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ABSTRACT. A complete classification of all continuous, epi-translation and rotation invariant valuations on
the space of super-coercive convex functions on R" is established. The valuations obtained are functional
versions of the classical intrinsic volumes. For their definition, singular Hessian valuations are introduced.
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1. INTRODUCTION AND STATEMENT OF RESULTS

Intrinsic volumes play a fundamental role in Euclidean geometry. For a convex body K (that is, a
non-empty, compact convex set) in n-dimensional Euclidean space, R", and j € {0,...,n}, the jth
intrinsic volume, V;(K'), measures, in a translation and rotation invariant way, the j-dimensional “size”
of K. In particular, V,,(K) is the n-dimensional volume of K and V;(K') = 1 is the Euler characteristic.
For 1 < j < n — 1, the jth intrinsic volume can be defined in various ways, for example, via the Steiner
formula, via integral geometric formulas, or, for a convex body K with smooth boundary, as

Vi) === [ Dl (),

Wn—j

where hy is the support function of K (see Section 2.1 for the definition) and D*h the Hessian matrix
of hy. Here, we write [A]; for the jth elementary symmetric function of the eigenvalues of a symmetric
matrix A and use the convention that [A]y = 1. We write H"~! for (n — 1)-dimensional Hausdorff
measure and wy, for the (K — 1)-dimensional Hausdorff measure of the unit sphere, S¥=1 in R*. The jth
intrinsic volume is homogeneous of degree j, that is, V;(AK) = M V;(K) for all convex bodies K in
R™ and all A > 0. The intrinsic volumes are continuous functionals on the space of convex bodies, K",
in R" equipped with the standard topology induced by the Hausdorff metric (see [43] for information
regarding intrinsic volumes).

One of the most important results in geometry is Hadwiger’s characterization theorem [23] for intrinsic
volumes. Hadwiger’s theorem classifies all continuous, translation and rotation invariant valuations on
convex bodies. Here a functional Z : K — R is called a valuation if

(1.1) Z(K)+ Z(L) = Z(K UL) + Z(K N L)

for every K, L € K" such that K U L € K. Recall that Z is translation invariant if Z(7K) = Z(K) for
all K € K™ and translations 7 on R”, and it is rotation invariant if Z(JVK) = Z(K) for all K € K" and
¥ € SO(n).

Theorem 1.1 (Hadwiger [23]). A functional 7. : K" — R is a continuous, translation and rotation
invariant valuation if and only if there are constants (g, . . ., (, € R such that

Z(K) = G Vo(K) + -+ + ¢ Vi (K)
forevery K € K".

Hadwiger’s theorem leads to effortless proofs of numerous results in integral geometry and geometric

probability (see [23] and [26]). It is the first culmination of a program initiated by Blaschke and the
1



2 ANDREA COLESANTI, MONIKA LUDWIG, AND FABIAN MUSSNIG

starting point of the geometric theory of valuations, where classification theorems for valuations invariant
under various groups are fundamental (see [43, Chapter 6]). Interesting new valuations keep arising (see,
for example, [8,24,31]) and see [1,2,4,6,7,21,22,29,32,35,36,39] for some recent classification results.

Currently, a geometric theory of valuations on function spaces is developed. A functional Z defined
on a space of (extended) real-valued functions, X, is called a valuation if

Z(u) + Z(v) = Z(u V v) + Z(u A v)

for all u, v € X such that the pointwise maximum « V v and the pointwise minimum u A v belong to X.
When X is the space of indicator functions of convex bodies in R", we recover the classical notion of
valuation on convex bodies. The first classification results were obtained for L, and Sobolev spaces, for
Lipschitz functions and for definable functions (see, for example, [5, 19,29, 33,34,46]).

Spaces of convex functions play a special role because of their close connection to convex bodies. Here
classification results were obtained for SL(n) invariant valuations in [12, 13,37, 38], the connection to
valuations on convex bodies was explored in [3] and first structural results were established in [14,27,28].
The general space of extended real-valued convex functions on R" is defined as

Conv(R") := {u: R" — R U {+0o0}: u is convex and lower semicontinuous, u # +00}.

It is equipped with the topology induced by epi-convergence (see Section 2.2), and the continuity of
valuations defined on Conv(R™) (and its subsets) will always be with respect to this topology.

The aim of this paper is to establish the Hadwiger theorem on convex functions. A valuation Z defined
on (a subset of) the space Conv(R") is said to be epi-translation invariant if Z(u o 771 4+ a) = Z(u) for
every translation 7 on R™ and o € R. It is said to be rotation invariant if Z(u o ¥=1) = Z(u) for every
Y € SO(n). We will identify a convex function with its epi-graph,

epi(u) := {(z,t) € R"™ : ¢t > u(x)}.

Note that an epi-translation invariant valuation on Conv(R") corresponds to a translation invariant valu-
ation on the set of epi-graphs in the sense of (1.1). We say that Z is epi-homogeneous of degree j, if the
associated valuation on epi-graphs is homogeneous of degree j. It was shown in [14] that a continuous
and epi-translation invariant valuation on Conv(R™) is always constant, and the corresponding statement
was proved on the space of coercive convex functions. Thus, we look at valuations on the smaller space
of super-coercive convex functions,

Convy(R") := {u € Conv(R"): lim —2 = —1—00} ,

where | - | is the Euclidean norm. For n = 1, a complete classification of continuous and epi-translation
invariant valuations was obtained in [14]. So, let n > 2. For ( € C.([0,00)) and j € {0,...,n},
it follows from results in [15] that a valuation, defined for u € Convy.(R™) N C%(R") (that is, with a
positive definite Hessian matrix D?u) by

(1.2) Vicw) = [ C(Vu@))D?u(a))-y dr,

can be extended to a continuous, epi-translation and rotation invariant valuation that is epi-homogeneous
of degree j on Convy.(R™). The valuation defined in (1.2) is a Hessian valuation, and the extension of
the integral (1.2) uses the notion of Hessian measures. These measures play an important role in the
study of a class of fully non-linear elliptic PDEs, the so-called Hessian equations, and in this context
were introduced by Trudinger and Wang [44,45]. In the case of convex functions, these measures have
been studied, for example, in [11] (see Section 2.3).
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As we will show, the functionals V. also extend to continuous valuations on Convy.(R") for func-
tions ¢ € C((0,00)) with a certain type of singularity at the origin. We thus obtain singular Hessian
valuations. Let C,((0,00)) be the set of continuous functions on (0, 00) with bounded support. For
0<j<n-—1let

s—0t

D} = {C € Cy((0,00)): lim s"77¢(s) =0, lim / t"~I71¢(t) dt exists and is ﬁnite}.
s—=0t Jg

In addition, let D" be the set of functions ¢ € Cy((0, 00)) where lim, o+ ((s) exists and is finite and set
¢(0) := lim, o+ ((s). Note that V ¢ is constant on Conv,.(R") for ¢ € Dy (see Section 2.4).

Our first main result establishes the existence of the extension of singular Hessian valuations for
functions ¢ € Dj.

Theorem 1.2. For j € {0,...,n} and ¢ € Dy, there exists a unique, continuous, epi-translation and
rotation invariant valuation V ; . : Convgs.(R") — R such that

Vie(u) = - (IVu(2)) [D*u(@)]n-; dz

for every u € Convy(R") N C%(R™).

The proof of this result will use analytic tools developed within the theory of Hessian equations (see
Section 3.2 for details). Given a singular function (, the integral (1.2) converges absolutely for suffi-
ciently regular functions. For the general extension argument, Hessian valuations, which were intro-
duced in [15], will be used, but singular functions are, in general, not integrable with respect to Hessian
measures. For the extension, we will use the Moreau—Yosida approximation and the existence of a
homogeneous decomposition for epi-translation invariant valuations that was established in [14].

Our second main result shows that the singular Hessian valuations that were introduced above span
the space of continuous, epi-translation and rotation invariant valuations on Conv,.(R"). Let n > 2.

Theorem 1.3. A functional Z. : Convy.(R") — R is a continuous, epi-translation and rotation invariant
valuation if and only if there exist functions (o € Dy, ..., ¢, € D! such that

Z(u) = Vo (u) + -+ Vg, (u)
for every u € Convg(R").

The functions (; are uniquely determined by Z for j € {1,...,n} (see Lemma 3.23 and Lemma 4.9)
whereas V¢, is constant on Convy.(R") and does not uniquely determine ¢,. Theorem 1.2 and The-
orem 1.3 show that the singular Hessian valuations V; ¢ with ¢ € D7 are functional versions of the
intrinsic volumes V;; and that, from the point of view of geometric valuation theory, they are the canoni-
cal functional versions of intrinsic volumes.

The space of super-coercive convex functions is related to another subspace of Conv(R"), formed by
convex functions with finite values,

Conv(R™;R) := {v € Conv(R"): v(z) < +oo forall z € R"}.
A function v belongs to Conv(R"™; R) if and only if its standard conjugate or Legendre transform v*
belongs to Conv,.(R") (see Section 2.2). It was proved in [15] that Z is a continuous valuation on
Conv(R™; R) if and only if Z*: Conv,.(R") — R, defined by
7" (u) == Z(u"),

is a continuous valuation on Conv.(R™). This fact permits us to transfer results valid for valuations on
Conv(R™; R) to results for valuations on Conv,.(R") and vice versa. A valuation Z on Conv(R"; R) is
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called homogeneous of degree j € R if Z(\v) = M Z(v) for all v € Conv(R"™;R) and A > 0. It is dually
epi-translation invariant if

Z(v+{+ o) =1Z(v)
for every v € Conv(R™; R) and every linear function /: R™ — R and o € R. The valuation Z is dually
epi-translation invariant and homogeneous of degree j on Conv(R"; R) if and only if Z* is epi-translation

invariant and epi-homogeneous of degree j on Convy.(R™). Using results on Hessian valuations for
conjugate functions, we will obtain the following extension theorem from Theorem 1.2.

Theorem 1.4. For j € {0,...,n} and ( € DY, the functional V; .: Conv(R";R) — R is a continuous,
dually epi-translation and rotation invariant valuation such that

1.3 )= [ cllahDPoe))do
for every v € Conv(R™;R) N C% (R™).
Theorem 1.3 has the following dual version. Let n > 2.

Theorem 1.5. A functional Z : Conv(R";R) — R is a continuous, dually epi-translation and rotation
invariant valuation if and only if there exist functions (y € D{, ..., ¢, € D] such that

Z(v) = VS,CO(U) +-+ Vi (v)

nvC’n

for every v € Conv(R"™; R).

In the proof of Theorem 1.3 and Theorem 1.5, we will use both the primal setting of epi-translation
invariant valuations on Conv,.(R") and the dual setting of dually epi-translation invariant valuations
on Conv(R™; R). We follow the original approach of Hadwiger [23]. We introduce rotational epi-
symmetrization to establish a classification of valuations that are epi-homogeneous of degree 1 on
Convg.(R™) and induction on the dimension for the general case. The homogeneous decomposition
of epi-translation invariant valuations established in [14] will be an important tool in the proof.

An alternate proof of Hadwiger’s theorem is due to Klain [25]. We will discuss elements of Klain’s
proof and how to apply Theorem 1.3 and Theorem 1.5 in integral geometry in subsequent papers (see

[16-18]).

2. PRELIMINARIES

We work in n-dimensional Euclidean space R™, with n > 1, endowed with the Euclidean norm | - |
and the usual scalar product (-,-). We write ey, ..., e, for the canonical basis vectors of R™ and use
coordinates, © = (z1, ..., x,), for z € R™ with respect to this basis. We write span for linear span. Let
B" := {z € R" : |z| < 1} be the Euclidean unit ball and S"~! the unit sphere in R". We denote by k,,
the n-dimensional volume of B™ and by w,, the (n — 1)-dimensional Hausdorff measure of S*~!.

2.1. Convex Sets. A basic reference on convex sets is the book by Schneider [43]. Let K C R" be a
closed convex set that is non-empty and such that K # R™. Its support function hy : R" — RU {400}
is defined as

hi (y) = Supz€K<x7 y>
It is a one-homogeneous and convex function that determines K. If X' C R" is a convex body with
boundary of class C2 and y € S™!, then the eigenvalues of its Hessian matrix, D?hk(y), are the
principal radii of curvature of K at y. Hence [D?h (y)]; is the ith elementary symmetric function of the
principal radii of curvature of K at y (see [43, Section 2.5]).
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2.2. Convex Functions. We collect some properties of convex functions. Basic references are the books
by Rockafellar [41] and Rockafellar & Wets [42].
Let u € Conv(R"). For t € (—o00, +00], its sublevel sets

{u<t} :={xeR": ux) <t} {u<t}:={reR":u(z) <t}
are convex, and the latter is closed by the lower semicontinuity of u. In addition, also its domain,
dom(u) := {z € R" : u(z) < +o0}

is a convex set. We equip Conv(RR") and its subspaces with the topology associated to epi-convergence.
Here a sequence u;, of functions from Conv(R™) is epi-convergent to u € Conv(R") if the following
conditions hold for all x € R™:

(i) For every sequence x, that converges to x, we have u(z) < liminfy o ug(xy).
(ii) There exists a sequence x, that converges to x such that u(z) = limy_, oo ug(xg).

Note that a sequence vy, of functions from Conv(R"; R) epi-converges to v € Conv(R"™; R) if and only
if v, converges pointwise to v and uniformly on compact sets. We will just say that v, converges to v in
this case. We also require the following fact. If wuy, is a sequence of functions from Conv(R"™) N C*(R")
that epi-converges to u € Conv(R™) N C*(R"), then Vuy, converges uniformly to Vu on compact sets
(see [41, Theorem 25.7]).

Given u € Conv(R"™), the convex conjugate u* : R" — (—o00, 00| is defined by

w(y) = sup ({2} — u()).

As u € Conv(R™), also u* € Conv(R") and u™* = u. Moreover, u € Convs(R") N CZ(R") if
and only if u* € Convg(R") N C3(R™). Furthermore, Convy,(R™) N C%(R™) is a dense subset of
Conv(R™;R) N C2(R™). Given a subset A C R", let I,: R* — R U {4oc} denote the (convex)
indicatrix function of A,

0 ifz e A,
Lae) = { too  ifzé A

Note that for a convex body K C R"”, we have I € Convy.(R"). Let ¢ > 0. We will often use the
following pair of dual functions,

(2.1) u(z) =1t |x| + Ipn(x)
and

0 if |z| <t,
2.2 = -
@2 w(@) {m b || >t

Note that u; € Convy.(R") and v; € Conv(R"; R) while u; = v;.
For u, v € Conv(R"™), let

(uDOwv)(z) == inf (u(y)+v(2))

T=y+z
denote the infimal convolution of u and v at x € R"™. Note, that
epi(u O v) = epiu + epiv,

where on the right, we have the Minkowski sum of the sets epiu and epi v, and if ulJv > —oo pointwise,
then

(2.3) (uOv)" =u" 40"
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We define the epi-multiplication of v € Conv(R™) and A > 0 by setting

Au(x) == Au (%)

for x € R". Note that the epi-graph of A\-u is obtained by rescaling the epi-graph of u by the factor \. Itis
easy to see that u € Conv,.(R™) implies A\-u € Conv,.(R") for A > 0. A functional Z : Conv,.(R") — R
is called epi-homogeneous of degree j € R if

Z(\+w) = N Z(u)

for all u € Convg.(R™) and A > 0. In the following, corresponding definitions will be used for Conv(RR")
and its subspaces.

Let £/ and F' be orthogonal and complementary subspaces of R" with dim £, dim F' > 1. We can
identify £ with R* when k& = dim F and write Conv(E) for Conv(RF) in this case. We use correspond-
ing definitions for subspaces of Conv(E). For x € R", we write x = (xg,xp) Withzgp € Eand xp € F.
If u € Convg.(R") is such that dom(u) C F, then v = u* does not depend on zp. The restriction of
v to E, which we denote by vy € Conv(E;R), is equal to the Legendre transform (with respect to the
ambient space F)) of the restriction of u to £, which we denote by up € Convy.(FE). In this case, we will
identify u with ug and v with vg. Hence, for ug € Convg.(E) and urp € Convy.(F'), we can use this
identification and define v = ug Jup € Convg(R™) where we use the usual infimal convolution on R”.
Setting vy = u} and vy = u} and using (2.3), we obtain that

(2.4) (ug Oup)* =vg + vp.

For u € Conv(R"™) and A > 0, we define the Moreau—Yosida envelope, env ) u, of u as
|- 7
= —.
envyu = ull 5y
If u € Convy.(R™), then envyu € Convy.(R™) N C'(R"), and in particular, dom(env, u) = R™ (see
[42, Theorem 2.26]). If additionally, u € C?(R™), then so is envyu (see [42, Theorem 7.37]). If
uy € Convg.(R™) and wuy, epi-convergences to u, then env) uy, epi-convergences to env ) u.

2.3. Hessian Measures. In this part, we briefly recall the notion of Hessian measures of convex func-
tions. For a more detailed presentation, the reader is referred to [11, 15].

We begin with recalling the definition of the subdifferential of a function v € Conv(RR"). For x € R",
the subdifferential of u at z is defined by

ou(z) :={y € R": u(z) > u(x) + (y,z — x) forz € R"}.
We set
Iy :={(z,y) e R" xR": y € du(z)},
that is, I, is the graph of the subdifferential map.
The Hessian measures of u, that we denote by @? (u,-) for 7 = 0,...,n, are non-negative measures

defined on the Borel subsets of R" x R" that can be introduced in the following way. Given a Borel
subset A of R™ x R™ and s > 0, we consider the set,

Py(u, A) :={x + sy: (x,y) e ', N A}

Its n-dimensional Hausdorff measure is a polynomial in s; in other words, there exist (n+1) non-negative
coefficients OF (u, A), ..., 0"(u, A), such that

H(Py(u, A)) = Z s1O"_(u, A)
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for every Borel set A in R" x R™ and s > 0. The previous relation defines the Hessian measures of w.
They are locally finite Borel measures on R x R".

We will frequently use marginals of Hessian measures. Given j € {0,...,n} and u € Conv(R"), we
* @ (u, B) := O, _;(u, B x R") for every Borel subset B C R",
and

V% (u, B) == 07 (u,R" x B) for every Borel subset B C R™.

Note that
(2.5) d®” (u, z) = [D*u(z)]; dz
for u € Conv(R™) N C?*(R™). If B is a Borel set in R™ and u € Conv(R"), then
(2.6) o (u, B) = H"(B)
and

" (\u, B) = N 0" (u, B)
forj € {0,...,n}and A > 0.
Let u be a sequence in Conv(R"™). If u; epi-converges to u € Conv(R"), then the sequence of
measures O (ug, -) converges weakly to the measure O (u, -) (see [15, Theorem 7.3]). In particular, we

obtain the following result for ¢ € C.(R™ x R™) with compact support in the second variable. If B is a
bounded Borel set in R and ©} (u, 9B) = 0, then

@7 i [ ¢l y) A0 (s, (z,y)) = / ((z,y) A0 (u, (2. 1)).

k—=oo Jpxgrn BxR®

The interplay of Hessian measures and convex conjugation is well understood. Let v € Conv(R™) and
j €40,...,n}. It was shown in [15, Theorem 8.2] that

OF(u, A) = 0, _;(u*, A)

for every Borel subset A of R” x R™ where A = {(z,y) € R" x R": (y,z) € A}. As an immediate
consequence, we obtain

2.8) /B C(y) AT (u,y) = / ((x) A2 (u", 2)

for every u € Convg.(R") and Borel subset B C R™, when ¢ : R"\{0} — R is such that one of the two
integrals above and therefore both exist. In particular,

(2.9) | (Vu@)Du@)yde = | (@)D (@)]; do
for every u € Convy.(R") N C%(R") and such C.

2.4. Valuations on Convex Functions. The following homogeneous decomposition result was estab-
lished in [14, Theorem 1].

Theorem 2.1. If Z : Convy.(R™) — R is a continuous and epi-translation invariant valuation, then there
are continuous, epi-translation invariant valuations Z; : Convg.(R"™) — R that are epi-homogeneous of
degree i such that’Zo = 7o+ - - - + Zp.

We say that a valuation Z : Conv,.(R™) — R is epi-additive if
Zla-uOpB-v) = aZ(u) + BZ(v)

for every o, 5 > 0 and u, v € Convy.(R™). The following result is a consequence of Theorem 2.1.
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Lemma 2.2 ([14], Corollary 22). If Z : Convs.(R") — R is a continuous and epi-translation invariant
valuation that is epi-homogeneous of degree 1, then 7 is epi-additive.

For ¢ € Dy and u € Convy.(R™) N C%(R"), the substitution y = Vu(z) shows that

Voelw) = | ¢(IVu(z)))[D*u(z)], do = | C(vDdy
does not depend on u. Hence its extension to Conv,.(R") is constant. We have the following more
general result.

Theorem 2.3 ([14], Theorem 25). A functional Z. : Convg.(R"™) — R is a continuous and epi-translation
invariant valuation that is epi-homogeneous of degree 0, if and only if 7 is constant.

For the other extremal degree, we have the following classification result.

Theorem 2.4 ([14], Theorem 2). A functional Z : Convg.(R"™) — R is a continuous and epi-translation
invariant valuation that is epi-homogeneous of degree n, if and only if there exists ( € C.(R™) such that

Z(u) /d GV s

for every u € Convg(R").
As a simple consequence, we obtain the following result. Here, we say that Z is reflection invariant if
Z(u) = Z(u~), where v~ () := u(—=x) for every x € R".

Corollary 2.5. For n > 2, a functional Z, : Convy.(R") — R is a continuous, epi-translation and rota-
tion invariant valuation that is epi-homogeneous of degree n, if and only if there exists ( € C.([0,00))
such that

20)= [ V(@) ds
dom(u)
for every u € Convy.(R™). For n = 1, the same representation holds if we replace rotation invariance
with reflection invariance.

Proof. Let Z be given. By Theorem 2.4 there exists £ € C.(R™) such that
Z(u) = / E(Vu(z))dx
dom(u)

for every u € Convg.(R"). Fix y € R"™ and let u(x) = Ign(z) + (y,x) for z € R™. Note, that for
v € SO(n)
wo ™ (z) = Ipn(z) + (9"y, ).
Hence, using the SO(n) invariance of Z, we obtain
ki &(y) = Z(u) = Z(uo 07") = rn §(0"y)
for every ¥ € SO(n). Since y € R™ was arbitrary, it follows that there exists ( € C.([0,00)) such

that £(y) = ((|y|) for every y € R". In case n = 1, we simply need to choose J(x) = —z in the last
argument. U

Combining this corollary with Theorem 2.3 gives the following result.

Corollary 2.6. A functional 7 : Convy.(R) — R is a continuous, epi-translation and reflection invariant
valuation, if and only if there exist {y € D and (; € D7 such that

Z(u) = Vo (u) + Vi (u)
for every u € Convg(R").



THE HADWIGER THEOREM ON CONVEX FUNCTIONS, I 9

We remark that this implies that Theorem 1.5 is also true in the one-dimensional case if we use the
additional assumption of reflection invariance.
All of the previous results have dual versions. The following result is Theorem 4 from [14].

Theorem 2.7. If Z : Conv(R";R) — R is a continuous and dually epi-translation invariant valuation,
then there are continuous and dually epi-translation invariant valuations Z; : Conv(R";R) — R that
are homogeneous of degree i such that 7. = 7o+ - - - + Z,,.

Theorem 2.8 ([14], Theorem 25). A functional Z : Conv(R™;R) — R is a continuous and dually
epi-translation invariant valuation that is homogeneous of degree 0, if and only if 7 is constant.

Theorem 2.9 ([14], Theorem 5). A functional Z : Conv(R";R) — R is a continuous and dually epi-
translation invariant valuation that is homogeneous of degree n, if and only if there exists ( € C.(R")
such that

Z(v) = | ((z)dPy(v,z)
R
for every v € Conv(R™; R).

Corollary 2.10. For n > 2, a functional Z : Conv(R™;R) — R is a continuous, dually epi-translation

and rotation invariant valuation that is homogeneous of degree n, if and only if there is ( € C.([0,00))
such that

Z(v) = - C(Ja]) Aoy, (v, )

for every v € Convg.(R"™). For n = 1, the same representation holds if we replace rotation invariance
with reflection invariance.

The dual to Corollary 2.6 can be written in the following way. The integrals are well-defined by the
definition of D(l) together with (2.6), as well as, Theorem 2.9.

Corollary 2.11. IfZ : Conv(R;R) — R is a continuous, dually epi-translation and reflection invariant
valuation, then there exist (o € D} and (; € Dj such that

2(0) = [ Gl d@io.0) + [ (Jol) d0} (v,
R R
for every v € Conv(RR; R).
The following was shown in [14, Theorem 17].

Lemma 2.12. Let ( € C'(R x R™ x R™) have compact support with respect to the second variable. For
j€{0,1,...,n},

200)= [ Glola).2,)d85 0, (.9)
R7 xR™
is well-defined for every v € Conv(R"; R) and defines a continuous valuation on Conv(R"; R).

We conclude this part with a result that will be repeatedly used throughout this paper. It is a direct
consequence of (2.8) and Lemma 2.12.

Lemma 2.13. For ( € C.([0,00)) and j € {0,...,n}, the functional Z.: Convs.(R") — R, defined by

Z(u) = [ C(lyl) A5 (u,y),

RTL
is a continuous, epi-translation and rotation invariant valuation that is epi-homogeneous of degree j.
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2.5. The Abel transform. For ¢ € C;((0, oo)) define its Abel transform for t > 0 as

AC(1) —2/ \/j / C(Vs2+12)d

If £ € C}((0,0)), then the inverse transform is given by

_ 1L g)de
A 1§(3)_—% i \/ﬁ

In particular, A ¢ = 0 implies that ( = 0. More generally, we have the following fact.
Lemma 2.14. Let ¢ € Cy,((0,00)) and k € NU {0}. If

(2.10) /Oo CVr2F 2k dr =0
0

foreveryt > 0, then ¢ = 0.

Proof. By the definition of the Abel transform, we have

A’““C(t):/ VTP +8) dx = (k + 1)k /JFOO((\/r?—l—tQ)rkdr
Rk+1 0

for every t > 0. Thus, it follows from (2.10) that A*T!¢ = 0, which implies that { = 0. O

2.6. The Classes D7?. Let j € {1,...,n — 1} and let { € D7}. We will associate with ¢ two functions
n, p € C.(]0,00)) where

(2.11) n(t) = / ) s" 771 (s) ds
and
(2.12) p(t) = t"77¢(t) + (n— j)n(t)

for every t > 0. Observe that it follows from the definition of D that n(0) = lim,_,o+ 7(t) exists and is
finite and that p(0) = lim; .o+ p(t) = (n — 7)n(0).

The following result gives a geometric interpretation of the function p using the function u; and v,
defined in (2.1) and (2.2).

Lemma 2.15. Let j € {1,...,n — 1} and ( € D}. For everyt > 0,

) AV () = [ C(la) A2 v ) = s, (’j)pu).

R™ R

Proof. Recall that v; = (u;)*. Hence, the first equality follows from (2.8). For ¢t > 0, all Hessian
measures of v;, with the exception of the measure O] (v, -), vanish in the set {x € R™: |z| < t} x R".
In particular, we have O} (v;, B) = 0 for every Borel subset B of {z € R": [z| < ¢} x R". Moreover,
the function v; is of class C? in the set {x € R": |z| > ¢} and the Hessian matrix of v; at a point = in
this set has (n — 1) eigenvalues equal to 1/|x| and the last eigenvalue equal to zero. Hence

n—1\ 1
D? ;= —
Pl < J ) ol
for |z| > t. The set t S"~! is the set of singular points for v;. For z € ¢t S"~!, we have

Ov(x) = {Té—l 1€ [0, 1]}
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Consequently, P, (v, tS*™™1 x R") = {(t + r)x : 2 € S" "}, r € [0, s]} for s > 0. Thus,
H" (Py(v, tS" x R™)) = ki, (£ + 5)" — t7)
and therefore

J J

D" (v, tS™) = O"_ (1, tS"! x R™) = &, <”) =i
J

Summing up, we obtain

J |z|d

= K, <ZL) t"IC(t) 4 nky (n j_ 1) /t+0<> s"I71¢(s) ds,

which implies the result for ¢ > 0. Note that the set of singular points of vy is {0} and that Jvy(0) = B".
Hence ©},_;(vo, {0} x B™) = 0 which implies that the result holds for ¢ = 0. O

R

3. SINGULAR HESSIAN VALUATIONS

This section is devoted to the proof of Theorem 1.2 and Theorem 1.4. We start with functions in
Conv(R™; R)NC? (R™) and show that on this class of functions, the valuations from (1.3) are well-defined
and finite for ¢ € D} with j € {0,...,n}. The dual result implies that (1.2) is well-defined and finite
for such ¢ on Conv,.(R™) NC% (R™). The next step is an extension to functions in Conv,.(R™) NC*(R").
For this, we collect results related to the theory of Hessian equations and establish uniform estimates for
regular functions. In the last step of the proof, we use Moreau—Yosida envelopes and the polynomiality
of epi-translation invariant valuations, which was proved in [14], to extend the valuations to general
functions in Conv,.(R"). In the last part, we apply Theorem 1.2 to establish a representation formula for
V¢ on a certain class of functions.

3.1. The Smooth Case. Let Conv(p)(R";R) denote the set of functions v € Conv(R™;R) that are of
class C? in a neighborhood of the origin.

Lemma 3.1. Let j € {1,...,n} and ( € D}. If v € Conv(p)(R"; R), then
3.1 / [SEDIEHCED

]Rn
is well-defined and finite.

Proof. Let § > 0 be such that v is of class C? on {z € R" : |z| < §}. We rewrite (3.1) as

/ C(J)] 422 (v, ) + / C(Jz])] A2 (v, 2).
{z: |z|<d/2}

{z: [x|>0/2}
The second term is bounded, as ¢ € Cy((0, 00)) and ®%(wv, -) is locally finite. Concerning the first term,
let ¥ > 0 be such that [D*v(z)]; < ~ for every x such that |z| < §/2. Using (2.5), we get

/ [C ()| def (v,2) = / [¢ ()| (D0 (2)); dz
{z: |z[<0/2} {z: |z|<b/2}

x| | dz
< 4 /{x:wmm |

5/2
= wnfy/ Tnfl‘C(T)‘dT.
0
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As ¢ € D7, the function rrl ’C (r){ can be extended to r = 0 as a continuous function. Hence the last
integral is finite. U

We remark that as a consequence of this lemma, we obtain that (1.3) in Theorem 1.4 holds for every
v € Conv(R™";R) N C*(R"). A special case of the dual result of Lemma 3.1 is the content of the
following lemma.

Lemma 3.2. Letj € {1,...,n} and ¢ € D}. If u € Convg(R™) N C?(R"), then

¢(IVu(@)])[D*u(@)]n-; dz

R
is well-defined and finite.

Proof. Note that u* € Conv(g)(R™;R) for u € Conve.(R™) N C7(R"). Hence, the statement follows
from Lemma 3.1 combined with (2.9). O

3.2. Preparatory Results for Theorem 1.2. We introduce the following class of functions,
Conv,,(R") := {u € Convy(R") : w isregular, 0 = u(0) < u(x) forevery = # 0},

where u is regular if w € C?*(R") and the boundary of its sublevel sets {u < t} is of class C? with

positive Gaussian curvature for every ¢ > 0.

Let u € Conv,,(R"). Note that Vu(z) # 0 for every x # 0 and that, for ¢ > 0, the sublevel set
{u <t} is a convex body with non-empty interior and

Hu <t} ={u=t}.

Givenz # Oand j € {0,...,n—1}, we denote by 7;(u, z) the jth elementary symmetric function of the
principal curvatures at z of {u < t} for t = u(z). For every t > 0, we denote by h(u,-,t): S"! = R,
the support function of {u < t}. If ¢ > 0, the regularity properties of the sublevel set {u < ¢} imply that
h(u,-,t) € C*(S™1). Fory € S" %, let 0j(u, y, t) denote the jth elementary symmetric function of the
principal radii of curvature of {u = t} at v; *(y), where v,: {u = t} — S"~! denotes the Gauss map of
{u<t}andy; ' :S"t — {u=t}its inverse.

3.2.1. Hessian Operators and Reilly-Type Lemmas. Let A = (a;;) be a symmetric n X n matrix and
k € {0,...,n}. We denote by [A]; the kth elementary symmetric function of the eigenvalues of A, that

is,
(A == > Aig o+ Ay

1< <9< < <n

(with the usual convention [A]y = 1), where Ay, ..., \, are the eigenvalues of A. For[,m € {1,...,n},
we set
O[Ai
3.2 A = :
( ) [ ]k aalm

The n x n matrix formed by the entries [A]\™ is called the cofactor matrix of order k of the matrix A.
When k = n, this is the usual cofactor matrix. From the homogeneity of the map A — [A];, we deduce

(3.3) (A" ay,, = K [A]x

(here and throughout this section, we adopt the convention of summation over repeated indices). For a
n x j matrix (b'™) with elements of class C'!, we define

div,, ((b"™))

as the divergence of the vector field whose components are the elements of the /th column of the matrix
(&™)
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Letu € C*(R"). For k € {0,...,n}, the kth Hessian operator applied to u and evaluated at a point
x € R" is given by

The following result is due to Reilly [40, Proposition 2.1].
Lemma 3.3. Letk € {0,1,...,n}andl € {1,...,n}. Then

dlvm([D2 (@)]i") =0
for every u € C3(R") and x € R™

We will also need a corresponding result for functions defined on the unit sphere. Let h € C?(S™71).
Given x € S" !, fori,j € {1,...,n — 1} we denote by h; and h;; the first and second covariant
derivatives of h with respect to a local orthonormal frame defined in a neighborhood of z. Let J;; be
the usual Kronecker symbols. The following result was proved in [10] in the case m = n — 1 and then
extended to the general case in [20, Lemma 3.1].

Lemma34. Letk € {0,....n—1}andl € {1,...,n— 1}. Then

n—1
divey, ([P(2)im + B(2) 0 ]1) Z )im + h(@)m i), =0
—1
for every h € C3(S"™') and v € S"!, where ( T)im + h(z 6lm]lm) denotes the derivative of

[W(2) 1 + h(2)0pm L™ with respect to the mth variable of a local orthonormal frame defined in a neigh-
borhood of x.

As a consequence, we obtain the following facts.

Corollary 3.5. Letk € {0,...,n — 1} If f,g,h € C*(S" ), then
S i+ WO Gim AH" ™ = — / i + i fi g AH"
Sn—l Sn—l

Proof. When h € C3(S"™'), the statement follows from the divergence theorem on the sphere and
Lemma 3.4:

n—1
0 = /Sn 1 Z hlm +h6lm]k gl) den !

m=1

- £ [t + 7] g A + / i + B ]I g AH .
S'n 1 Sn—l

The general case is obtained by approximation. 0

Corollary 3.6. Letk € {0,...,n —1}. If f,g,h € C*(S" ), then

f [hlm + hdlm] (glm + gélm) dHn_l = / g [hlm + h5lm]€§m(flm + félm) dHn_l-
Sn—1

S§n—1
3.2.2. Geometric Statements. The following result is Proposition 2.4 from [30].
Lemma 3.7. For u € Conv,,(R") the function h(u,-,-) is of class C*(S"~! x (0,00)) and, for every

(y,t) € S" x (0,00),
1 0

Yl ] o)
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The next result follows from formulas (4.9), (5.55), and (5.56) in [43].

Lemma 3.8. Ler1 <i<n—1landt> 0. Foru € Conv,(R"),

/{ ) ) = aVi(u <)
and
by ) 43 () = 0 Vi({u < 1),

where « is a positive constant depending only on n and 1.

Lemma 3.9. Ler 1 <i<n—1and0 < t; <ty Foru € Conv,(R"),

/{t et }Tn_i(u,x) dz = oz(\/}({u <ty})—Vi{u < 751})),

where « is a positive constant depending only on n and 1.

Proof. Note that Vu(x) # 0 for every x € {t; < u < t5}. By the coarea formula, we have

to 1
To-i(u, ) do = / / —— Tp_i(u, ) AH () dt.
/{t1<u§t2} t1 J{u=t} [Vu(z)|

Using the change of variable y = v;(z) in the inner integral and Lemma 3.7, we get

! n-l xr) = ;O" 1 (u n—1
oy g 0 = [ o )4
= /S %h(u, y,t) oi1(u, y, t) dH " (y).

Next, we prove that

d . 0 e
(3.4) T h(u,t,y)ai1(u,y,t)dH”l(y)=2/ 571wy, 1) i (u,y, 1) dH (y).
Snfl Snfl

We have

(35) Ui—l(ua Y, t) = [h(u7 Y, t)lm + h(u7 Y, t)(glm]i—l

(see, for example, [43, Section 2.5]). We start with the formula,

d 0
0 / h(u,y,t) oo (u,y, t) dH" " (y) = / -,y ) o (uyy, 1) AR (y)
dt Sn71 Snfl at

+/ h(u,y,t) 071 (u,y, t) dH" ' (y).
Snfl at
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By (3.5), (3.2), Corollary 3.6, and (3.5),
0 _
/ h(u,y )875 oi—1(u,y,t) dH" 1(y)
Snfl
0 0 _
= / h(u, y, ) [P(w, Y, )i + h(w, y, £)0im]i™ ((ath(“ y,t), + 5wy, t) 6m) AH" " (y)
Snfl
0
= / g Wy ) [y, Oim + h(u, Y, )0ty (R, Y, i + B, y, )0 ) dAH" ™ (y)
Sn— 1
= Z - ]- / U’ ya [h(uv Y, t)lm + h(ua Y, t)élm]i—l dHn_l(y)
Sn 1

=1 [ by ) 4 ),

The last chain of equations and (3.6) imply (3.4). Hence, by the latter relation,

/ Toi(u, ) dz

{ti1<u<ta}
/ / u ya O-'i—l(uv Y, t) dHn_l(y) dt
S§n—1
to
/ h(u,t,y) oi1(u, y, t) dH " (y) dt

t1 dt Sn—1

= ;(/ lh(u Y, ta) oia (u, y, o) dH Y / 1 h(u,y,t1) o1 (u,y, 1) dH " (y ))
sn- e

= a (Vi({u < t2}) = Vi{u < t2})),

where we have used Lemma 3.8 in the last equation. 0

3.2.3. Integration by Parts. We start with a lemma which can be found in [9] (see formula (11)). We
write uy for the partial derivative of u with respect to xy.

Lemma 3.10 ([9]). Leti € {1,...,n — 1} and u € Conv,x(R"). Then

(D% () un () (%)t ()

D u()]n-i = [Vu(z)]"™" Toi(u, ) + Vu(z)|2

for every x # Q.

We will also need the following lemma for which we refer, for instance, to [40].
Lemma 3.11. Leti € {0,...,n — 1} and u € Conv,,(R"). Then
[D*u(a)]" (2 (2) = [Vu(@)[" "7 (u, )
for every x # 0.
Proposition 3.12. Leti € {1,...,n— 1} and u € Conv,,(R"). Ify : (0,00) — R is differentiable, then
divin (7| (@) [DPu()7 (1)) = [D*u(@)uci (0 = Dy(Vul)]) + (@) Tu(2))
=7 (IVu(@))) V(@) 1 i(u, 7)
for every x # 0.
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Proof. We have

7 ([Vul)

div,, (v(|Vu)[D*u)"™ w) = v(|Vu]) div,, ([D*a)i" u) + i

[D2u)™ gty U,
Note that, by Lemma 3.3 and (3.3),
div,, ([D?u)!™ ;) = [D*u]"™ g = (n — ) [D?ul,_;.
The conclusion follows immediately from Lemma 3.10. 0

Recall that given ¢ € D} for 1 < i < n — 1, we associate two functions 7, p € C.([0,00)) with (,
defined by

n(t) = / T (s ds, p(t) = () + (n— ()

fort € [0, 00).
The main result of this part is the following proposition.

Proposition 3.13. Let 1 <i <n—1and( € D}. Foreveryu € Conv,s(R") andty,t; with0 < t; < to,

[ cmu@hpuhode= [ pvu@hn ) de
{ti<u<ta}

{tl <u§t2}

- / DVt T (0, ) A ()
{u=t2}

o AV ) 4 ),

Proof. Forr > 0, we set

e 1 > n—i—1
~y(r) = o /r s C(s)ds.
Then e
v (r) = TZ_:JFZI /T s (s) ds + @
and

(n—i)y(r) +ry'(r) = ¢(r)
for every r > 0. Moreover,

Y (1) = (0= () + ) = plr)
for every > 0. By the previous relations, Proposition 3.12 and the divergence theorem, we have

[ vaDtids = [ (= (9l + [Vl (Vi) D do
{t1<u§t2} {t1<u§t2}
:/ (Vu|" " (|Vu|) 7, d
{ti<u<ta}

+/ div,, (7(|Vu|)[D2u]Zﬁiul) dz
{ti<u<ta}

= [ e [ e g, e
{t1<u<ts} {u=ts} |Vul

{u=t1} |V'U/’
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In the last equation, we have used the fact that the outer unit normal to the set {t; < u < t,} at a point
x € {u = ty} is given by

Vu(x)
[Vu(z)|
while at a point € {u = ¢;} itis given by
Vu(z)
]
The conclusion follows from Lemma 3.11. 0

3.2.4. An Estimate. Given a real-valued function v defined in a subset V' of R", the Lipschitz constant
of uin U C V is defined as

Lipy (u) := sup {

For u € Convy.(R™) and t > 0, we set

(@) — u(y)]

:x,yEU,:c;éy}.
|z =y
Lip(u, t) := Lipg,<yy (u)
and note that for u € Conv,.(R") N C*(R™),
(3.7) lim Lip(u,t) =0

t—0+

if 0 = u(0) < u(x) for z € R™.
Lemma 3.14. Let 1 <i <n—1land( € D}. Ifu € Conv,z(R"), then

/ ¢(|Vu(z) )[D?u(z)]i dz
{ti<u<ta}

<aV{u<t ( max + max )
({ 2}) [0,Lip(u,t2)] |p| [0,Lip(u,t2)] |?7’

forevery 0 < t; < ty where v is a positive constant depending only on n and 1.

Proof. By Lemma 3.9 (and the monotonicity of intrinsic volumes)

’/{t e }P(|Vu(x)|)7‘n_i(u,x) dz| <a(Vi({u < t:}) — Vi({u < t,})) max |p|

[O’Llp(u7t2)]

<aVi{u<t max ,
SaViust)) max o

where o > 0 only depends on 7 and <. Similarly, by Lemma 3.8

/{_t_}UﬂVu(:E)DTni1(u,a:)d’H”—l(x) §oﬂ/;-({u§t2})[ max |1

0,Lip(u,t2)]

for j € {1,2}. The conclusion now follows from Proposition 3.13. O

3.3. Proof of Theorem 1.2. Throughout this section, fix j € {1,...,n — 1} and { € D}. We will
associate the two functions p,n € C.([0,00)) defined in (2.11) and (2.12) with (.
First, we prove that we may reduce to the case
1(0) = p(0) = 0.
Indeed, let
no == lim n(r),

r—0+
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and choose ¢y € C.([0,00)) such that

/ s”’j’ng(s) ds = nq.
0

¢(r) :=¢(r) = Golr),
belongs to D7. The function 7, defined by

7“ / n—j— 1C
verifies 77(0) = 0. Moreover, as (, € C,([0, 00)), the functional Z, : Conv,.(R") — R, given by
Zow) = [ Gy dO(u.y)
R"L XR’VL

defines, by Lemma 2.13, a continuous, epi-translation and rotation invariant valuation on Conv.(R").
We have then proved that  can be written as

Then (: (0,00) — R, defined by

C - C_- + CO?
where () gives rise to a continuous valuation on Convy.(R™), while E € D}L, and the function 7 associated
to ¢ verifies 7(0) = 0. Finally, note that it follows from the relation

p(r) = (n—5)i(r) +r"7¢(r),
that p(0) = 0.
In the following, let
Convg. o(R") := {u € Convs.(R"): u(0) =0 < u(x) forz € R"}
and
Tj(u) :={t > 0: O%(u,{u =t} x R") = 0}.
Since O (u, -) is a locally finite measure, the complement of 7(u) in (0, 00) has at most countably many
points.

Lemma 3.15. Ler u € Convg.o(R™) N C*(R™). Then there exists a sequence uy of functions from
Conv,,(R™) such that uy, epi-converges to u and

lim mwummmmmﬂmz/ C(Jy]) 407 (u, (z,4)

k=00 St <up<ta} {(zy): t1<u(z)<t2}

fOl’ all 0 < t1 <ty with t1,10 € T}(U)

Proof. The proof is divided into several steps.

(i) There exists a sequence uy, of functions from Conv,,(R") that epi-converges to u. Indeed, by a
standard mollification procedure, we first find a sequence of convex functions 1 of class C?(R") such
that 0 = w,(0) < ug(x) for every z € R™ and k € N, and @, converges to u on compact sets (in
particular, u;, epi-converges to u). Then we define, for every z € R" and k € N,

ug(z) = up(x) + %|x|2

Then clearly u;, € Convg.o(R™) NC?(R™), and u;, epi-converges to u. Moreover, D?u,(x) > 0 for every
r # 0and k € N, and this implies that the boundary of {u;, < t} is of class C? with positive curvature
for every t > 0. Moreover, as u € C''(R"), the sequence Vuy converges to Vu uniformly on compact
sets.
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(ii) For t1,t5 € T;(u) such that 0 < t; < to,

(8  lim C(y]) 407 (up, (2, y)) = / C(]) 402 (u, (. )).

k=00 J{(2,y): t1<u(e)<ts} {(zy): t1<u(z)<t}

For t > 0 fixed, there exists o > 0 such that
|Vu(z)| > 2« for every x such that u(z) > t.
Since the sequence u;, converges to u in the C'-norm on compact sets, we may assume that

|Vug(x)| > « for every x such that ug(x) > ¢

for k sufficiently large (independent of x). Let  be a continuous function in [0, 00), which coincides
with ¢ in [a, 00) and hence has compact support. We have

/ Cllyh 40 e (2.9)) = [ Gl 465 (e, (1),
{(z,y): t1<u(z)<t2}

{(z,y): ti<u(z)<t2}
for every ¢ < t; < ty and for every k sufficiently large, and the corresponding statement holds for wuy,
replaced by u. As uy, epi-converges to u and as t1, ¢, € T;(u), it follows from (2.7) that

lim C(y]) A0 (g, (2, 9)) = / C(ly]) 407 (u, (2. y)).

k—o0 {t1 <u<ta}xR™ {t1<u§t2}XR"
This proves that (3.8) holds for all ¢, ¢, € T](u) such that t, > t; and 1,15 > t. Ast > 0 was arbitrary,
the claim is proved.

(iii) For every t > 0,
69 Jim| [ dTu) D)o
{u=t}

¢
k=00 {up>t}

(IVur(@)])[D*up(2)]n-; dz| = 0.

We first note that in the previous relation, we may replace ¢ by ¢ (where  is chosen as in the previous
step). Let (, and (_ denote the positive and negative parts of (; these are continuous functions in
[0, 00), with compact support. As ( = (, — (_, it is enough to prove (3.9) for | and (_ separately. In
other words, we may reduce to prove (3.9) under the assumption that ¢ is non-negative and belongs to
Ce([0,00)).
For every k € N, let

trr = max{r > 0: {u, <r} C {u<t}}
and

tro =min{r > 0: {u, <r} D {u <t}}.
Equivalently, {u), <t} is the largest sublevel set of u;, contained in {u < t}, while {u), < ¢} is the
smallest sublevel set of u;, containing {u < t}. Clearly

{ug <tpa} C{u <t} C{up <tpo}

for every £ € N. Moreover, by uniform convergence, we have
lm {up < tp1} = lm {up < tpo} ={u <t}
k—oo ’ k—o0 ’

(here, convergence is in the Hausdorff metric). As ¢ is non-negative,

/ (Vs () [DPug ()] iz < / ¢V () D2 ()]
R\ {up <ty 2}

R\ {u<t}

< / C( V() ) [D?ug ()]s
R\ {up <ty 1}
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Therefore, the difference

ovi= [ V@)D @l — [ (Vuele) D)y do
{ut)

{up>t}

is bounded from below by

(3.10) /{ b }C(|Vuk(x)|)[D2uk(x)]n_j dz,

where a;, = min{t, ¢ o} and by = max{t, t; »}. Similarly, oy is bounded from above by

G.11) /{ o O 0

where ¢, = min{t, ¢} and dj, = max{t,t; ;}. Note that the sequences ay, by, ¢ and dj converge to ¢
as k — oo. We prove that the integral in (3.10) converges to zero as k — oo. The same, with a similar
proof, holds for (3.11). This will complete the proof of this step.

By Proposition 3.13, we have

/ C(IVug (@) ) [D*up(2)]p—j da = / P(IVug(2)]) 7 (e, ) dz
{ar<up<by}

{ar <up<by}

- / (Vb)) Ty (5, 2) AHO ()
{urp=by}

+/{W:ak}77(|Vu1<;(93)|)7n_j_1(uk7x) T (),

where the functions p and 7 are associated to ¢ as in Proposition 3.13. For the first term on the right side,
we may write, using the continuity of p and Lemma 3.9,

/ oVt () )7y, ) d
{ap <up<bp}

where o > (0 depends on n, 7 and p. By the uniform convergence and the continuity of intrinsic volumes,
the right side of the previous inequality tends to 0 as £ — oo.
Next, we consider

< a(Vi({ur < b}) = Vi{ue < ar})),

/{ _ }n(lVUk(l‘)DTn_j_l(uk,x) den—l(x)‘

This integral can be written as

(n j_ 1) / n(|Vur(2)]) dC;({ur, < bi}, ),

where C;({u, < by}, -) is the jth curvature measure of {u;, < by} (see [43, Chapter 4] for the definition
of curvature measures). Note that by the convergence of {uy < bx} to {u < t} and [43, Theorem 4.2.1],
the curvature measures C;({uy < by}, -) converge weakly to C;({u < t},-). Moreover, the support of
the curvature measures of a convex body is contained in the boundary of the convex body. Hence there
exists a compact set C' C R", such that the supports of C;({uy < b;},-) and of C;({u < t},-) are
contained in C' for every k. Taking the continuity of 7 and the uniform convergence of Vu, to Vu on
compact sets into account, we deduce that

i [ Vs ) a0 = () [ avuhacfu < i)

k—o0 {uk:bk}
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By a similar argument, we may prove that

i n-1 _(n 1! u(x ({u z
i [ V) 7) O @ =("71) [ avuaci < i

Thus, the integral in (3.10) converges to zero as k£ — oo, which concludes the proof of this step.

(iv) By the previous step we have for every t1,t, € Tj(u) such that 0 < t; < to,

lim / ¢V () ) [D?ui ()]l — / ¢ Vur(@)) Dy ()] d| = 0.
k—o0 {t1 <u§t2} {tl <ukSt2}
This, together with (3.8), concludes the proof of this lemma. U

Lemma 3.16. Ler u € Convgo(R™) N C'(R™). Then for t1,ty € T;(u) such that 0 < t; < ta, we have

/ Iy a0y (u, (v,9)| < aVil{u < h) (| max ol + max |n]),
{(z,y): t1<u(x)<ts} )l )]

[Olep(u7t2 [07L1p(u7t2
where « is a positive constant only depending on n and j.

Proof. The validity of the claimed inequality follows from Lemma 3.14, Lemma 3.15, and the conver-
gence of Lipschitz constants and of sublevel sets under uniform convergence. 0

Lemma 3.17. For every u € Conv.o(R™) N C*(R"), the limit

lim / C(ly]) A0 (u, (2, )
t—0
teTj(uw)  {(zy): u(z)>t}

exists and is finite.

Proof. From Lemma 3.16, we obtain that for every t1,t, € Tj(u) such that 0 < ¢; < ¢,
| () 467w, (r,9)| < aVifu < ) max o[+ max ).
{(z,y): ti<u(z)<t2} )l )l

[Olep(u7t2 [07L1p(u7t2

The conclusion now follows from (3.7) and the fact that both 7 and p are continuous on [0, c0) and vanish
att = 0. O

Lemma 3.17 and the fact that env, v € Conv,.(R™) N C*(R") allow us to make the following defini-
tion. For v € Convg.o(R™) and A > 0, we set

A . n
(3.12) V() = lim / C(ly]) A0 (envy u, (2, 1))
teTj(envyu) {(z,y): envy u(x)>t}

An immediate consequence of this definition and Lemma 3.16 is the following result.

Lemma 3.18. Let u € Convg.o(R") and A > 0. Ift € Tj(env) u), then

V- [ chaejenyu )
{(z,y): envy u(z)>t}

< aVi({enviu < t})( 0 Lip(ems u.)] ol + 0 Lip(enen ) )

where o is a positive constant only depending on n and j.
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We introduce the following auxiliary functions. For r > 0, we define (,: [0,00) — R as
(%) fort >r,
G(t) =
C(r) for0<t<r.

Note that ¢, € C.([0,00)). We also introduce the corresponding functions 7,., p,: [0,00) — R, defined
as

(1) ::/ s"ITG(s)ds,  pe(t) == "TNG(E) 4 (0 — J)me(t).
t
Clearly, 7., p, € C.([0,00)). For t > r, we have n,(t) = n(t), and, for 0 <t < r,

w(O) = [ st [T s = o) T
Hence
n(t) fort >r,
i (t) = C(T)M—l— (ry for0<t<r
n—j K - '
Concerning the function p,, we have p,.(t) = p(t) for t > r and
pet) = 7C(r) + (1 = )C(r) e+ (0= () = ") + (0= () = o)

n—j
for 0 <t < r. Hence
p(t) fort >r,
p(r)  for0<t<r.

For every 6 > 0, we obtain

< n=J
IE%T{‘T]T‘ In(r)| + — [P ¢(r)] + %%T( ],
(3.13)
< .
%%f\pr\ < p(r)| + max /]

These auxiliary functions are used in the following two lemmas.
Lemma 3.19. If u;, € Convg o(R") epi-converges to u € Convg. o(R"), then

. A A
lim VI () = V()

for every A > 0.

Proof. Fix A\ > 0 and set & = env, u and 4, = env), u,. For any fixed ¢ > 0, there exists a constant
a > 0 (depending on u and t) such that

|Vu(z)| > 2a for every x such that a(z) > t.

As uy, epi-converges to u, the sequence i converges to « and the sequence Vi, to V. In both cases,
the convergence is uniform on compact sets. Therefore, we have

Vg (x)] > « for every x such that @ (z) > ¢

for k sufficiently large.
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Set r = . We have

where

Bo = | Vie(w) = Vid (m)],

Bo= [VRw- [ o) 405 3, ()|,
{(zy): a(x)>t}

B = [Vw- [ G (1l) 405 3 2. )]
{(zy): a(x)>t}

B = [V - [ (o) a0, (2. )|
{(zy): g (z)>1}

B= [V - [ G (ol) 40 s )|
{(zy): ap(z)>1}

These quantities depend, in general, on ¢ and k (note that r depends on £). We fix ¢ > 0 and first consider
the terms 3, and 3. By Lemma 3.18, the continuity of 1 and p at ¢t = 0, the relations 1(0) = p(0) = 0,
and the uniform convergence of i, to % on compact sets, we may choose ¢; > 0 so that 51, (3 < ¢ for
every

te (0,£)NT;(a)N (] wop, Tl

with &, sufficiently large. Note that this set has full measure in (0, 7;).
Next, we deal with the term (3. For t > 0, set

r(t) := inf {|Va(z)| :  such that u(z) > ¢}.
Note that r(¢) tends to zero as t — 0. By Lemma 3.18, we have for ¢ € T}(a),

fr<aV(fu<ih)( max |pp|+ max l.ql).

[0,Lip

By (3.7) and (3.13) combined with the conditions on p and 7, we deduce that there exists t5 > 0 so that
By < e forevery t € (0,2) N Tj(a).
We proceed in a similar way for 34. For k € Nand ¢ > 0, let

r(t) := inf { |V ()| :  such that ay(z) > t}.
As before, 74(t) tends to zero as t — 0. Moreover, for ¢ € T;(1y),

By < aVi({a, < 13)( oJuax lpn@l+  max @) -

By (3.7) and (3.13) combined with the uniform convergence of u; to & on compact sets, there exists
t3 > 0 such that 8, < ¢ forevery ¢ € (0,%3) N[ \;>, T;(Ux) with k sufficiently large.

Finally, for every fixed » > 0, and hence for every fixed ¢ > 0, the term 3y — 0 as k — oo, since
¢ € C.(]0,00)) and by Lemma 2.12. This concludes the proof. O

Lemma 3.20. For every u € Convg. o(R") and A > 0,
A
lim V] C7< u) = Vgc) (u).

r—0t
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Proof. For r > 0, let
t(r) :==1inf {¢t > 0: [Venvyu(z)| > r forall  such that envy u(z) > t}.
This defines a monotone function of r, and

limt¢(r) =0

r—0

since env) u is of class C.
For every r > 0, let t(r) € T;(env, u) be such that t(r) < #(r) < t(r) + r. We have

VR -V | < [V - [ C(ly)) 465 (envy u, (2, )]
{(zy): envyu(z)>

t(r)}
Hvw- [ Gl a0 (envy u, (x,9))|
{(z,y): envy u(z)>t(r)}
Let r — 07. The conclusion follows from Lemma 3.18, (3.7), and (3.13). ]

We extend V;j\) from a functional defined on Conv.o(R™) to a functional defined on Conv,.(R") in
the following way. For every u € Convg(R"), there exists uy € Convg.o(R™) such that epi(uo) is a
translate of epi(u). Indeed, if o € R™ is such that  attains its absolute minimum at z, it is sufficient to
define uq for z € R”™ as

uo(z) := u(r + x¢) — mingn u.

We note that 1, is not uniquely determined (as x is not), but any two functions of this form can be
obtained from each other by a translation of the epi-graph. Therefore,

A A
Vi (w) = Vi (uo)
is independent of the choice of the particular u,. Clearly, V; 2 extended in this way is epi-translation in-

variant and, as V 1s rotation invariant on Conv. o(R™), the same holds for its extension to Conv,.(R").
By Lemma 3.19, thls extension is also continuous.
For every r > 0, we have ¢, € C.(]0,00)). Hence, it follows from Lemma 3.20, that the functional

V', defined in (3.12), is

VR = [ Gl a8, (a.0)
R™xR™

for u € Convo(R™), extends by this representation to Conv.(R") and defines there an epi-translation
invariant valuation. Hence, using the epi-translation invariance of both V?C) and VEAC) on Convg.(R"),

we deduce from Lemma 3.20 that also Vg? is a valuation on Convg.(R™). We conclude that VE? isa
continuous, epi-translation invariant and rotation invariant valuation on Conv.(R").
The inclusion D} C D} fori € {1,...,j} ensures that we may repeat this construction replacing j

byanyi € {1,...,7}.

Lemma 3.21. Foreveryi € {1,...,j} and X > 0, the function VE’AC) is a continuous, epi-translation and
rotation invariant valuation on Conv.(R").

For u € Convy(R™) N C%(R™), Proposition 3.2 shows that

Vi) = | C(Vule))[Du(a)) -y e
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is well-defined. Moreover, as D7 C D fori € {1,...,j}, we may also set

Vig(u) = C(IVU( )[D*u(@)]n—i dz

forevery i = 1,...,j and u € Convy.(R™) N C3(R™). Since envy u € Convy(R") N C3(R™) for such
uand A > 0, we have

(3.14) Viclenvyu) = VI (u)

by Proposition 3.2.
For the final step of the proof of Theorem 1.2, we require the following statement.

Lemma 3.22. There exist oy, ..., a 11 € R such that
Jj+1
(3.15) Z a; Vi (u

for every u € Convg(R™) N C2(R™).

Proof. Letu € Convg.(R")NC%(R™) and let A > 0. As usual, we denote by u* the conjugate of u. Note
that

fenvau)'(y) = u(y) + AL

and that
n—1
j — Z

[D(envi u)*(y)]; = [D(u*(y) + A|yz| =2 (

vt )
for every y € R™. Hence, it follows from (3.14) and (2.9) that
Vi = | C(V(envaw) @)D (enva u)(e)]o—; o
= C(Iyl)[Dz(enVA u)*(y)]; dy

- ( D bt

1=

=D ! (A I TR EN R e

=0
J n—1
— PURATS
- (j—z) Vil

Inverting the system that we obtain by writing the previous equation for A = 1,...,n + 1, we deduce
(3.15). We use that the matrix is a Vandermonde matrix and, therefore, invertible. ]
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Combined with Lemma 3.21, Lemma 3.22 implies that V; - continuously extends to Conv,.(R"). This
completes the proof of Theorem 1.2.

3.4. Representation formulas. As an application of Theorem 1.4, we derive representation formulas
for V; ¢ and V7 - on convex functions with certain regularity properties.

Lemma 3.23. Let j € {0,...,n} and ¢ € D}. We have

o) = [ clel) a®3(o.0)
forv € Conv(p)(R™; R).
Proof. By Theorem 1.4 and (2.5), we know that for every v € Conv(R"; R) N C% (R™),

se(v) = C(|z[) AP} (v, z) = ¢(|z])[D*v(z)]; dz.

Rn RTL

Now, let v € Conv(g)(R™;R). There exists a sequence vy, of functions from Conv(R™;R) N C% (R")
that converges to v. Indeed, by a standard mollification procedure, we first find a sequence of convex
functions vy, of class C%(IR™) that converges to v on compact sets. Then we define, for every x € R" and
keN,

Uk<$) = Q_Jk(l') + %|SE|2

Then clearly v, € Conv(R™; R) N C%(R™), and v, converges to v. Moreover, if 7 > 0 is such that v is of
class C? in a neighborhood of #B", then the convergence is in C?-norm in this set.
Since Vj’c is continuous, it is now sufficient to prove that

tim [ () A5 (e a) = [ () ) (,2).

k—o0 R™ Rn

By (2.7) and since ( is continuous on (0, c0), we have

(3.16) lim C(|z]) AP (vg, x) :/ C(|z]) d®% (v, z)

k=00 J e |a>r} {a: |2[>r}

for r > 0 with ®%(v,{v = r}) = 0. Since ®%(v, ) is locally finite, (3.16) holds for a.e. 7 > 0. On the
other hand, for every » < 7 and for every k we have

[ b= [ capruw)ds
{z: |z|<r} {z: |z|<r}

and a corresponding relation for v. Using the convergence of vy to v in 7B™ in C?-norm, polar coordi-
nates and the fact that for 6 > 0,
s
/ "1 (r) dr
0

is finite, we obtain that for every € > 0 there exists 0 < ¢ < 7 such that
317 [ dabpre@las) | [ D)) o] < e
{z: |z|<d} {z: |z|<d}

for every k € N. The conclusion follows from (3.16) and (3.17). [
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An immediate consequence is the following result.

Lemma 3.24. Let j € {0,...,n} and ¢ € D}. We have

Vie(u) = . C(lyl) A7 (u, y)

for u* € Conv)(R™; R).

4. THE CLASSIFICATION RESULT

In the proof of Theorem 1.3 and Theorem 1.5, we follow the original approach by Hadwiger [23].
First, we establish a classification of valuations on Conv.(R") that are epi-homogeneous of degree 1.
For this, we introduce rotational epi-symmetrization and reduce the classification problem to the solution
of an integral equation. We immediately obtain, by duality, a classification of valuations on Conv(R"™; R)
that are homogeneous of degree 1. Next, we introduce orthogonal cylinder functions on Convy.(R™) and
show that if a valuation vanishes on this class of functions, then it has to be epi-homogeneous of degree
1. By duality, we also obtain that if a valuation vanishes on dual orthogonal cylinder functions on
Conv(R™; R), then it has to be homogeneous of degree 1. In the final step, we work in the dual setting
and use induction on the dimension to establish a representation formula of valuations on dual orthogonal
cylinder functions. Combined with the results established in the first part and the classification of one-
homogeneous valuations, it completes the proof in the dual setting, that is, the proof of Theorem 1.5.
The result in the primal setting, that is, Theorem 1.3, follows by duality.

4.1. The Case of Epi-Homogeneity of Degree 1. Let n > 2. A classical result by Hadwiger [23,
§4.5.3] (or see, [43, Theorem 3.3.5]) states that for every convex body K C R", that is at least one-
dimensional, there exists a sequence of rotation means of K that converges to a ball. Here a rotation
mean of K is given, for k£ > 1 and rotations 91, ..., 9, € SO(n), as
1
k
For u € Convg.(R™) and rotations ¥y, . .., 9 € SO(n), we call

%-(uozﬂ_lﬂ---ﬂuoq?,;l)

(MW K+ -+ K).

a rotation epi-mean of u. A function u € Conv.(R") is called radial if u = uo~! for every ¥ € SO(n).
For u € Convy.(R™), define its rotational epi-symmetrization u° via the support function of its epi-
graph for y € R" and ¢ € R by

Pepie (Y, t) == / hepiu(ﬁ_ly, t) dd,
SO(n)
where we integrate with respect to the Haar probability measure on SO(n). The following result is
obtained by suitably approximating the above integral.

Lemma 4.1. For every u € Convy.(R™) with at least one-dimensional domain, there is a sequence of
rotation epi-means of u epi-converging to its rotation epi-mean u° € Convg.(R™).

Recall that for given ¢t > 0, we have u(x) := t|z| + Ign(z) for z € R".

Lemma 4.2. If u € Conv.(R") is radial, non-negative, and such that u(0) = 0, then there exists a
sequence uy which epi-converges to u and such that each uy, is the finite epi-sum of functions of the form
r-us withr > 0andt > 0.
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Proof. Since the function u is radial, this is a one-dimensional problem. Any piecewise affine function
@ : [0,00) — [0, 00) with positive derivative at 0 can be written as an epi-sum of finitely many functions
of the form s — t s + I (s) with suitable » > 0 and ¢ > 0. Hence the statement follows from the fact
that such piecewise affine functions are dense. 0

The main result of this section is the following result.

Proposition 4.3. Let n > 2. If Z: Convy.(R") — R is a continuous, epi-translation and rotation
invariant valuation that is epi-homogeneous of degree 1, then there exists ( € D7 such that

Z(u) = Vic(u)
for every u € Convg.(R™).

Proof. Since Z is a continuous valuation that is epi-homogeneous of degree 1, Lemma 2.2 implies that it
is epi-additive. Let u € Convy.(R™) and let u;, be any rotation epi-mean of u, that is, there are rotations
U4, ..., Uy, such that

1 1
ug = (ot d---Ouodt).
k mp ( 1 my )
Since Z is epi-additive, rotation invariant, and epi-homogeneous of degree 1, we see that

Z(u) = Z(uyg).

By Lemma 4.1, there is a sequence of rotation epi-means of u that converges to the rotation epi-
symmetral u°. Since Z is continuous, it follows that

Z(u) = Z(u®).

Hence we obtain that Z is determined by its values on radial functions.

Since 7 is epi-translation invariant, Z is even determined by radial functions u that are non-negative
with (0) = 0. Combined with the epi-additivity and the epi-homogeneity of degree 1 of Z, Lemma 4.2
implies that Z is already determined by its values on the one-parameter family w; for ¢ > 0. Thus, the
function ¢ — Z(u;) on [0, 00) uniquely determines Z and it suffices to show that there is ( € D} such
that

4.1 Z(ut) = Vi ¢(ur)

fort > 0.

Note that the continuity of Z implies that ¢t — Z(u,) is continuous in [0, c0). Let us prove that it has
compact support. Assume that this is not true. Hence, there exists a sequence t; such that {;, — oo as
k — oo, and

ag = Z(ug) >0
for all k£ € N. Define u;, € Convy.(R") by

1
u(x) == o cug () = t|z] + IiBn(x).

By the epi-homogeneity of Z, we have Z(u,) = 1 for every £ € N. On the other hand, the sequence
uy, epi-converges to Iy, and it is easy to prove, using once more the fact that Z is epi-homogeneous of
degree 1, that Z(I;;;) = 0. Hence we have a contradiction to the continuity of Z.

To prove (4.1), we solve an integral equation. Let u; be the dual function of u, and note that we have
uy € Conv()(R";R). By the definition of V; ; combined with Lemma 3.24, we can calculate V #(u)
for ( € D} by Lemma 2.15 and obtain

t
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Hence, we need to solve the integral equation,

o0 +2=E [ty ar - 2

wntn—l )

to determine ¢ when Z(u;) is given. We claim that

o) (=) [* Al

—1
wpt™ Wn rh

4.2) ¢(t) =

r

is a solution. Indeed, using integration by parts and that ¢ — Z(u;) has compact support, we obtain that

4.3) (n—1) / g /°° ZAUD I /°° Zw) 40 /°° 2O
t -, . )

S rh r

and the result follows. Since ¢ — Z(u,) is continuous with compact support, also ¢ is continuous on
(0, 00) and it has bounded support.
Finally, we show that the solution ¢ defined in (4.2) is in D} . First, we show that

oo

(4.4) lim "2 (r) dr exists and is finite.
t—0t t

Note, that for ¢ > 0,

wn /too P2 (r) dr = /too (Z(:fr) — (n—1)r"2 /Too Z(SZS) ds) dr

and therefore, by (4.3),
wn/ r" 2 (r) dr = / (ur) dr + tn_I/ (ur) dr — / (ur) dr = t”_l/ (ur) dr.
t t t t t

r rn r

Since 7 +— Z(u,.) is in C.([0, 00)) it follows from L’Hospital’s rule that

(4.5) lim "~ / N Z(Z’”) ar — L)
t

t—0+ T n—1

and we have shown (4.4).
Second, since

ot (1) = ! ( 20u) _n—1 /t = 2u) dr) ~ Zu) — (n — 1) /t T g,

-1
Wpt™ Wn rh

it follows from (4.5) that
lim " ¢(t) = 0.

t—0t+

Thus, ¢ € DT and we have proved (4.1). O
We immediately obtain the following dual result.

Proposition 4.4. Letn > 2. If Z: Conv(R"™;R) — R is a continuous, dually epi-translation and rotation
invariant valuation that is homogeneous of degree 1, then there exists ( € D} such that

Z(v) = T,g(@
for every v € Conv(R"™; R).
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4.2. Orthogonal Cylinder Functions. Let P C R" be an n-dimensional convex polytope. We call the
n-dimensional convex polytopes Py, ..., P, C R™ a dissection of P, if

P:OE
=1

and the interiors of the polytopes F; and P; are disjoint for ¢ # j. In this case, we write

P = DB.
i=1

Two n-dimensional convex polytopes P and () are translatively equi-dissectable, written P ~ (), if there
are dissections P = | |", P, and Q = |_|;", Q; such that P, is a translate of Q; fori =1,...,m.

A valuation Z : P" — R is simple if it vanishes on lower dimensional polytopes. For a simple
valuation Z : P" — R, we have

(4.6) ZQﬁﬂzXﬁ@)

(see, for example, [43, Section 6.2]).

An n-dimensional simplex S is the convex hull of (n + 1) affinely independent points py, . . ., p,. Set
x; = p; — pi—1. We say that S is orthogonal if the vectors x1, ..., x, are pairwise orthogonal. We set
xo = po and write S = (z¢; x1,...,2,). For 0 < t < 1, the canonical simplex dissection is
4.7) S = (A=) Sy +15us),

k=0
where

k
Sy = (xo; 1, ..., TL), Sn_k = (xo+ in; Thi1y .-y Tn)
i=1
while + in (4.7) denotes Minkowski addition (see Hadwiger [23]).

Let P™ denote the set of convex polytopes in R™. We say that P € P" is a proper orthogonal cylinder
if there are orthogonal and complementary subspaces £ and F' with dim F,dim F' > 1 and polytopes
P C F and Pr C F such that P = Pg + Pp. If S is an orthogonal simplex, then the terms in (4.7) for
1 < k < n are proper orthogonal cylinders.

The following result is due to Hadwiger [23, Section 1.3.4, Theorem VII].

Lemma 4.5. For an n-dimensional polytope P &€ 'P", there are orthogonal simplices Si,..., S,
Si, ..., Sl such that

1=1 j=1

Let Z : Convg.(R") — R be a valuation. We say that it is simple if Z vanishes on functions with
lower dimensional domain. The following analog of (4.6) is a consequence of the inclusion-exclusion
principle established in [14]. Let uy, . .., u,, € Convy.(R") be such that the domains of u; V u; are lower
dimensional for i # j. If Z : Convs.(R") — R is a simple valuation, then

(4.8) :uﬂwzfﬁ@y

=1
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A function u € Convy.(R"™) is called piecewise affine if its domain is a convex polytope and u is the
pointwise maximum of finitely many affine functions on its domain. Hence there is a dissection of
dom(u) into polytopes P, ..., P,, such that

u= /\(gi +a; +1p,)

=1

with linear functions ¢; : R® — Rand a; € Rfori = 1,...,m. If Z : Convy(R") — R is an
epi-translation invariant and simple valuation, we obtain by (4.8) that

m

(4.9) Z(u) =Y Z(l; +1p).

i=1

Note that piecewise affine functions are dense in Conv.(R™).

We say that the function u € Convg.(R") is an orthogonal cylinder function if there are orthogonal
and complementary subspaces E and F' with dim E, dim F' > 1 and functions ug € Conv,.(R") with
dom(ug) C F and upr € Convy.(R™) with dom(ur) C F such that u = ug O up.

Proposition 4.6. If Z: Conv,.(R") — R is a continuous and epi-translation invariant valuation that
vanishes on orthogonal cylinder functions, then it is epi-homogeneous of degree 1.

Proof. Fory € R", set {,(x) = (y,z). Define Z : P* — R by

7(P) == 7((, + Ip).

Since Z is continuous, SO i 7.
Let S be an n-dimensional orthogonal simplex in R" and 0 < ¢t < 1. In the canonical simplex
dissection

n

S=||(@=1)S, +tS.s),

k=0

the simplices S, and S,,_; are orthogonal and lie in orthogonal subspaces. Since Z vanishes on ortho-
gonal cylinder functions, it is simple. Consequently, Z vanishes on orthogonal cylinders and is simple.
By (4.6), this implies
Z(S) =7((1 - )S) + Z(t S).
Letr, s > 0. Setting a(r) = Z(r S) and t = r/(r + s), we obtain

a(r+s) = ar) + a(s)

for r, s > 0. Since 7 is continuous, so is « : (0,00) — R. Hence, « is a continuous solution of Cauchy’s
functional equation, and we obtain that

7(tS) = t Z(S)

for any ¢ > 0 and any orthogonal simplex S.
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For P € P", by Lemma 4.5 there are orthogonal simplices such that

1=1 j=1

Therefore, for every t > 0,
267 -2(]es) -2, (LJes) = ez(1)s) -2, (1]8) = e2(P).
j=1 i=1 j=1 i=1

Hence, Z is homogeneous of degree 1 on polytopes. Consequently, Z is epi-homogeneous of degree 1
on functions of the form

u = gy —f- Ip
forevery y € R™ and P € P". Since Z is epi-translation invariant and simple, (4.9) now implies that Z is
epi-homogeneous of degree 1 on piecewise affine functions. Since piecewise affine functions are dense in
Conv.(R™), the continuity of Z now implies that Z is epi-homogeneous of degree 1 on Convg.(R™). [

We say that v € Conv(R™;R) is a dual orthogonal cylinder function if there are orthogonal and
complementary subspaces E and F' with dim £, dim F' > 1 as well as functions vy € Conv(FE;R) and
vp € Conv(F;R) such that v = vg + vp. We use (2.4) and obtain the following result as an immediate
consequence of Proposition 4.6.

Proposition 4.7. If Z: Conv(R";R) — R is a continuous and dually epi-translation invariant valuation
that vanishes on dual orthogonal cylinder functions, then it is homogeneous of degree 1.

4.3. Additional Results on Hessian Measures and Valuations. On a special class of functions, we
write the measure ®}' as a sum of product measures.

Lemma 4.8. Let E and F' be orthogonal and complementary subspaces of R™ such that 1 < k < n with
k = dim E. Ifvg € Conv(F;R) and vp € Conv(F;R), then
kAl
Qv +op, )= > Pf(vg,) @B} F(vp, )
=0V (I+k—n)

forevery 0 <[ <n.
Proof. Let v = vg + vp. Observe that y € Jv(z) if and only if yp € Jvg(zg) and yp € Jvp(zp).
Therefore, for s > 0 and Borel subsets By C FE and By C F,
P,(v,Bp x Bp xR") ={x+sy: x € Bg X Bp,y € 0v(z)}

={(zp,2p) + 5y, yr): v5 € Bg,2r € Bp,yg € Ovg(zE),yr € Ovr(zp)}

= PS(UE;BE X E) X PS(UF,BF X F)
Thus,

'@ (v, By x Br) = H"(P,(v, By x By x R"))
=0
= H*¥(P,(vg, Bp x E))H" *(P,(vp, Bp x F))
n—k

k
= s'®f(vg, Bp) Y _ &'} (vp, B).

=0 =0

<
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Consequently, by comparing coefficients, we obtain

kAL
(v, )= Y. B(up,) @Y (vp,-)
i=0V(I— (n—k))

on product sets. This completes the proof since the statement only needs to be checked on such sets. [J

We repeatedly evaluate Hessian measures at piecewise affine functions. Fix z = (z4,...,%,) € R”
and define v € Conv(R™; R) as

n

1
(4.10) (X1, ..., Ty) :§Z|xl—§c,|
i=1
Note, that if Z;, ..., 7, # 0, then v € Conv(o)(R™; R). If & = v* € Convy(R"), then
ﬂ(%) - I[iévé]n(l‘) + <E, 33‘>

for x € R™. It is now easy to see by (2.8) that
e = [ ey = [ c@dr=d)
Rn R” —53 n

for every continuous function ¢ : R” — R with compact support (for the second equality, compare [15,
Section 10.4]). Hence, we conclude that
(4.11) o (v,-) =I5,

where ¢ denotes the Dirac point measure concentrated at 7.
Next, for 1 < 5 <n, let

1< i
'U(fEl,...,iI?n) = 521"%.1_1;1
1=
with 7q,...,7; € R. Observe that v is of the form

(.. xn) = v, ., x5) + 02T, -, Th)

where v, is of the same form as (4.10) and vy = 0. In particular, @?7] (vg, A) = Oforevery 1 <i<n—j
and Borel subset A C R"7. Hence, it follows from Lemma 4.8, (2.6) and (4.11) that

d®% (v, (71,..., 7)) = d@g(vl, (21, .., 2;)) AL (v, (Tjg1,s - Tn))

4.12)

— d(s(fl .... j])((xl,’xj)) d‘rj+1"' dxn
and
(4.13) &7(0. B) = 0

for every j < ¢ < n and Borel subset B C R".
We require the following result on vanishing integrals. We remark that the condition (4.14) implies,
in particular, that z — ((||) is in L'(R", ®7(v, -)) for v € Conv o) (R"; R).

Lemma 4.9. Let ¢ € Cy((0,00)) and j € {1,...,n}. If

(4.14) ¢(lz|) d®F(v,2) =0

]Rn
for every v € Convg)(R"; R), then ¢ = 0.
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Proof. Fix zy,...,7; € R\{0}, sett = /23 +--- + 27 # Oand v(zy,...,2,) = %Zle |z; — Z;|. For
j = n, the measure ®”(v, -) is the Dirac point mass concentrated at (Z1, ..., Z,) by (4.11). Hence

0= [ C(lz])d®f(v,z) = (t),

Rn
and the result follows. For 1 < j < n, we use (4.12) and obtain

0= [ C(lz])d®f(v, )

R

:/ ,C(Kj:l"">jj7$j+17-'~7xn)|)dl'j+1"'dxn
R7=J

= Wy—j / C(Vr2 +2)r" i dr.
0
Since 71, ...,Z; € R\{0} and hence ¢ > 0 are arbitrary, the result now follows from Lemma 2.14. [

Lemma 4.10. Let j € {1,...,n} and ¢, € D} If
(4.15) lim Cm(|]) d®F (v, ) = C(|z[) AP (v, z)
m—ro0 Rn Rn

for every vy, v € Conv(gy(R™; R) with vy, epi-convergent to v, then lim,, o (n(t) = ((t) for every
t>0.

Proof. In case j = n, we may simply choose v,,(x) = v(x) = %Z?Zl |z; — z;| with ; € R\{0}. It

now follows from (4.11) and (4.15) that lim,,, o0 Gn(t) = C(¢) fort = /22 + -+ - + 72 > 0.
Soletl < j5 < n. Fort > 0, we will consider the functions v; defined in (2.2). Note, that v; = 0 on
tB™ and hence v; € Conv(g)(R"; R). It follows from Lemma 2.15 that

n
Colla]) d92 (v, ) = ( .)pm<t>,
Rn J
where p,, € C.([0,00)) is defined by

(4.16) Ppm(t) 1= (n = )0 () — tn, (t)
and 7,, € C.(]0,00)) is in turn defined by

N () 1= /too "I () dr.

We will denote by p and 7 the corresponding functions associated to ( according to the same relations.
For every ¢t > 0 and for every sequence t,,, with ¢, > 0, converging to ¢, we have v;  — v; and hence,
by the assumptions of the present lemma,

. n . n n n

lim /{n< ,)pm(tm) = lim Cm(|2]) ADY (vr,,,, 7) = C(|x]) d®F (vs, z) = Iin( ,>p(t).

In other words, the sequence of functions p,,, converges uniformly to p on compact subsets of (0, o).
Next, we will show that there exists £ > 0 such that

4.17) pm(t) =0 for every t >t and m € N,

which means that the supports of the functions p,, are uniformly bounded. If this is not the case, then
we can, without loss of generality, assume that there exists a sequence ¢,, — oo such that

pm(tm) >0  forevery m € N.
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For m € N, set
-1
'm = pm(tm> J
and
U i= TVt -

Since v, (x) = 0 whenever |z| < t,, it follows that v, converges to v = 0 € Conv(,)(R™;R) as
m — 00. On the other hand, by homogeneity,

G (|2]) A7 (U, ) = Ko (?) 79 D (tm) = Fin (7?

) form € N,
J

Rn
which contradicts the convergence to v = 0. Thus (4.17) holds.
Let ¢ > 0 be such that p,,(¢t) = 0 for every ¢t > ¢ and m € N. Since 7,, has compact support, there
exists t,, > t such that 7,,(t,,) = 0. Moreover, 7,, solves the Cauchy problem,

(n = )1 (t) =t (1) =0 in (¢, 00),
N (tm) = 0.

This implies that 7,, = 0 in ({,00). As t is independent of m, we deduce that the supports of the
functions 7,,, are uniformly bounded as well.
Equation (4.16) implies

form € Nand ¢t > 0.

d <nm<t>)  pald)

o di \ - T n—j+1

Therefore,

~d (1)

de \ tn—i
converges uniformly to
p(t)
tn—j+1

on compact subsets of (0, 00). Set

()

T (t) 1= .

for t > 0 and m € N. As the supports of the functions 7,, are uniformly bounded, there exists ¢t; > 0
such that 7,,,(¢1) = 0 and p,,,(t1) = 0 for every m € N. We deduce that 7,,, converges to a primitive of

o)
tn—i+1

which vanishes at ¢;. But since

n(t)

iy
has the same properties, it follows that 7,, converges to 7 uniformly on compact subsets of (0, 00). We
also have, from the definition of 7,, and p,,,

(4.18) (1) = pm(t) = (n = J)0m(t)
for every t > (0. Analogously,
t"¢(t) = p(t) — (n — j)n(t)
for every t > 0. Hence, passing to the limit as m — oo in (4.18), we obtain the statement of the
lemma. 0
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4.4. Proof of Theorem 1.5. For (;, € Dy, ...,(, € D;, we obtain from Theorem 1.4 that

defines a continuous, dually epi-translation and rotation invariant valuation on Conv(R"; R).
Conversely, let Z : Conv(R";R) — R be a continuous, dually epi-translation and rotation invariant
valuation. We want to show that there are (, € Dy, ..., (, € D, such that

Z(U) = VS,CO (U) + ctt + VZ,C’H‘ (U)

forevery v € Conv(R™; R). By Theorem 2.7, there is a homogeneous decomposition of Z. Therefore, we
may assume that Z is homogeneous of degree [ with [ € {0, ..., n}. Since the cases [ = 0, 1, n are settled
in Theorem 2.8, Proposition 4.4 and Theorem 2.9, respectively, we may assume that 2 < [ < n — 1.
In particular, we already have a complete classification for the case n = 2. Therefore, we assume that
n > 3.

Recall that v € Conv(g)(R™;R) if v € Conv(R™;R) and v is of class C? in a neighborhood of the
origin. This space is dense in Conv(R"™; R) and by Lemma 3.23, we have for ¢ € D},

(4.19) Vie(v) / ¢(|z]) AP} (v, x)

for every v € Conv(g)(R™ R).
We proceed by induction on the dimension n. By (4.19), we may use the induction hypothesis in the
following form. Recall that the statement is true in the two-dimensional case.

Induction Hypothesis. Let 2 < k < n — 1. If Z : Conv(R*;R) — R is a continuous, dually epi-
translation and rotation invariant valuation, then there exist (; € Df, for 0 < i <k, such that

Z Q (|z]) d®¥ (v, 2)

for every v € Conv(g)(R¥; R).

The main ingredient of our proof is the following result (which we prove using the induction hypo-
thesis).

Proposition 4.11. If Z : Conv(R"™; R) — R is a continuous, dually epi-translation and rotation invariant
valuation that is homogeneous of degree | with 2 < | < n — 1, then there exists ( € D] such that

Z(vg +vp) = [ C((|z])d®} (vE + vp, T)
R"l

for every pair of orthogonal and complementary subspaces E, F' with 1 < dim F < n and every pair of
functions vy € Conv (o) (E; R) and vp € Convg)(F; R).

Before proving this result, we complete the proof of Theorem 1.5. Define
Z(v) = Z(v) — Vzc(v)

for v € Conv(R™; R). Note that 7 is a continuous, dually epi-translation and rotation invariant valuation.
From Proposition 4.11 and the continuity of Z, we obtain that

Z(v) =0
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for all dual orthogonal cylinder functions v € Conv(RR"; R). Thus, it follows from Proposition 4.7 that Z
is homogeneous of degree 1. Since by construction Z is also homogeneous of degree [ > 1, this implies
that Z = 0 and thus,

Z(v) = Vi(v)

for every v € Conv(R™; R). This completes the proof of Theorem 1.5.

4.5. Proof of Proposition 4.11. Since Z is rotation invariant and the roles of £ and F' can be inter-
changed, we may assume that I/ = span{es, ..., e}, F' = span{eg1,...,¢e,},and [§] <k <n— 1
Since n > 3, this also implies that £ > 2.

Lemma 4.12. Let v € Conv(F;R). There exist (; . € DF for 0 < i < k such that

k

(4.20) Zop+vr) =Y / Coon (7)) dBF (v, )
i=0 VE

for every vy € Conv(o)(E;R). Moreover, the map

v / Comn (25]) ABE (05, 25)
E

and the maps v — ;. () for 1 <i < kand s > 0 are continuous, dually epi-translation and O(n—k)
invariant valuations for every vy € Conv(g)(E; R).

Proof. For vp € Conv(F';R), the map
vg — Z(vg + vp)

is a continuous, dually epi-translation and SO(k) invariant valuation on Conv(E;R). Since £ > 2, it
follows from the induction hypothesis that there exist functions (; ,, € DF for 0 < i < k, depending on
vp € Conv(F;R), such that (4.20) holds for every vy € Conv(g)(E;R).

Note, that the map vg — [, (o (|2p|) dPF(vg, 25) is homogeneous of degree . Since the map
vp +— Z(vg+uvp) is a continuous, dually epi-translation and SO(n—k) invariant valuation on Conv(F’; R)
for every vy € Conv(p(E;R), it follows from (4.20) and homogeneity that also

UFH/Cz',vF(|$EDd‘I’f(UEa$E)
E

is a valuation with the same properties on Conv(F’; R) for every vy € Conv(p)(E£;R) and 0 < ¢ < k.
This map is actually O(n — k) invariant, since Z is rotation invariant and since (4.20) shows that the map
vg +— Z(vg + vr) is O(k) invariant.

Fix ¢ with 1 < i < k and let v, vpo € Conv(F';R) be such that also vpy A vpa € Conv(F;R). By
the valuation property, we have

/ (Gomavora (128]) + Gorinors (125]) = Gops (128]) = Gors (J25]) d2F(vp,25) =0
E

for every vy € Conv(g)(E;R). Hence, it follows from Lemma 4.9 that vy — (.. (s) defines a valuation
on Conv(F;R) for every s > 0. Similarly, it can be seen that this valuation is dually epi-translation and
O(n — k) invariant. To prove that it is also continuous, note that the map

(v 0F) / G (125]) AP (05, 25)
E

is jointly continuous in the two variables vy € Conv()(£;R) and vp € Conv(F';R). Hence continuity
follows from Lemma 4.10. O



38 ANDREA COLESANTI, MONIKA LUDWIG, AND FABIAN MUSSNIG

In order to avoid an unnecessary distinction of cases, we set ®7* = 0if j > m or j < 0.

Lemma 4.13. For 1 < i < kwithl +k —n < i < I, there exist functions (;;—; : (0,00)*> — R and
COl € D'~ * such that

v+ vr) = [ Goulorl) A} (or, r)
F

kAl

+ ) //sz i(|zg], lep|) AP F (vp, 2p) ADF (vg, k)

i=1V(l+k—

for every vy € Conv (o) (E;R) and vp € Conv gy (F;R). Moreover, we have (;;_i(s,-) € D;"5" for s > 0
and

[ it oel) A0 v, ) € D
F

for every vp € Conv((F;R). Fori = |+ k — n with i > 1, the statements even hold for every
vp € Conv(F;R).

Proof. By Lemma 4.12 combined with the induction hypothesis and Corollary 2.11, there exist functions
CZJS € Dy™ Fforevery 1 <i < kand0 < j <n — k, depending on s > 0, such that

Coun (5 Z/c,jsw 48" (up, )

for every v € Conv gy (F'; R). Since the function s — (; ,,. (s) belongs to D¥ and each of the summands
on the right side is homogeneous of a different degree in vp, it follows that also the functions

5 / Cogllr]) A1 (up, 1)
F

belong to Df for every vp € Conv(o)(F ;R)and 0 < j < n — k. Note, that since both (;,, and the
last integral for the case j = n — k are well-defined for every vr € Conv(F; R), the last statement also
holds for every vr € Conv(R™; R) in this case. We remark that this also follows from Theorem 2.7 and
Corollary 2.10. Hence, there exist functions ¢; ; : (0,00)*> — R with ¢; ;(s,-) € D}"‘_k for every s > 0

and [, G (-, |xp|) d®7 " (vp, 2p) € DF for every v € Convg)(F;R) such that

é,j,s(t) = Gi,(s,1)

for every s,¢ > 0. Moreover, [, Gin_i(-, |zr|) d®I—}(vp, zp) € DF for every v € Conv(F;R).
For the case « = 0, note that

[ Gons (el) A0 v, ) = [ oy (]) e = o
E E
is a constant that is independent of vy. By Lemma 4.12 the map vy — §O,UF is a continuous, dually

epi-translation and O(n k) invariant valuation on Conv(F’; R). Therefore, by the induction hypothesis,
there exist functions Co JE DI ¥ for every 0 < j < n — k such that

Cowr = jzo/Ffo,j(\xpl)d@?k(vF,xF)

for every vy € Conv(g)(F; R).
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Combining the cases ¢ > 0 and 7 = 0, we obtain that

n—k
Z(vg + vp) :Z/C~OJ(|$F])d<I>?_k(vF,xF)
= JF

n—k

k
—l—zjgo//FQ,j(\xEHxF\)d@?k(vp,:z:F)d@f(UE’xE)

=1

for every vp € Conv(g)(E; R) and v € Conv(g)(F;R). As Z is homogeneous of degree [, and ®F (v, -)
and @?’k(v r,+) in the sums on the right side of the previous equation are homogeneous of degree ¢ and
J. respectively, only those terms for which i + 7 = [ may appear. Moreover, we must have

i<l, 1<k, l—i<n—k
which gives the desired representation of Z. U
Recall that [§] < k < n — 1 and that E = span{ey, ..., e} while F' = span{egy1,...,e,}. Set
E' =span{ey,...,ex_1} and I’ = span{ej o9, ..., e,}. In particular, for k = n — 1, we have I’ = {0}
and Conv o) (F”; R) can be identified with R. In order to simplify notation, we write [,, d®{(vp, zp) =

1 for v € Conv(g)(F';R).
Lemma 4.14. Let 1 < i < k and a € R\{0}. For vgx € Conv(g)(E"; R) and v € Conv(gy(F";R),

[ Qi@ e @ v e
F/
= / / Cl,lfl(Kl'E/,a)‘, ’(taxF/)Dd(I)lrL:lkil(/UF’axF’)dtde/
B JR JF
and
/ / CGaill(xer, 9)], [(a, 2p)]) AR (0, ) ds BT (vpr, 2r)
E JR JF
:/ / Ciri—ia(|(ze, a)|,|(t, 2p)]) AR  (vpr, 2pr) At ADF (v, v 0)
! R F/
wherel +k —n <i <l
Proof. Let o, B € R and t,,t5 € R\{0}. Set
o
UE<.TE) = UE/(.Z‘E/) + §|l‘k - ta|

for vy € Conv(p)(£'; R) and

ve(ee) = i — o] + oo (ap)
for vpr € Conv(gy(F”; R). Using Lemma 4.8, (2.6) and (4.11), we obtain

dq)f(UE,LEE> = dq)kil( Vg, xE/)dxk—i—ozd(I)f’ll( Vg, $E1>d6ta(13k),
dq)?:ik('UF,I'F) = dl’k+1 dq)n k= 1(UF/7£EF/) /6d5t5($k+1)dq)l i 1 (UF’ny’)
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forl +k —n < i <. Thus, by Lemma 4.13,

Z(vg +vF)
~ kAL
= [ GoleelydopHurar) + Y / / Gl z], o)) A F (v, 25) ADE (0, 25)
F i=1V(l4+k—n)

/ / e (o R [ E L e O
F/

k/\l
</ // /Czl 7 Z'El S | |(t LEF/)Ddtdq)? Zk 1(UF/ {E]:V)deq)k (’UE/ {EE/)

ta / / Coaill (@ ta) | (6 )]} AP (wpr, ) AL ADE (v, 25)
B/ F’

18 / / Gl D), (L, 1)) B (0, ) dt D (0, 21)
! F/

=1V H—k

#a [ [ Gl o)t e)) 405 o o) 404 0 ) ).
’ F/

Here we have split the integral over E with respect to d®¥(vg, 2) and the integral over F' with respect
to d@?_’ik (vp, zr) into multiple integrals. We are allowed to do so since, for given i, each of the integrals
so obtained is homogeneous of different degrees in vz and vg. In particular, each of the integrals in the
last expression is well-defined and finite. Since Z is rotation invariant and this expression only depends
on the absolute values of ¢, and ¢4, respectively, we may exchange (¢, t,) and (/3,¢z) while preserving
equality. Making this exchange, setting ¢, = t3, comparing with the original expression and considering
those parts which are i-homogeneous in vz and (I — ¢ — 1)-homogeneous in vg gives

B Coal|(ta,xp)]) ARP " (vpr, )
F/
v [ [ [ Gl i1 ae)) a5 o, ) dides
' JR JF!
= a [ Goul(tasze)]) 4015 (o)
F/

L8 / / G (@ o) |t ) AP (0, ) dt divp
! R F/
for7 = 0 and

8 / / Caci (|, D), (tar 7)) AR (wpr, ) At ADE (0, 21)
E JR JF'
—I— O[/ / Ci+1,l—i—1(|(xE’ata)|a |(t,xF/)l)dq)?;ﬁzl<UF/,$F/)dtdcbf_l(UEl7$E/)
! R F/
— o / / Coacil((@ s D], (b ) ) AP (0, ) At ABE (050, 25
E JR JF/

L8 / / Coriia(|@mrst)], (6 26) ) ABH (v, 1) dt ADF (0, 21)
/R F/

for : > 1. The desired equality now follows after rearranging, using the fact that o and  are arbitrary,
and setting a = . 0
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Lemma 4.15. For 1 <i < kwithl +k —n < <, there exists (; € Cy((0,00)) such that
Gii—i(a,b) = G(Va* + b?)

for every a,b > 0, and by continuity this extends to all a,b > 0 with (a,b) # (0,0). Moreover, if
k=n—1, then (;_, € D}

Proof. Since 7 > 1, it follows from Lemma 4.9 and Lemma 4.14 that

/R / (G (1@ )L 1)) = G, D110, 20)D) 40 (0, ) dt = 0

for every a,b > 0 and vp: € Conv(p)(F’;R). Writing the same equation again but this time replacing b
by e with 0 < ¢ < band a by va? + b?> — £2, we obtain

/ / (Grramim1([(@, D) [t 2e)]) = Gus(|(Va2 + 82 = e2,1)|, (e, 2p)]) A5 (vpr, ) dE = 0
R ’
for every a > 0 and b > ¢ > (. By subtracting the last two equations, we obtain
| [ GueslV@FF=2 01 | e) = (@) (6, 2)) A5 o) e = 0
R /

for every a > 0 and b > ¢ > (. By the properties of (;;_; we may apply Lemma 2.14 for fixed b > ¢ > 0
and obtain

/ (Ci,l—i( \% a2 + b2 - 527 |(87$F')|) - <i,l—i(aa |(b7 :EF/)D) dq)?:ik;_ll(vF’a .TF/) =0
F

for every a > 0. Similarly to before, we write the last equation again, but this time, we replace a by d
with 0 < ¢ < a. Furthermore, we may replace b by v/a? + b?> — 42 since by our choice of § we have

Va2 + b2 — 6% > b > . Thus, we obtain

/F, (Guei(Va + 02 =22, (g, 2p)|) = Gui(6, | (Va2 + 12 = 62, 2)|)) @71 (vpr, 2p) = 0
for every a > § > 0 and b > ¢ > 0. Subtracting the last two equations yields
4.21) /F/ (Gia-i(6,1(Va2 + 0% = 0%, xp)]) = Giamila, (b, zp))) A®] S (v, 2 ) = 0

for every a > 0 > 0 and b > £ > 0. Since this expression does not depend on € anymore and € > 0 was
arbitrary, we conclude that (4.21) holds for every b > 0.
We now claim that

4.22) Gii—i(Va? + b2 —6%,0) = (1—i(a,b)

foreverya > 9 > 0and b > 0. Incase [ —i — 1 > 0, this is a direct consequence of Lemma 4.9. In
case | —i—1=0and k =n — 1, we have F" = {0} and [,, d®}"* " (vp,z5) = 1 and the claim is
immediate. In the remaining case [ —7 — 1 = 0 and £ < n — 1, we want to emphasize that

dq)?__ik__ll(’l)pf, IL’F/) = dl‘F/

and therefore, (4.22) follows from Lemma 2.14 after switching to spherical coordinates in (4.21) and
considering that b > 0 is arbitrary.

Note that the right side of (4.22) does not depend on the choice of § < a. Hence, there exists a function
G : (0,00) — R such that

(423) Q-J_i(a, b) = 61_1}15& <i,l—i< V a? + b? — (52, (5) =: Cz( V a? + b2)
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for every a, b > 0. Furthermore, it follows from the properties of (; ;_; that (; is continuous with bounded
support. Moreover, for fixed a > (0 we obtain

bl_i>r(§1+ Gia-i(a,b) = bﬂ%ﬁ G(Va2 +12) = G(v a2 /2 + a2/2) = Gu-i(a/V2,a/V2).

Thus, (4.23) continuously extends to all a,b > 0 with (a, b) # (0, 0).
Inthe case k =n —landi =1 — 1, we have (;_11(s,-) € Dj for every s > 0, which follows from
Lemma 4.13 and is also evident from (4.23). By Lemma 4.13, we have [, _1,1(-, |zp|) d®}(vp, zF) €

Dy~ for every vp € Conv(F;R). Thus, choosing vg(zp) = 3 >0, .| |2;], we obtain by (4.11) that

G-1(s5) = (=1,1(5,0) = /FQ—1,1(S, zp|) AP} (vp, Tp)

for every s > 0. Hence (;_; € Dlnjll =D O

Lemma 4.16. For [ 5] < k < n — 1, there exists () € Cy((0,00)) such that

Z(vg + vp) //C Vze? + [zp]?) d®k (vp, 25) A" (vp, 2p)

kAL

DS / [ I+ T A0 o ) a8 o)

i=1V(l+k—n)
for every vg € Conv(py(E;R) and v € Convg)(F; R). Moreover, (,—1y € Dy

Proof. By Lemma 4.13 combined with Lemma 4.15, we have

2w+ vr) = [ Goaorl) A% ¥ (or. )
F

(kN —

(4.24) + Z //c (V|zg|? + |zp?) d®)F(vp, 25) dOF (vg, 25)

=1V (l+k—

+/ / Chnti—erny (2], [z p]) ART 5 ) (vp, 2p) APy (e, Tp)
EJF

for every vy € Conv(g)(£;R) and vp € Conv(gy(F;R). Here, (; € Cy((0, 00)) satisfies
(425) Q,l,i(a, b) = Cz( V G2 + b2)

for every a,b > 0 with (a,b) # (0,0) and forevery 1 V (I + k —n) < i < (k Al) — 1. In addition, if

l
k =mn —1, we have ;_; € D}'. We need to show that there exists (i) € C((0, 00)) such that
(4.26) Ck) = Crv(i+h—n) = =+ = (Al -1

and that ((,,_) € D;'. Furthermore, we will show that, in case it does not vanish, we can rewrite the first
integral on the right side in (4.24) using (). Moreover, for [ < k, we will also rewrite the last integral
in (4.24) using () and, for & < [, we will directly show that

4.27) Centi—(kan) (@, 0) = Cra—r(a, b) = (ry(Va? + b2)
for every a,b > 0 with (a, b) # (0,0).
We will first prove (4.26) and (4.27). Observe that in the special cases £k = 2, k =n — 1,1 = 2, or

[ = n—1, there is only one summand in the sum in (4.24) and therefore (4.26) is trivially true. Also note
that for £ = n — 1 this summand has index ¢ = [ — 1 and (;_; € D}, which shows that ((,_1) € D}".
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Next, we use Lemma 4.9, Lemma 4.14, and (4.25) to obtain

(4.28) /R/ <Cz'+1,l—z‘—1(aa [(t,2p)]) — Gi(|(a, t,xF')D) Ao N vpr, wp) dt = 0

for every a > 0, vpr € Conv(ey(F";R)and 1V (I+k—n) <i < (kAl)—1.Ifin addition £ < n—1 and
i < l—1, we may choose vp/ (zp) = %(|xk+2 — Tpyo| + -+ |Trri—i — Tpa—i|) with arbitrary Zy,o,. . .,
Zpy1—i € R\{0} and apply (4.12) to (4.28) (or, when i = | + k — n, we directly use (4.11)). This gives

/ / (Ci+1,z—i—1(a, |(t, b, Thpt—it1s - -5 Tn)|)
R Rn+i—k—l

— G(|(ast, b, Tpgi—ita, - - - ,In)’)) dopyi—ip1 - doz, dt =0
for every a, b > 0. Hence, by Lemma 2.14,
(4.29) Gir1i—i—1(a,b) = G(Va? + b?)

forevery a,b > 0 and whenever k <n—1,1 <: < k—1,and [+ k—n < i < [—1. Similarly, as in the
proof of Lemma 4.135, this extends to a, b > 0 with (a, b) # (0,0). Note, that if in addition i < k — 1, we
have i + 1 < k A [, and thus it follows from (4.25) that also (;415—i—1(a, b) = (i+1(Va? + b?) for every
a,b > 0 with (a, b) # (0,0). Combining this with (4.29) gives

Cuv(ih—n) = (1v (1+k—n)) (@ B) = Crv(igh—n) (Va® + b?)

= COv(ith—n))+1,1— (1 (i4+k—n))—1(a, D)

= Cr-naa-2) (Va2 + b?)

= Cen(—1),1—(kn(—1y)(a, b),
where the first equation follows from (4.25) and the last equation is (4.29) for the case i = (k—1)A(I—2).
Thus, there exists ((x) € Cy((0,00)) such that
Gy (Va2 +0%) = Gi-i(a, b)

for every a,b > 0 with (a,b) # (0,0) andevery LV (I +k—n) <i < kA(l—1)withk <n—1.1In
particular, together with (4.25), this completes the proof of (4.26) and it also shows (4.27), where we use
that £ < [ can only occur for &k < n — 1.

For the case [ < K, let us now rewrite the last integral in (4.24), which concerns the integrand
Cnti—(knl) = Gro0- Since [ =1 > 1V (I4+ k —n), we can choose i = [ — 1 in (4.28), which together with
(4.26) shows

0= [ [ (Giofau Itz = Goalian b)) a5 v )
~ [ (Gota. ke = Coyllta,zr))) 40 (ur. o)

for every a > 0, vpr € Conv(g)(F';R) and vp € Conv(g)(F; R), where for k = n — 1 we have used the
convention f o d@g(v r,xp) = 1. In particular, this implies that

[ [ ool or @+ or, op) at(op. )
EJF
— [ [ oo (VIeP +Ter) Ay ¥ (o, ) dl (v 2)
EJF
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for every vg € Conv(gy(E;R) and vp € Conv (g (F';R), which we wanted to show.

It remains to rewrite the first integral on the right side in (4.24), which only does not vanish when
[ < n — k. Since by our assumptions [ > 2 and k£ > 2, it follows from (4.26) that ¢; = (). Thus, by
Lemma 4.14 and (4.25),

/ / C(k)(|($E/76L,t,{EF/)|)d@?:lk_l(vpl,l'pl)dtdl'El = EO,Z(KG,IEF/)Ddq)?:lk_l(l)pl,l'pz)
’ F/ F/

for every a > 0 and vy € Conv(g)(F'; R). If we set vpr (zp/) = 3(|@ppo — Tppo| + -+ - + |Tppt — Tint])
with arbitrary Zyo, ..., Ty € R\{0} and consider (4.12), this becomes

/ / / C(k)(|<xE'7 a,t, b7 Thti+1y - - 7[En)|) dxk.l,-l_t,_l ce dxn dt dl‘El
' JR JRn—Ek—1
= / . Coall(a, b, Turiv, -, 20)]) dapgrgr - - day,
Rn—h—

for every a,b > 0. Thus, by renaming the integration variables on the left side and rearranging, we
obtain

/ . </ ((k)(|(a:Er,a,t,b,xk+l+1,...,xn)])deI dt
Rn—k— RJE

- §O,Z(|(a7 b7 Thtl+1y - - - 7xn)|>> dxk—f—l—l—l T dxn =0

for every a, b > 0 and thus, by Lemma 2.14 if | < n — k and trivially if | = n — k,

i) = [ [ cwlltastal) dawdt = [ Goll(ee.a)) aho, o)

for every a > 0 and vy € Conv(g)(E;R). In particular, this implies that

/COI |$F‘ d(I) UF,.CEF //C ‘$E’2—|— ‘$F| )dq) (’UE,.CEE)d(I) (UF,.CEF)
for every vy € Conv(p)(E;R) and vp € Conv()(F;R). O

We can now complete the proof of Proposition 4.11. Let

1

5 (e =2+ | — )
with Z1,...,7 € R\{0} and let a = \/Z} +---+Z} > 0. Note that for every [5] < k < n —1
we can write v in the form v = vp + vp. Furthermore, by (4.13), d®¥(vg,2g) = 0if i > [ and
d@?_k(vp, xp) = 0if 7 > (I — k) v 0. Thus, for any £, it follows from Lemma 4.16, (4.11) and (4.12)
that

v(xy, .., Ty) =

Z(U> - B C(f%})q(avxﬂrh--~axn)’)d$l+1"' dl‘n

= C(n—1)<|(a7 Li41,--- rrn)’) dxl-}-l e day,.
Rn—1
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Hence, by Lemma 2.14, ((j2y) = -+ = ((»—1) =t ( and ¢ € D}". Thus, by Lemma 4.16,

Zve + o) = [ [ (e 20)]) A8 (g, 25) 407 (v 2r)
FJE
(4.30) kAL
= 3 [ [ nan)) avF or, oe) a0t (or. )

i=1V(l+k—n)

for every vy € Conv(o)(E;R) and vp € Conv(g)(F;R) and every [5] < k < n — 1. Since Hessian
measures are non-negative and since vp + vp € Conv(g)(R";R) for every vy € Conv(y(E;R) and
vp € Conv(g(F;R), it follows from Lemma 3.1 and Lemma 4.8 that

/F /E (I (wm, 20))| dB (v, 2) AT (0, ) < / ()| AP (v + v ) < +o00

R"

for every vy € Conv(p(E;R) and vp € Conv(p)(F;R). Furthermore, since ( € D} is measurable
and has bounded support and since Hessian measures are locally finite, it now follows from the Fubini-
Tonelli theorem that we may exchange the order of integration of the first term on the right side in (4.30).
Together with Lemma 4.8 we now obtain

kAL

Zop+or)= Y /E / (@ zr)]) ABF (o, 21) d® (v, 21)

=0V (I+k—n)

= [ C(z)) A7 (vg + vp, @)
R
for every vp € Conv(oy(E;R) and vp € Conv(gy(F;R) and every [5] < k < n — 1, which completes
the proof.
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