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Introduction

Valuations on convex bodies
� Classification theorems
� Algebraic integral geometry

Alesker: JDG 2003, GAFA 2004; Fu: JDG 2006; Bernig & Fu: Ann.
Math. 2011; Alesker & Bernig: AJM 2012, . . .

Valuations on star sets
� Klain: AiM 1996, 1997; Villanueva: AiM 2016; Tradacete &

Villanueva: AiM 2018, . . .

Valuations on Riemannian manifolds
� Alesker: AiM 2006, GAFA 2007, 2010; Alesker & Fu: TAMS 2008;

Alesker & Bernig: JDG 2017; Bernig, Fu & Solanes: GAFA 2014;
Fu & Wannerer: GAFA 2019; Faifman & Wannerer: Selecta Math.
2021; Solanes & Wannerer: JDG 2021, . . .

Valuations on functions spaces
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Valuations on Convex Bodies

Kn space of convex bodies (non-empty, compact, convex sets) in Rn

Z : Kn Ñ R is a valuation ðñ

ZpK q � ZpLq � ZpK Y Lq � ZpK X Lq

for all K , L P Kn such that K Y L P Kn.

Hilbert’s Third Problem:
Dehn 1902, Sydler 1965, Jessen & Thorup 1978, . . .

Classification of valuations:

Blaschke 1937, Hadwiger 1949, Schneider 1971,
Groemer 1972, McMullen 1977, Betke & Kneser 1985,
Klain 1995, Ludwig 1999, Reitzner 1999, Alesker 1999,
Bernig 2006, Fu 2006, Hug 2005, Haberl 2006, Schuster 2006,
Tsang 2010, Wannerer 2010, Abardia 2011, Parapatits 2011,
Faifman 2013, Solanes 2014, Böröczky 2015, Zeng 2018, . . .
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Felix Klein’s Erlangen Program 1872

Geometry is the study of invariants of transformation groups.

Groups acting on Rn

Group of translations: x ÞÑ x � y
where y P Rn

Group of rotations SOpnq: x ÞÑ ϑx
where ϑ is an orthogonal n � n matrix of determinant 1

Special linear group SLpnq: x ÞÑ ϑx
where ϑ is an n � n matrix of determinant 1

General linear group GLpnq: x ÞÑ ϑx
where ϑ is an n � n matrix of determinant � 0
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Equi-Affine Classification Theorems

Theorem (Blaschke 1937)

Z : Kn Ñ R is a continuous, translation and SLpnq invariant valuation
ðñ

D c0, cn P R:

ZpK q � c0V0pK q � cnVnpK q

for every K P Kn.

V0pK q Euler characteristic of K (that is, V0pK q � 1)

VnpK q n-dimensional volume of K
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Equi-Affine Classification Theorems

Theorem (Blaschke 1937)

Z : Kn Ñ R is a continuous, translation and SLpnq invariant valuation
ðñ

D c0, cn P R:

ZpK q � c0V0pK q � cnVnpK q

for every K P Kn.

Theorem (L. & Reitzner 2017)

Z : Pn Ñ R is a translation and SLpnq invariant valuation
ðñ

D c0 and Cauchy function ζ : r0,8q Ñ R:

ZpPq � c0V0pPq � ζ
�
VnpPq

�
for every P P Pn.

Pn convex polytopes in Rn; ζpx � yq � ζpxq � ζpyq
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Equi-Affine Classification Theorems

Theorem (Blaschke 1937)

Z : Kn Ñ R is a continuous, translation and SLpnq invariant valuation
ðñ

D c0, cn P R:

ZpK q � c0V0pK q � cnVnpK q

for every K P Kn.

Theorem (L. & Reitzner 2017)

Z : Pn Ñ R is a Borel measurable, translation and SLpnq invariant
valuation

ðñ
D c0, cn P R:

ZpPq � c0V0pPq � cnVnpPq

for every P P Pn.

Pn convex polytopes in Rn
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Affine Surface Area of K P Kn

ΩpK q �

»

BK

κpK , xq
1

n�1 dx

κpK , xq Gaussian curvature at x P BK

Definition for smooth surfaces:
Georg Pick 1914, Wilhelm Blaschke 1923

Definition for general convex bodies:
Leichtweiß 1986, Schütt & Werner 1990,
Lutwak 1991, Dolzmann & Hug 1995

Asymptotic best and random approximation by polytopes:
Fejes Tóth 1948, Rényi & Sulanke 1963, Schneider 1986, Gruber 1988,
Bárány 1992, . . .
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Bárány 1992, . . .

Monika Ludwig (TU Wien) Geometric Valuation Theory 6 / 26



Affine Surface Area of K P Kn

ΩpK q �

»

BK

κpK , xq
1

n�1 dx

κpK , xq Gaussian curvature at x P BK

Definition for smooth surfaces:
Georg Pick 1914, Wilhelm Blaschke 1923

Definition for general convex bodies:
Leichtweiß 1986, Schütt & Werner 1990,
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Properties of Ω : Kn Ñ R

ΩpK q �

»

BK

κpK , xq
1

n�1 dx

Ω is translation and SLpnq invariant

ΩpϑK � yq � ΩpK q @ϑ P SLpnq, y P Rn

Ω is upper semicontinuous (Lutwak: AiM 1991)

ΩpK q ¥ lim sup
jÑ8

ΩpKjq

if Kj Ñ K as j Ñ8.

Ω is a valuation
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Equi-Affine Classification Theorem

Theorem (L. & Reitzner: AiM 1999)

Z : Kn Ñ R is an upper semicontinuous, translation and SLpnq invariant
valuation

ðñ

D c0, cn P R, a ¥ 0 such that

ZpK q � c0V0pK q � cnVnpK q � aΩpK q

for every K P Kn.

Proof uses results from Geometric Measure Theory and approximation
by piecewise ellipsoids

Monika Ludwig (TU Wien) Geometric Valuation Theory 8 / 26



Equi-Affine Classification Theorem

Theorem (L. & Reitzner: AiM 1999)

Z : Kn Ñ R is an upper semicontinuous, translation and SLpnq invariant
valuation

ðñ

D c0, cn P R, a ¥ 0 such that

ZpK q � c0V0pK q � cnVnpK q � aΩpK q

for every K P Kn.

Proof uses results from Geometric Measure Theory and approximation
by piecewise ellipsoids

Monika Ludwig (TU Wien) Geometric Valuation Theory 8 / 26



Centro-Affine Surface Area

ΩnpK q �

»
BK
κ0pK , xq

1
2 dVK pxq

Kn
p0q convex bodies in Rn with origin in their interiors

uK pxq outer unit normal vector

dVK pxq � xx , uK pxqy dx cone measure

κ0pK , xq �
κpK , xq

xx , uK pxqyn�1
centro-affine curvature

Properties of Ωn : Kn
p0q Ñ R

Ωn is GLpnq invariant: ΩnpϑK q � ΩnpK q @ϑ P GLpnq

Ωn is upper semicontinuous (Lutwak: AiM 1996)

Ωn is a valuation
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Centro-Affine Classification Theorem

Theorem (L. & Reitzner: Ann. Math. 2010)

Z : Kn
p0q Ñ R is an upper semicontinuous and GLpnq invariant valuation

ðñ

D c0 P R, a ¥ 0 such that

ZpK q � c0V0pK q � aΩnpK q

for every K P Kn
p0q.

Classification of SLpnq invariant and homogeneous valuations:
Characterization of Lp affine surface areas (introduced by
Lutwak 1996)

Classification of SLpnq invariant valuations that vanish on polytopes
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Classification of SLpnq Invariant Valuations

Theorem (L. & Reitzner; Haberl & Parapatits: JAMS 2014)

Z : Kn
p0q Ñ R is an upper semicontinuous and SLpnq invariant valuation

ðñ

D c0, cn, c�n P R and D ζ P Concr0,8q such that

ZpK q � c0V0pK q � cnVnpK q � c�nV
�
n pK q �

»
BK
ζpκ0pK , xqq dVK pxq

for every K P Kn
p0q.

V �
n pK q � VnpK

�q polar volume

K� � ty P Rn : xx , yy ¤ 1 @x P Ku polar body

Concr0,8q�tζ : r0,8qÑr0,8q : ζ concave, lim
tÑ0

ζptq� lim
tÑ8

ζptq
t �0u
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Affine Classification Theorems

Vector and tensor valuations:
L.: DMJ 2003; Haberl & Parapatits: AJM 2016, AiM 2017;
L. & Silverstein: AiM 2017; Zeng & Ma: TAMS 2018; Abardia,
Böröczky, Domokos, Kertész: JFA 2019; Ma & Wang: CJM 2021

Convex-body-valued valuations:
L.: AiM 2002, TAMS 2005, AJM 2006, JDG 2010;
Haberl & L.: IMRN 2006; Haberl: AJM 2011, JEMS 2012;
Wannerer: IUMJ 2011; Wannerer & Schuster: TAMS 2012;
Abardia & Bernig: AiM 2011; Abardia: JFA 2012, IMRN 2015;
Parapatits: TAMS 2014, JLMS 2014; Li, Yuan & Leng: TAMS 2015;
Li & Leng: AiM 2016, IUMJ 2017

Function-valued valuations:
Li & Ma: JFA 2017; Li: IMRN 2020, AiM 2021
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Rigid Motion Invariant Valuations

Theorem (Hadwiger 1952)

Z : Kn Ñ R is a continuous, translation and rotation invariant valuation

ðñ

D c0, . . . , cn P R :

ZpK q � c0V0pK q � � � � � cnVnpK q

for every K P Kn.

V0pK q, . . . ,VnpK q intrinsic volumes of K

2Vn�1pK q surface area of K
2
n

κn
κn�1

V1pK q mean width of K

Klain 1995; Klain & Rota 1997: Introduction to Geometric Probability
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Intrinsic Volumes

Steiner formula

VnpK � λBnq �
ņ

j�0

λn�jκn�jVjpK q

Crofton and Cauchy-Kubota Formulas

VjpK q �

»
Graff pn,jq

V0pK X E qdµjpE q �

»
Grpn,jq

VjpK |E q dνjpE q

K convex body with smooth boundary

VjpK q �

�
n
j

�
nκn�j

»
Sn�1

sjpK , uqdu �

�
n
j

�
nκn�j

»
BK

Hn�j�1pK , xqdx
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Application: Principal Kinematic Formula

For K , L P Kn,

»
φPSOpnq
Rn

V0pK X φLq dφ �
¸n

i�0

κi κn�i�
n
i

�
κn

Vi pK qVn�i pLq

dφ normalized Haar measure on SOpnq 
 Rn

Blaschke, Chern, Hadwiger, Santaló, . . .

Proof. ZpK , Lq �

»
SOpnq
Rn

V0pK X φLq dφ

� ZpK , �q,Zp�, Lq continuous valuations on Kn

� ZpK , �q,Zp�, Lq rigid motion invariant

ñ ZpK , Lq �
ņ

i ,j�0

cijVi pK qVjpLq

Determine cij by choosing suitable bodies! �
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Rigid Motion Invariant Valuations

Theorem (Hadwiger 1952)

Z : Kn Ñ R is a continuous, translation and rotation invariant valuation

ðñ

D c0, . . . , cn P R : Z � c0V0 � � � � � cnVn

Open problems

Classification of continuous, rotation invariant valuations on convex
bodies in Sn and Hn for n ¥ 3

Classification of continuous, translation and rotation invariant
valuations on Pn for n ¥ 3

Classification of upper semicontinuous, translation and rotation
invariant valuations on Kn for n ¥ 3
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Abstract Hadwiger Theorem

Theorem (Alesker: AiM 2000, GAFA 2007)

For a compact subgroup G of Opnq, the space of continuous,
translation and G invariant valuations on Kn is finite dimensional

ðñ
G acts transitively on Sn�1.

Upnq invariance (Alesker: GAFA 2001, Fu: JDG 2006,
Bernig & Fu: Ann. Math. 2001, Wannerer: JDG 2014, AiM 2014)

SUpnq invariance (Bernig: GAFA 2009)

G2, Spinp7q, Spinp9q invariance
(Bernig: Israel J. 2011, Bernig & Voide: Israel J. 2016)

Sppnq, Sppnq�Up1q, Sppnq�Spp1q invariance
(Bernig: JIMJ 2012, Bernig & Solanes: JFA 2014, PLMS 2017)
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Valuations on Function Spaces

FpX q � tf : X Ñ Ru space of real valued functions on X

f _ g � maxtf , gu, f ^ g � mintf , gu

Z : FpX q Ñ R is a valuation ðñ

Zpf q � Zpgq � Zpf _ gq � Zpf ^ gq

for all f , g P FpX q such that f _ g , f ^ g P FpX q.

Examples

Valuations on convex bodies (via indicator or support functions)

Valuations on star sets (via indicator or radial functions)

Question (L. 2010):

Classification of interesting valuations on classical function spaces

Monika Ludwig (TU Wien) Geometric Valuation Theory 18 / 26
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Valuations on Classical Function Spaces

Valuations on Lp and Orlicz functions:
Tsang: IMRN 2010, TAMS 2012; L.: AAM 2013;
Ober: JMAA 2014; Kone: AAM 2014; Li & Ma: JFA 2017

Valuations on Sobolev and BV functions:
L.: AIM 2011, AJM 2012; Wang: IUMJ 2014; Ma: SCM 2016

Valuations on convex functions:
Cavallina & Colesanti: AGMS 2015; Colesanti, L. & Mussnig:
IMRN 2017, CVPDE 2017, IUMJ 2020, JFA 2020; Alesker: AG 2019;
Knörr 2019; Mussnig: AiM 2019, CJM 2019, JGA 2020

Valuations on quasi-concave functions:
Colesanti & Lombardi: 2017; Colesanti, Lombardi & Parapatits: 2017

Valuations on continuous and Lipschitz functions:
Villanueva: AiM 2016; Tradacete & Villanueva: JMAA 2017,
AiM 2018, IMRN 2020; Colesanti, Pagnini, Tradacete & Villanueva:
AiM 2020, JFA 2021
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Valuations on Convex Functions

IK

K

Convex functions
ConvpRnq �

 
u : Rn Ñ p�8,8s : u convex, l.s.c., proper

(

uk is epi-convergent to u in ConvpRnq ô
� upxq ¤ lim infkÑ8 ukpxkq for every pxkq with xk Ñ x

� @x , Dpxkq with xk Ñ x such that upxq � limkÑ8 ukpxkq
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Valuations on Convex Functions

Cn�1 closed, convex sets in Rn�1

epi u :� tpx , tq P Rn � R : upxq ¤ tu epi-graph of u P ConvpRnq

Cn�1
epi � tC � Rn�1 : C epi-graph of u P ConvpRnqu � Cn�1

Z : ConvpRnq Ñ R is a valuation
ô Z̄ : Cn�1

epi Ñ R, defined by Z̄pepipuqq � Zpuq, is a valuation
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Epi-Translation and Rotation Invariant Valuations

FpRnq � ConvpRnq

Z : FpRnq Ñ R is epi-translation invariant
ô Zpu � τ�1 � cq � Zpuq for all translations τ : Rn Ñ Rn and c P R

Z : FpRnq Ñ R is rotation invariant
ô Zpu � ϑ�1q � Zpuq for all ϑ P SOpnq
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Valuations on Super-Coercive Convex Functions

not super-coercive

u P ConvpRnq super-coercive

ô lim|x |Ñ�8
upxq
|x | � �8

ConvscpRnq �
 
u P ConvpRnq : u super-coercive

(
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Functional Intrinsic Volumes

Theorem (Colesanti, L. & Mussnig 2020+)

For j P t0, . . . , nu and ζ P Dn
j , there exists a unique, continuous,

epi-translation and rotation invariant valuation Vj ,ζ : ConvscpRnq Ñ R
such that

Vj ,ζpuq �

»
Rn

ζp|∇upxq|qrD2upxqsn�j dx

for every u P ConvscpRnq X C 2
�pRnq.

For j P t0, . . . , n � 1u,

Dn
j :�

 
ζ P Cbpp0,8qq : lim

sÑ0�
sn�jζpsq � 0,

lim
sÑ0�

» 8

s
tn�j�1ζptqdt finite

(

Dn
n :�

 
ζ P Cbpp0,8qq : lim

sÑ0�
ζpsq finite

(
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Functional Intrinsic Volumes

Theorem (Colesanti, L. & Mussnig 2020+)

For j P t0, . . . , nu and ζ P Dn
j , there exists a unique, continuous,

epi-translation and rotation invariant valuation Vj ,ζ : ConvscpRnq Ñ R
such that

Vj ,ζpuq �

»
Rn

ζp|∇upxq|qrD2upxqsn�j dx

for every u P ConvscpRnq X C 2
�pRnq.

rD2upxqsk kth elementary symmetric function of the eigenvalues of
the Hessian matrix D2upxq, kth trace of D2upxq

Hessian measures: Trudinger & Wang (Ann. Math. 1999),
Colesanti & Hug (TAMS 2000)

Hessian valuations: Colesanti, L. & Mussnig (IUMJ 2020)

Singular Hessian valuations, Moreau-Yosida approximation
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The Hadwiger Theorem for Convex Functions

Theorem (Colesanti, L. & Mussnig 2020+)

Z : ConvscpRnq Ñ R is a continuous, epi-translation and rotation invariant
valuation

ðñ
D ζ0 P Dn

0 , . . . , ζn P Dn
n :

Zpuq � V0,ζ0puq � � � � � Vn,ζnpuq

for every u P ConvscpRnq.

Vj ,ζpuq �

»
Rn

ζp|∇upxq|qrD2upxqsn�j dx

for u P ConvscpRnq X C 2
�pRnq
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The Hadwiger Theorem for Convex Functions

Theorem (Colesanti, L. & Mussnig 2020+)

Z : ConvscpRnq Ñ R is a continuous, epi-translation and rotation invariant
valuation

ðñ
D ζ0 P Dn

0 , . . . , ζn P Dn
n :

Zpuq � V0,ζ0puq � � � � � Vn,ζnpuq

for every u P ConvscpRnq.

Orthogonal cylinder functions, Hadwiger’s canonical simplex
decomposition, induction on the dimension

Reduction to the case of epi-additive functionals and
epi-symmetrization
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The Hadwiger Theorem for Convex Functions

Theorem (Colesanti, L. & Mussnig 2020+)

Z : ConvscpRnq Ñ R is a continuous, epi-translation and rotation invariant
valuation

ðñ
D ζ0 P Dn

0 , . . . , ζn P Dn
n :

Zpuq � V0,ζ0puq � � � � � Vn,ζnpuq

for every u P ConvscpRnq.

Theorem (Hadwiger 1952)

Z : Kn Ñ R is a continuous, translation and rotation invariant valuation

ðñ
D c0, . . . , cn P R :

ZpK q � c0V0pK q � � � � � cnVnpK q

for every K P Kn.
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Thank you!
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