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Abstract

Dick and Pillichshammer recently introduced generalized polynomial lattices which
can be viewed as digital (¢, v, 3,n X m, s)-nets as introduced by the first author. In
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figure of merit g, is related to the t-value. Then we show the existence of polynomial
lattices with large figure of merit .
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1 Introduction

Digital nets [6-9] are useful for the numerical integration of functions with
bounded variation over the high dimensional unit cube. Recently generalized
digital nets were introduced in [2,3] which are also useful for the numerical
integration of smooth functions. First constructions of such generalized digital
nets were also introduced in [2,3].

In the classical case there is a subclass of digital nets called polynomial lattices
[7,8], which was generalized in [4] to fit the new framework introduced by
the first author. Various existence results of such polynomial lattices exist
for the classical case [5,10] and in this paper we show existence results of
polynomial lattices within the new framework, i.e., depending on their digital
(t,, B,n X m, s)-net properties (the precise definition of such digital nets will
be given below). In particular, a result which relates the ¢-value of a classical
polynomial lattice rule to its figure of merit [8], is generalized here to a relation
between the type of digital nets considered in [2,3] and the polynomial lattices
introduced in [4]. More precisely we generalize the figure of merit to higher
orders o > 1 and relate it to the t-value when one considers those polynomial
lattices as digital (¢, «, 5,n X m, s)-nets.

The relevance of such constructions for numerical integration will be explained
in the following.

Consider the Sobolev space Hob,s,5~ for which s > 1 and ¢ > 1. For the one
dimensional unweighted case (i.e. the weights are chosen to be 1) the inner
product is given by

-1 1 1
(f, 9>Hsob,1,5,(1) = ;)/0 f(T)(:L') dx/o g(T)(:c) dx—l—/o f(‘s)(:c)g(‘s)(x) dz,

where f(7) denotes the 7-th derivative of f and where f( = f. The repro-
ducing kernel (see [1] for more information about reproducing kernels) for this
space is given by

5 2)B. sz —
Ksob,l,&,(l)(xay) - z:%) BT((gl)BQ <y) + b 6<(|25)| y|)7

where B, denotes the Bernoulli polynomial of degree 7. For example we have
Bo(z) =1, By(z) = x — 1/2, By(x) = 2> — 2+ 1/6 and so on.

For the weighted version of this function space, the following result was shown
in (3] (see also [2] for a version for periodic functions).

Theorem 1 Letd > 1 be an integer and b > 2 be a prime number. The worst-



case error for multivariate integration in the Sobolev space Heob s 5~ USiNg a
digital (t,0,3,n X m,s)-net over Fy,, with 0 < 5 < 1, as quadrature points is
bounded by

1/2
e(Qum.s, Hsob,s,0.y) < = (On=t) ( Z %(O(LL@&)ZW” gt 5)2Iua) 7
0AuC{1,...,s}

where

—|ulo
\/zlq,b,g = C’IL%\/%M& (bl + (1 _ b1/571) |ul )

and Cy5 > 0 is a constant depending only on b and 9.

Thus generalized polynomial lattices are useful for the fast numerical integra-
tion of smooth functions. Note that the t-value is a quality parameter of such
digital nets.

In this paper we prove existence results of polynomial lattices with small
generalized t-value. Indeed we prove that there are polynomial lattices for
which we can show that their ¢-value is smaller than that of the digital nets
constructed in [2,3]. Unfortunately our results here are not explicit as opposed
to the constructions in [2,3]. On the other hand our results show that there is
still room for improvement upon the constructions for digital nets proposed
in [2,3] (though not for digital sequences).

At the end of the paper we give numerical results comparing the t-values
obtained in this paper with the ones obtained using the construction in [2,3]
based on known explicit constructions.

2 Digital nets and polynomial lattices

In this section we introduce digital nets and polynomial lattices which can
achieve arbitrary high convergence rates of the integration error for suitably
smooth functions (see [2,3]). This is achieved by a slight generalization of the
classical definition of digital nets, see [6-8], and [9] for a recent survey article
on digital nets. The following generalization appeared first in [3].

In the following let b be a prime and let I, denote the finite field of order b.

Definition 1 (Digital net) Let b be a prime and let s,m,n > 1 be integers.
Let C1, ..., Cs be nxm matrices over the finite field F,. We construct b™ points
in [0,1)* in the following way: for 0 < h < 0™ let h = ho+hib+- -+ hy, 0™ !
be the b-adic expansion of h. Identify h with the vector h = (hoy ... hm-1)" €

v, where T means the transpose of the vector. For 1 < j < s multiply the



matriz C; by fz, i.€.,

-

C] = (yj,l(h)’ s 7yj,n(h))—r € ]FZT)La

and set ) )
. Yid g YY)
Thyj: b + + b

The point set {xo, ..., xpm_1} with x, = (Tha,...,Ths) is called a digital net

(over Fy,) (with generating matrices Cy, . .., Cs).

The following definition was first introduced in [3] (see also [2] for a similar
definition).

Definition 2 (Digital (¢, «, 5,n x m, s)-net) Let n,m,a > 1 be natural
numbers, let 0 < < am/n be a real number and let 0 < t < (n be a natural
number. Let Cy,...,Cs € Fp*™ with Cj = (¢j1,...,¢in)" and c;; € B If for
all 1 <vijy, < -+ <ij1 <n, where 0 <v; <n forallj=1,... s, with

7:1,1 +-+ il,min(yl,a) +-+ is,l + -+ Z.s,min(l/s,oz) S Bn —t

the vectors

Cl,il!yl’ s 701,7:1,17 s 7cs,is,ys7 e 768,7;5’1
are linearly independent over IF, then the digital net with generating matrices
Cy,...,Cs is called a digital (t,c, B,n X m, s)-net over Fy. Further we call a

digital (t, o, 1, am x m, s)-net over Fy, a digital (t,a, am x m, s)-net over Fy,.

For « = 8 = 1 and n = m in the definition above we obtain the classical
definition of digital (¢, m, s)-nets over [y, see [8], i.e., a digital (¢, 1,1, mxm, s)-
net over [, is a digital (¢, m, s)-net over Fy.

In [7] (see also [8, Section 4.4]) Niederreiter introduced a special family of
digital nets over [F,. Those nets are obtained from rational functions over
finite fields. For a prime b let Fy((27!)) be the field of formal Laurent series
over Fy. Elements of Fy((z~!)) are formal Laurent series,

L= Z tlﬁ_l,
l=w

where w is an arbitrary integer and all ¢, € F,. Note that Fy((xz™!)) contains
the field of rational functions over [, as a subfield. Further let F;[x] be the set
of all polynomials over FFy,.

The following definition is a slight generalization of the definition from [7], see
also [8]. A special case of this definition was considered in [4].

Definition 3 (Polynomial lattice) For a given dimension s > 1, choose
p € Fy[z] with deg(p) = n > 1 and let ¢ = (q1,...,qs) € Fi[z]. Define



matrices Cy,...,Cs € FP*™ in the following way: for 1 < j <'s, consider the
eTpansions
(x)

Zua: cFy((z7h)

(.CL' = wJ

where w; € Z. Then the elements c of the n xm matriz C; over Fy are given
by .

CE,JT) = ufﬂj—zl € Fba
for 1 <j<s,1<i<n,0<r<m-—1. The digital net Sy,,n(q) over F,
with generating matrices Cq, ..., Cy is called a polynomial lattice.

Remark 1 For the case considered above there is also an equivalent but sim-
pler definition of a polynomial lattice. Let v, be the map from Fy((x™1)) to the
interval [0,1) defined by

Un, (Z tll’_l> = Z tlb_l.
l=w

l=max(1,w)

For a given dimension s > 1, choose p € Fy[x] with deg(p) =n > 1 and let
Q... qs € Fy[z]. For 0 < h < b™ let h = hg+ hib+ -+ hy 0™ ! be the
b-adic expansion of h. With each such h we associate the polynomial
m—1
= Z hy,x" € Fb[x]

r=0

Then the polynomial lattice Sy m.n(q) is the point set consisting of the b™ points

for0 < h<bm.

A quasi-Monte Carlo rule using the point set S,.m..(q) is called a polynomial
lattice rule.

Remark 2 The point set S, ,,,»,(q) consists of the first b™ points of S, ,, »(q),
i.e., the first b™ points of a classical polynomial lattice. Hence the definition
of a polynomial lattice in [7] is covered by choosing n = m in the definition
above.

Finally we introduce some notation: for arbitrary k = (ki, ..., ks) € F;[x] and
q=1(q,...,qs) € F;[x], we define the ‘inner product’

k-q=7) kg €Fyx]

j=1



and we write ¢ = 0(modp) if p divides ¢ in Fy[z]. Further we associate a
non-negative integer k with base b representation k = kg + k1b + - -+ + Kb*
with the polynomial k(x) = kg + K1z + - - - + Ke2® € Fy[z] and vice versa.

For polynomial lattices with n = m a connection between the figure of merit
and the t-value, when one views S, . »(q) as a digital (¢,m, s)-net over Fy, was
established, see [8]. In the following we generalize these results.

First let us generalize the figure of merit of a polynomial lattice. Let k(z) =
Ko+ R1Z+ -+ RKox® € Fy|x] with £, # 0. Then the degree of the polynomial k
is defined by deg(k) = a and for k = 0 we set deg(k) = —1. For our purposes

we need to generalize this definition. Let k(x) = ka1 + -+ 4+ go®~!
with k1,...,k, € F \ {0} and 0 < a, < -+ < a;. For @« > 1 we now set
deg, (k) = zjﬂ“;ﬁ(”’“) a, and for £k = 0 we set deg, (k) = 0. Thus we have for

example deg, (k) = deg(k) + 1. In what follows we will call deg, (k) the a-
degree of the polynomial k. Using this notation we can now generalize the
classical definition of the figure of merit [8, Definition 4.39].

Definition 4 (Figure of merit) Let p € Fy[x] with deg(p) = n and let q €
Fi[z] be the generating vector of a polynomial lattice Spn(q). For a > 1 the
figure of merit o, is given by

00(Spmn(q)) = —1+min y  deg,(k;),

=1

where the minimum is extended over all non-zero k € Fj[x] with deg(k;) < n
for1 < j <'s and where there is a polynomial a € Fy[x] with a = q-k (mod p)
and deg(a) < n —m.

Note that for n = m and a = 1 we obtain the classical definition of the figure
of merit, see [8, Definition 4.39].

Let g € F;[z] be a generating vector for a polynomial lattice and let p € Fy[z]
with deg(p) = n. Let C4,...,Cs € F}*™ denote the corresponding generating
matrices. A slight generalization of [8, Lemma 4.40], see also [4], yields now
that

Clky 4 +Clk,=0eFy
if and only if there is a polynomial a € Fy[z] with a = q - k (modp) and
deg(a) < n — m. Here Ej = (Kj0y--sKjn_1) € F2, ki(x) = Kjo + Kjux +
oot K2t € Fy[r] and k = (ky, ..., k). Using this result, also [8, Corol-
lary 4.41] and [8, Theorem 4.42] can be generalized to yield the following
theorem.

Theorem 2 Let p € Fy[x] with deg(p) = n and let q € F|x] be the generating
vector of a polynomial lattice Sp.n(q). Then Sy .mn(q) is a digital (t, o, B, n X



m, s)-net over Fy, with

t = LﬂnJ — Qa(Sp,m,n(q))'

We see that polynomial lattices of high quality have a large value of g,. In the
following section we show that polynomial lattices with large o, do exist.

3 The existence of polynomial lattices with large figure of merit

In this section we use the approach of [5] to prove the existence of polynomial
lattices with large figure of merit. First note that we can restrict g € F;[x]
to the set R where R, denotes the set of all polynomials ¢ € F,lx] with
deg(q) < n.

The following lemma gives an upper bound on the number of polynomials in
R, with a given a-degree. Note that we will use the convention (Z) = 0 for
negative integers n.

Lemma 1 Letl, a,n > 1 be natural numbers. Then the number of polynomials
i R, with a-degree [ is bounded by

4k € R, : deg, (k) =1} < C(a, 1),

where

a—1 _v=l)
C’(a,l):Z(b—l)”(l 2 1)

1 v—1
[1/a]

o fl—ai— e 9
b—1)%"" 2 :
e (0

Proof. Let k € Ry, k = ko, 2™+ -+ + koot with 0 < a, < -+ < a4

and k,. # 0 for r € {1,...,v}. The a-degree of k is then given by deg, (k) =
min(v,a)

> a

r=1 T
We consider two cases:
(1) o < wv: Then we write
kE=kex™ 4 b kg % kg 12 Rox Ky

As in this case only aq,...,a, appear in the condition for the o degree
of k, we can choose the part kaa_lx““_Q + -+« + kox + ki arbitrarily and



hence we have at most b% ! possibilities for this part. Further the k,,
need to be non-zero such that we have at all (b — 1)® possible choices.
Now we have to count the number of aq,...,a, with 0 < a, < --- < ay
and a;+- - -+a, = [ or equivalently (a1 —aq)+- -+ (da1—aa) = | — Qa,.
(Note that | — aa, must be at least non-negative.) This is the same as

the number of 0 < b,_; < -+ < by with by +---+by_1 = l—aaa—@;

write b; = a; — a, — (v — i) for i = 1,...,a — 1. However, this number is
ala—1)

surly at most (l_o‘aa_a}2 ta=2

Finally a, can run from 1 to at most |[/a| and hence altogether there
are at most

[t/a] _ _ ale=l) _
S (b 1)t [ — aag 5 ta—2
as1 a—2

polynomials k = kg 2% ! + -+ + k22! with 0 < a, < -+ < a; and
ko, #0 for r € {1,...,v}, a <wv and deg, (k) = [.
(2) a>v: Wecount all k = ko, o™ 4+ kg2 with0 < a, < <ay,
ko, 0 forre{l,...,v}and ay +---+a, =1L
For k,,, r € {1,...,v} we have exactly (b — 1)” possible choices. The

number of 0 < a, < --- < a; with a; +--- 4+ a, = [ is the same as
the number of 0 < b, < --- < by with by +---+b, =1 — w; write
b; =a; — (v+1—14) for i =1,...,v. This number can be bounded from
v(v+1)

above by (li %r_ﬁ”*l). As v may be chosen from {1,...,a— 1} we have
at most . (o41)

— [ — 22 —1

So-v(

o1 v—1

polynomials k = kg 2% ! + -+ + kg 2! with 0 < a, < -+ < a; and
ko, # 0 for r € {1,...,v}, a > v and deg, (k) = L.

The result follows by adding the two sums from the above two cases. a

Now we can prove our main result which gives a condition for the existence of
a polynomial lattice with a certain figure of merit.

Theorem 3 Let n,m,a > 1, s > 2 be natural numbers, b a prime and p €
Fy[z] with deg(p) = n > m be irreducible. For o > 0 define

A(&Qa@)_i:i(j) > li[C@%lz)’

[=0 =1 U15eees ;21 z=1
Iy 4-+l;=l

where C'(a, 1) is defined in Lemma 1.
(1) If A(s,0,c) < b™, then there exists a q € RS with

Oa (Sp,m,n(q)) > 0.



(2) If A(s,0,a) < %, then there exists a polynomial ¢ € R, such that
q=(1,¢,¢%...,¢°") (mod p) satisfies

0a(Spmn(q)) > o

Proof.

(1) There are |RS| = |R,|® = b™ vectors q to choose from. We will estimate
the number of vectors g for which 0,(Spmn(q)) < o for some chosen p > 0.
If this number is smaller than the total number of possible choices then it
follows that there is at least one vector with 0,(Sym.(q)) > 0.

For each non-zero vector k € Fi[x] there are b~ vectors q¢ € R such that
k- q = a(mod p) for some a € Fy[z| with deg(a) < n — m.

Let now A(l,s,«) denote the number of non-zero vectors k € Fj[z] with
Y51 deg,(k;) = [. The quantity C(«,l) defined in Lemma 1 is an upper
bound on the number of non-zero polynomials k € F,[z] with deg, (k) = .
Thus we have

A(l,s,a) < 2 (j) 3 li[C(a,lz).

11500y ;21 z=1
11+m+li:l

Now Y7o A(l, s,«) is a bound on the number of non-zero vectors k € Fj[z]
with 7%, deg,(k;) < o. Hence the number of vectors ¢ € R; for which
0a(Sp.mn(q)) < o is bounded by b™~™ 37 A(l, s, ). Hence if this number is
smaller than b™°, that is if at least

o
ST AL s, ) < B
=0

then there exists a vector ¢ € Ry with 0,(Spmn(q)) > o. Hence the result
follows.

(2) We proceed as in (1), but we note that there are |R,,| = " polynomials
q € R, to choose from and that for each non-zero vector k € Fj[z] there are
at least (s — 1)b"™™ of these polynomials ¢ such that k- (1,q,¢%,...,¢°7%) =
a (mod p) for some a with deg(a) < n — m. If at least

4
(s =" > Al s,a) <",

=0

then there exists a ¢ € R,, such that ¢ = (1,¢,4¢°,...,¢* ") (mod p) satisfies
00(Spm.n(q)) > 0. Hence the result follows. O

Above we have shown the existence of polynomial lattices which are digital
(t,r, B,n X m, s)-nets over F, with a good quality parameter ¢. This follows
from Theorem 2 together with Theorem 3. Note that in the search for a poly-
nomial lattice we have to choose the value o up front. If we do not know the



smoothness ¢ of the integrand, then it can happen that o # . Hence in order
for the bound in Theorem 1 to apply we still need to know the figure of merit
of some order o of a polynomial lattice which was constructed using the pa-
rameter o (where possibly « # /; the bound in Theorem 1 can then be used
where |fn| —t = os5). Hence in the following we will establish a propagation
rule for polynomial lattices.

Theorem 4 Let S,,,.(q) be a polynomial lattice with figure of merit
06(Spmn(q)). Then for all o/ > o we have

(2% (Sp,m,n (@) > 0a (Sp,m,n (q))

and for 1 < o < a we have

o

O/ (Sp,m,n(Q)) > —0a (Spm,n(Q)) -2

Proof. First let o/ > a. Then deg,, (k) > deg, (k) for all k& € F,[x] and hence
the definition of the figure of merit implies the result. Let now 1 < o’ < a.
Theorem 2 implies that the polynomial lattice S, ,,,.»(q) is a digital (¢, o, 3, n x
m, s)-net over Fy, with ¢ = | 6n] — 06 (Spm.n(q)). From a result in [3] it follows
that S,.m.(q) is also a digital (¢, o/, 3',n x m, s)-net over F, with ' = o/ /«
and t' = [ta//a]. Using Theorem 2 again it follows that

/

00 (Spman(@)) = L8] =¥ = e’ Ja] — [ta'/a] = C0a(Symala) —2

and the result follows. O

4 Discussion

Combining Theorems 2 and 3 yields results on the existence of digital
(t,cr, B,n x m, s)-nets over F, with low ¢-value. Let us in the following, for
fixed b and integer «, consider the case n = am and § = 1, i.e., we study
digital (¢, v, am x m, s)-nets over Fy,.

Theorem 3 (1) guarantees the existence of a digital (¢;, a, am x m, s)-net over
Fy, where

t1 =am— o (1)
and p; is the maximal ¢ such that A(s, o, @) as defined in Theorem 3 is less
than b™.

Furthermore, Theorem 3 (2) guarantees the existence of a digital (t2, a, am x
m, $)-net Sp.n.am(q) over Fy with ¢ = (1,4,¢%,...,¢° ") (mod p), where

ty = am — oz (2)

10



and g, is the maximal p such that A(s, o,a) < b™/(s —1).

We compare our existence results to explicit constructions of digital (¢, o, am x
m, s)-nets over F,. Given the generating matrices Cf,...,C", of a digital
(t',m, sa)-net over Fy, [3] (see also [2]) gives the construction principle of
a digital (3, a, am x m, s)-net over F, with

-1
t3 = min {am, at’' + Sa(az)} : (3)

For exemplary values of a, m, s, and b, we computed the values of t{, t5, and
ts given by (1), (2), and (3), respectively. Our numerical results are visualized
in Figures 1-4. The values of ¢’ for existing digital (¢, m, sa)-nets over [, with
explicitly computable generating matrices were taken from the web based
database system MINT (available at the address http://mint.sbg.ac.at/)
for querying bounds on (¢,m, s)-net and (¢, s)-sequence parameters (see [11]
for a recent outline).

From Figures 1-4 we see that we frequently have t5 > t; which is of course due
to the fact that the bound on A(s, 0o, ) is smaller than that on A(s, 01, @) and
the fact that the point sets in Theorem 3 (2) (¢ = (1,¢,¢%,...,¢°") (mod p))
are special cases of those considered in Theorem 3 (1). On the other hand,
generating vectors g of the form as in Theorem 3 (2) are easier to be found
than in the general case since the size of the search space is smaller. Overall,
the difference between ¢; and ¢y can be said to be not very large.

The main conclusion to be drawn from Figures 1-4 is that both t; and %
are lower than t3 for higher dimensions and/or higher values of «, whereas
the opposite is the case for lower dimensions and/or lower values of «. This
is certainly caused by the term sa(a — 1)/2 in the formula for t3 depending
on t'. This “error term” becomes large as s and « grow—it becomes so large
that for higher dimension t3 attains the maximal possible value am. Note
that the term sa(a — 1)/2 comes from an estimation which can in general
not be improved for the construction proposed in [2,3] unless one uses more
information about the underlying digital (¥, m, sa)-net over [y, (it is possible
on the other hand that the real t-value is actually smaller than the upper
bound (3)). In [3] there is also a lower bound (which again relates the ¢-value
of a digital (¢, a, am x m, s)-net over Iy, to a digital (¢, m, sa)-net over Fy),
which is the same as the upper bound except for this additional term. From
this it follows that the constructions in [2,3] leave some room for improvement
and we have shown here that indeed there exist polynomial lattices which
can in certain cases improve upon the construction in [2,3]. Unfortunately our
results here are not explicit as opposed to the results in [2,3].

11
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Fig. 2. t-values depending on m (2 < m < 25) for s =25, a =2, and b =2 (left),
b =3 (right)
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