Lo,y .. o, DT € Z5M*2 I
particular we have

C11 <o+ Cry1 d1,1 cee dt+1,1 0

C1,2 coo Cry12 d1,2 . dt+1,2 ﬁ o . (7)
....................................... 0

Cly4t -+ Crglr+t dl,rth cee dt+1,r+t

11



Since

Ci1 Cr1 d1,1 dt,l
C1,2 Cr2 d1,2 dt,z
Cly4t -+ Crrit dl,rth s dt,r+t

is regular we find that h is the unique solution of (7). Hence his exactly the same

vector as in the first case where uw = r +t + 2. But then h cannot be a solution of
C(r,t)h = (0,...,0,1,2)". Therefore we obtain

21"+171 25+171

> ) 1=

k=27 =25

u(k,l)=u

. Assume that 1 < u <r+¢. We rewrite system (5) in the form

0
Ci1 Cr1 d1,1 dt,l ko O
C1,2 Cr.2 d1,2 dt,2 : 1
........................................... kr,1 _ T + -
C1,r+t oo Crp+t di it oo gy lo ) o Yrt
Clytt+1 -+ Crrgttl dl,r+t+1 cee dt,r-i—t-‘,—l :
Cly4t+2 -+ Crryit2 dl,r+t+2 S dt,r+t+2 1 Lr+t
Trt+1
Tr+t42
where 7.; = (cry11 + i1y - Coptrrtiz + deprrier) | € Z5TT2. Since the upper
(r +1t) x (r 4+ t) sub-matrix of the above matrix is regular we find for arbitrary
Tyils- - -, Trae €xactly one solution of the first » 4t rows of the above system. This

solution can be made a solution of the whole system by an adequate choice of x,, 411
and x,;y0. Therefore we have

2rtl_postl_j

) r=artt

k=2" 1=2%

u(k,l)=u

12



Now we have

00 1 r+t 2 N 2
2u || 1Y r+t—u 2(r+t+2)
2 Z 92r+2t 22 Ju 2 +2 QrHt+2
r,t=0 u=1
00 1 r+t . N 2 o] 2
Z or-+t 22 ou +16 Z or+t+2
r,t=0 u=1 r,t=0
=1 240 = 2 = 112 =0
u= r-yktizu u= 7"+t7:7u—2
LN P& w1 IV
24 | = 16 — -1
00 2 00 2
= D |5 @ury+16) 2—’ (u—1)
u=1 u=2
00 2
= > |5 (18u—12).
u=1 2
The result follows by inserting this expression into (4). O

5 The Proofs of Corollaries 2 and 4

We will say that a real 3 in [0,1) is m-bit if 3 =% + ...+ %= with b, € {0,1}. Le., an
m-bit number is of the form k/2™ with k € {0,1,...,2™ — 1}.

The essential technical tool for the proof of Corollary 2 is provided by

Lemma 2 Assume that 3 = 0,b1by . .. (this here and in the following always means base 2
representation) has two equal consecutive digits b;b;y1 with i < m—1 and let i be minimal
with this property, i.e.,

6 = 0,01...0100b;45... or
ﬁ = O, 10... 0100[)@4_2 ... or
6 = 0,01...1011b;45... or
6 = 0,10...1011b;45... .
Replace 3 by
¥ 0,10...1010b;45 ... resp.
v = 0,01...10100;45 ... resp.
v = 0,10...01010;45 ... resp.

Then

m—1 m—1
> olH P = 12481 +
u=0 u=0

Ol—= Ol
VS
—_

in the last two cases,

2
(_21) ) (1—7) in the first two cases,
_ (—1)%’)27



where T := 0, b;12b;13 . . ..

Remark 4 In any case we have 327" 1[|24y2 > S27° 1 ||246]|% with equality iff 7 = 1 in
the first two cases and iff 7 =0 in the last two cases.

Proof of Lemma 2. This is simple calculation. We just handle the first case here.

m—1 1—1
D2 = 11281%) = V17 = 1278117 + Y12 @I = l12811%). (8)
u=0 u=0

Here ||[v]| = 3 (1+ 5) — %= and [|2'3]| = . Further, for even u we have

1/ 2w\ r L[ vt r
2"(2 =—|1—— A d 2Bl == |1 — — —_—
el = (1- 5 ) + o and 120 =5 (1- 50 ) + 5o

and for odd u we have

1/ 2w 7 WO r
24(2 = 1 . — — d 2“8l = = . -
el =g (1+ 5 ) - g and 2l =5 (145 ) -

Inserting this into (8) we obtain

m—1 1 1 2
Sl = 12491 = 5 (14 5:) (=7
u=0

The other cases are calculated in the same way. O

From Lemma 2 we obtain the subsequent result concerning the maximum of 37! [|23||?
over all 5. We remark that in [9] the authors considered the same problem w1thout the
square at the || - ||-function.

Lemma 3 Consider f € R with the canonical base 2 representation (i.e., with infinitely
many digits equal to zero). Then there exists

— m 1 2 1
2u 2:_ - _1m _
mgxuz:%” AP =5 +5 - D" 5n ~ o7

and it 1s attained if and only if B is of the form [y with

w2 () ) a0 ()

Remark 5 Note that

2 (0 (_I\™) _ [ 0,1010...101 if m is odd,
3 2 ~ ] 0,1010...011 if m is even,

L(y (1)) _ [ 00101011 if mis odd,
3 2 1 0,0101...101 if m is even.

14
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Proof of Lemma 3. For any v = 0,c1¢2...¢pCmar - - - with fixed ¢4, ..., ¢, the sum
S 12412 obviously becomes maximal if ¢, = 0 and ¢ = Cpip = -+ = 1, or if
¢m =1 and ¢y1 = o = --- = 0. Hence by Lemma 2 the

m—1
sup ) [|25]|?
B u=0
only can be attained, respectively approached by
Gy = 0,1010...10 111... or

(b, is the last zero)
By = 0,0101...01 or
By = 0,1010...11

(b, is the last one)

if m is even, and by

By = 0,0101...10111... or
(b, is the last zero)

Bs = 0,1010...01 or

B¢ = 0,0101...11
(b, is the last one)

if m is odd.
Now we check easily that

2 1
27-2m 27 .22m

m—1
m 1
> 128l = 359" (=)™
u=0
for k =1,...,6 and the result follows. O
We give the Proof of Corollary 2. We have

m 2

m—1
N wong Mmoo 1 w2 1
B D ]| =, 22O = G " g~ gy
by Lemma 3. The result follows now together with Remark 1. O

For the proof of Corollary 4 we can in principle proceed as for the proof of Corollary
2. However, in this case the detailed computations are by far more involved than above.
First we have

Lemma 4 Assume that § = 0,b1by ... has two equal consecutive digits b;b; 1 with i <
m — 1 and let © be minimal with this property, i.e.,

0,01...0100b;45... or

0,10...0100b;45 ... or

0,01...1011b;45... or

= 0,10...1011b;45... .

g
g
g
g

15



Replace 3 by

= 0,10...1010b;15 ... resp.
0,01...1010b;45 ... resp.
= 0,10...0101b;15 ... resp.
= 0,01...0101b;42... .

R R
|

Then

m—1 m—1
Do l25 P m = w) = [[24B]*(m — w)
u=0 u=0

N :
5 (1 — (_21) ) —t4 55 (3 = (=1)7") ) (1 = 7) in the first two cases,

N A
. (1 -Gl ) — it s (- (D) )7 in the last two cases,

where T := 0, b;12b;13 . . ..
Remark 6 In any case, for m > 3, we have 7" (1242 (m—u) > 327 {12482 (m—wu).

Proof of Lemma 4. We have
m—1
>y 1? = 112BI%) (m = w)
u=0

= mllyll* = (m —)|12']" + i (12NN (m = u = 1) = [[2*B]*(m — u)) .

The result now follows as in the proof of Lemma 2 by some tedious but straightforward
algebra. O

With Lemma 4 we obtain

Lemma 5 We have

m—1
ou 2 _
o, 2 Z 12811 (m — )

{—%ﬂﬁsﬁa—m(ﬁa——m)(m) i) i i con
mrmypEp L2+ L(1-5)(m+3)) if m is odd.

For even m the mazimum is attained if and only if

5 0,0101...0110 = 3 (1 + 57—r) and
~ 1 0,1010...1010 = £ (1 — 5%).

For odd m the maximum s attained if and only if

g [oo0101.. 011_§ 1+2Lm) and
0,1010...101 = 2 (1 — -4) .

16



Proof. For short we write f,,(3) := Zgz_ol 129B]|2(m — u). Let m > 2 be even. It follows
from Lemma 4 that the m-bit number # which maximizes our sum has to be of the form

f1 =0,0101...01b,,-1b,, or P2 =0,1010...10b,,—1b,.

First we deal with 3, = 0,0101...01b,,_1b,,. Now we consider four cases corresponding

to the possible choices for b,, 1 and b,,.
o If (by,—1,b,) = (0,0), then

m? m 1 8 m 16 m 16 1 64 1

Il =99 T8 &1 " arom T aram T siom sioEw

o If (by,—1,b,) = (1,1), then

f<ﬁ)_m2+m 1+10m 25m+201 100 1
mPUT 8 T 18 81 T 272m 2722m T g19m g1 22m’

o If (by,—1,b,) = (1,0), then

f<ﬁ)_m2+m+8+4m 4m+81 16 1
mWPT g T 18 181 T 272m 97922m T g19m 81 92m’

o If (by,—1,b,) = (0,1), then

f<)_m2+m+8 2 m 1 m 4 1 4 1
mn 18 18 81 272m  27922m  g19m 8] 922m’

Therefore we find that the choice (by,—1b,) = (1,0) gives the maximal value, i.e., 3;
0,0101...0110. For B3 = 0,1010...10b,,_1b,, we find in the same way that (b,,_1,b)

(1,0) gives the maximal value, i.e., 51 = 0,1010...1010. Since

m*> m 8 1 (4 1 9 8

the result follows for even m > 2.
For odd m > 3 the result can be proved analogously.

We give the Proof of Corollary 4. We have

m

N

2u

max
N<2m
u=1

2 m—l 2
m m 8 m
- s S T & 0 (2)
u g%aﬁt;” BIFtm —w) = T+ g T g7 T 9 \am

by Lemma 5. The result follows now together with Remark 3.
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