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Abstract

Let F be the class of all 1-periodic real functions with absolutely convergent
Fourier series expansion and let (z,)n>0 be the van der Corput sequence. In this
paper results on the boundedness of Zg;ol (xn,) for f € F are given. We give a
criterion on the convergence rate of the Fourier coefficients of f such that the above
sum is bounded independently of N. Further we show that our result is also best
possible.

1 Introduction

In the theory of uniform distribution modulo 1 the van der Corput sequence is the pro-
totype for a uniformly distributed sequence. This sequence, analyzed in a multitude of
papers, is defined as follows:

Definition 1 Let p > 2 be an integer. For any n € Ny with p-adic expansion n =
Y isonip’ (note that this expansion is finite) the radical inverse function to the base p
is defined as ¢,(n) = Soisonip "t Now the van der Corput sequence in base p is the
sequence (,)n>0 wWith @, = ¢,(n) for all n € N.

In this paper we consider the following question stated by Johannes Schoissengeier
(private communication): let F' be the class of all 1-periodic functions f : R — R with
an absolutely convergent Fourier series expansion and fol f(z)dz = 0. Further let (z,)n>0
be the van der Corput sequence in base p. Under which smoothness condition on the
functions from F' do we have

<1 VfeF? (1)

For convenience we will call the sum in (1) the remainder of the function f.
We remark that it follows from the Koksma-Hlawka inequality, and since the star

<

discrepancy D3 of the van der Corput sequence is of order log NV, that ‘EnNz_Ol ()

log N for any f with bounded total variation (see, for example, [1, 4, 6]).
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It follows from a result of Hellekalek and Larcher [3, Theorem 2] that if F' is the space
of 1-periodic functions for which the first derivative is Lipschitz continuous, then we have

N-1

(We remark that Hellekalek and Larcher also showed that the periodicity of the function
is necessary.)

Recall that the Theorem of Rademacher states that every Lipschitz continuous func-
tion on an interval is continuously differentiable in almost every point of the interval (in
the sense of Lebesgue measure). Hence for the functions considered in [3] we obtain (by
using partial integration) that for h # 0 we have

<1 VfeF.

fy = [ @
1

1 ' 1 1 '
o / —2mwihx _ " —2mihx
= 27rih/0 f(x)e dz = 7(27rih)2/0 f"(z)e dz,

and therefore | f(h)| < |h| 2.
This motivates the following

Definition 2 Let F,, be the class of all 1-periodic functions f : R — R with an absolutely
convergent Fourier series expansion with |f(h)| < |h|~® for all A # 0 and fol f(z)dz = 0.

In this paper we show that (1) holds for all functions f € F, whenever o > 1. Further

N-1

we show that there exists a function g € F such that ’ano g(xy,)| is not bounded as N

tends to infinity.

Moreover we consider functions f € F whose Fourier coefficients decrease with order
H]L:o x;j(h) where for j > 1, x;(h) := (log, .. .log, h)~", where we apply the log, function
j times on h, and for j = 0 we set yo(h) := h™!. Here log,, denotes the logarithm to the
base p, p > 2.

The main results are stated in the subsequent Section 2 and the proofs are presented
in Section 3 and Section 4.

Throughout the paper we assume that f : [0,1] — R is a 1-periodic function with

S f(@)de =0 and Y,y | F(R)] < oo

2 The main results
Let the function class F,, be defined as in Section 1.

Theorem 1 Let (z,)n>0 be the van der Corput sequence in base p. For o > 1 we have

<1 VfeF,. (2)




Remark 1 It can be shown that the above result remains true if the sequence (x,,),>0 is
a digital (0, 1)-sequence over Z,, p a prime, which is generated by a non-singular upper
triangular N X N matrix with entries from Z, and with one entries in the main diagonal.
(We call such sequences short NUT-sequence in base p.) For the definition of digital
(0, 1)-sequences over Z, see [5] or [6].

Remark 2 1. Note that if f is a 1-periodic function whose first derivative satisfies a
Holder condition with coefficient 0 < A < 1 then it follows from [8, Theorem 4.7]
that the Fourier coefficients of f satisfy |f(h)| < |h|~'~*. Thus f € Fi,, and the
above theorem shows that the remainder of f is bounded.

2. Let Fj, be the class of all 1-periodic, continuous, piecewise hnear functions f :
R — R with fo z)dz = 0. Then it can be easily shown that f(h) < h~2 for
any f € Fj,. Thus th C F, and Theorem 1 shows that any function in Fj;, has
bounded remainder.

We introduce some further notation. Let

supp(f) = {h € Z: f(h) # 0}

denote the support of the Fourier coefficients of f. Note that fo x)dz =0 1mphes that

0 & supp( f) Further, as f is a real function it follows that f ( )= f (— ) and hence
h e supp(f) implies that —h € supp(f). For a non-empty subset £ C Z \ {0} we define
M(E) in the following way: if for every M € N there is an h € E with pM|h we set
M(FE) = oo, otherwise let M(E) > 0 denote the largest integer such that there exists an
h € E with p™|h. Further, for p > 2, j > 0 and h € Z let

v [ 1 ifh=0 (mod p),
% (1) '_{ 0 ifh#£0 (modp’).

From the proof of Theorem 1 we obtain actually the following result:

Theorem 2 Let (x,)n>0 be the van der Corput sequence in base p. If the Fourier coeffi-

cients of f satisfy
M (supp(f)

Z p] Z |5p1 < o0,

hesupp(f)

then

N-1

Remark 3 1. It follows from Theorem 2 that if M (supp(f)) < oothen > |f(h)| <

hesupp(f)

< 1

00 is enough to ensure that the remainder of f is bounded.



~

2. It follows also from Theorem 2 that the remainder of f is bounded if | f(h)| < ©(|h]),
for all h € Z with |h| € D.:={k € N:k > c}, wherece Nand p: D, C N — R
is a function such that -

> pe(ptk) < .

n, k=0
p"kEDc

Of course g(x) = 2, o > 1, fulfills this condition, but also

1

= — ith 2 1.
(log 1) with G > or r >

g(z)

In the following we shall show that the result of Theorem 1 is not true anymore if
a=1.

Theorem 3 Let (x,),>0 be the van der Corput sequence in base p. Then there exists a
function g € Fy such that

=z

= Q.

lim sup g(zn)

N—oo

I
=)

n

The result of Theorem 2 can be improved, we have

Theorem 4 Let (x,,),>0 be the van der Corput sequence in base p. For every L € N there
exists a function g € F with

g(h)] < CHXj(IhI)

for all h € Z with |h| > ¢(L), where c¢(L) is the smallest natural number such that
1/xr(e(L)) > 1, and where C > 0 is an absolute constant, such that

N—

[y

g(x,)| = oo.

n—

lim sup
N—oo

Note that using Remark 3, item 1, one can easily construct a function which satisfies
the conditions of Theorem 3 and Theorem 4 but for which the remainder is bounded.
Hence those two theorems cannot hold for all 1-periodic functions which satisfy the as-
sumptions in those theorems.

3 Functions with bounded remainder

For a sequence 0 = (2,,)n>0, h € Z and N € N we define

N-1

Sn(o,h) = Z eZmihan,

n=0



Lemma 1 Let 0 = (x,)n>0 the van der Corput sequence in base p (or a NUT-sequence
over Zj, if p is prime). Let h € Z and let N € N with p-adic representation

N=> Ny,
=0
where N; € {0,1,...,p—1} for j > 0. Then we have

|[Sn(o,h)] < Np 6, (h).

J=0

Proof. For the van der Corput sequence this lemma is proved in [7, Lemma 3]. The proof
for the NUT-sequence is similar and can be found in [2, Lemma 3.3]. O

Lemma 2 Letn € Ny and o« > 1. Then we have
i Loy )
— h pcm

where ((a) denotes the Riemann zeta function and 6, (h) is defined as in Section 2.

Proof. This is easy calculation,

hZh ; hoz_;(pnh)a_ pom'

Now we can give the

Proof of Theorem 1. We have f(x) =3, , J?(h)e%ih“*’. Hence

N—

[y

f@a) =" F(h)Sx(o,h).

=0 heZ

3

Let now N = a1p™ +agp™+- - -+asp™ with0 <ny <ny <--- <nganda; € {1,...,p—1}.
Then from Lemma 1 we obtain

|Sn (o, h)] <Zap"15 <(p—1) Zp"f5

7j=1



Since f € F,, a > 1, there is a constant C' > 0 such that |f(h)| < C/|h|*. Therefore we
have

N-1

S flan)| < SR 1Sx(oh)

h€EZ
Z%
7j=1
s 1
- 20~ 1)%)219%
= P
© 1 pafl
< 20— DOC@) ) o = 2p = DOG(a) 5
n=0

4 Functions with unbounded remainder

We first give the

Proof of Theorem 3. Let

= Z p "sin(2mpTx), = €]0,1).

r odd

First note that the sum converges absolutely and the function g is bounded, as

ol <Y psin@mpe)| <Y pT =

7 odd r odd

Obviously the function g is periodic with period 1, fol g(z)dx = 0 and the Fourier coeffi-
cients satisfy |g(h)| < |h|~!. Hence g € F} but g € F,, for any a > 1.
For n € N let now N = N(n) = p*" + p?=2 + p*=* 4 ... 4+ 1. We consider now

N-1 0o N-1
g(z,) = Z p " Z sin(2mp"x,).
n=0 r=1 n=0

We divide the above some in several parts, namely, for 0 < v < n we have

P2 4eep?n—2(v+1) _q 0o P2 4epp2n—2(v+1) _q
T : T
E g(x,) = E P E sin(2mp”x,,)
n:p2n+,,,+p2n72u r=1 n:p2n+___+p2nf2l/

r odd

an—Q(u+l) -1

- Z p~" Z Sin(27rpr(np*277+2(l/+1) FpTIH g ),
n=0

r odd



We now simplify the last sum. First observe that for » > 27 we have
sin (27 (npr 22D ety oy pre2n)) —

for arbitrary 0 < n < p?1=2+U_ Let now r < 2p—2(v+1). Then we have r—2n+2(v+1) <
0 and hence
an—Q(u-ﬁ»l)il
Z e?wi(nprf2n+2(v+1)+pr72n+2u+___+pr72n)

n=0
p2n72(1/+1) -1
2mi (p" AR et p” ) Z (e%ipT_QMQ(UJrl))n

n=0

= €

= 0.
As sin(mrz) = (2i) 71 (e!™ — e7*™) we have in this case

an—Q(u+l) -1

Z Sin(Qﬂ.(npr72n+2(u+1) _'_pr72n+21/ 4. +pr72’7)) —0.

n=0
Note that from the above it also follows that
on_1
Z 9(xa) = 0.
n=0

Thus we only need to consider odd r which satisfy 2n — 2(v + 1) < r < 2n. Note that
in this case r — 2n+ 2(v + 1) > 1 and hence

Sin(Qﬂ-(npr—Qn-i-Q(V'i‘l) + pT—277+2V 44 pr—277)) — Sin(27r(p7"_277+2” NI pr—277))'

Altogether we now obtain

p2n+...+p2n—2(u+1)_1 1
— —r, 2n—2(v+1) .: r—2n+2v r—2n
Z g(@n) = E p"p? 2 D sin (27 (p et oY)
n:p2n+...+p2n—2u T:in;(il{_l
2v+1

= Z p"sin(2m(pt T2 4 - 4 pr DY),
r=1

T odd

Thus we have

N(n)-1 n—1 2v+1
Z g(z,) = Z Z pTSIn(2m(p R 4 p T 4 pr 2D
" v=0
n—1 oo
= Z Z pTSIn(2m(p R 4 pr T 4 2D
v=0 r=1

r odd

[oe) 1771
— Z pfr Z sin(27r(pr*2 +pr74 e pr72(y+1)>>
r=1 v=0

r odd

2n—1 n—1
- Z p’ Z Sin(27r(p”*2 +p prQ(l/+1)>).
v v=(r-1)/2

r odd



We now estimate the value of the sine function. As 1 <r < 29— 1 is odd, we have
sin(2m(p’ ™~ +p" 4+ p ) S sin(2n(pT 4 p70 4 0)) = sin(2mp/ (07 - 1))
for p=2,3,4 and
sin(2m(p"? 4+ p "t 4 - 4 p ) > sin(27/p)

for p > 5. Let ¢, = sin(2mp/(p* — 1)) for p = 2,3,4 and ¢, = sin(27/p) for p > 5. Then
we have

N(n)—1 2n—1

- _ P Gp(l=p7*)
D gl 2 e Y = 0= 1)/2) =gt =

n=0 r=1

Thus we have

N(n)-1
lim T,) = 00
Jim, nz:% 9(@n)

and therefore ‘ZnN;Ol g(xy,)| cannot be bounded independently of N. This proves Theo-

rem 3. |

Remark 4 It follows from the above proof that for every p > 2 there are infinitely many
N € N such that

CpD CpD 2 -2 -1
> o) > log, Nyt 2 (7 = 1) oy (1= p7) = (1= N )2

The above counterexample can be improved to yield a stronger result. This is done in
the following.

Proof of Theorem 4. Let v = (71,73,7s, - - .) be a sequence of non-negative real numbers.
Then we set

gy(x) = D p yesin(mpx), x€0,1).
r=1
r odd

By proceeding the same way as above we obtain

N(n)-1 2n-1 n
Z gﬁ(xn) Z Cp Z p—r Z Yon— 2(v+1)+ Z Yov—1-
n=0 r=1 (r—1)/2 =

r odd

From this it follows that if > 7 49,1 is not bounded then Eivz(z)fl g~(z,,) cannot be
bounded independently of V.
The Fourier series representation of g is given by

= Z §7<h)e2ﬂihx7

heZ

8



where ,
=5 ifh=p",r>0o0dd,
Gy(h) =< —5=7 if h=—p",r >0 o0dd,
0 otherwise.

For |h| = p", r > 0 odd, we have r = log, |h|. By choosing for example 7, = v~! for

odd v we see that SN

neo J~(Zn) cannot be bounded independently of N. In this case we
have

i
A S
G2(h) 2hlog, ||

for infinitely many h.
Hence we have just shown that in the space of functions f for which

~ 1
f h| <« ————
< i og, T

there is a function g for which ‘ZnN;Ol g(a:n)‘ cannot be bounded independently of N.

For j > 0 let x,(h) be defined as in Section 1. Then by using a similar argument as
above we obtain that, for every L € N, the function space for which

L
[F( < T x(Ikl) for all h € Z with [h] > ¢(L),
j=0

where ¢(L) is the smallest natural number such that x;'(c(L)) > 1, there is a function g

for which )ZNN;J g(z,,)| cannot be bounded independently of N. This proves Theorem 4.0

Remark 5 For example it follows from the above proof, that in the space of functions

~

for which |f(h)| < (|h|log, |h|)~" there is a function g and a constant C, > 0 for which

i 9(@n)

for infinitely many values of N € N. More generally, for every L € N the space of functions
for which |f(h)| < H]L:_(]l x;(|h|), for all h such that x;',(|h]) > 1, contains a function g
such that there is a constant C), ;, > 0 with

> Cplog, log, N

=

g(zn)| > Cprxi ' (N)

I
o

n

for infinitely many values of N € N.
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