ON THE SEMICONTINUITY OF FUNCTIONALS ON FUNCTION SPACES

FERNANDA MOREIRA BAETA AND MONIKA LUDWIG

ABSTRACT. Results on the upper and lower semicontinuity of functionals defined on spaces of
convex and more general functions are established. In particular, the following result is obtained.
Let ¢(v; -) be the density of the absolutely continuous part of a Radon measure ®(v; -) associated to a
function v: X — R defined on the topological measure space (X, \). For concave (: [0,00) — [0, 00)
with lim; 0 ¢(£) = 0 and lim;—,o ¢(t)/t = 0, it is shown that the functional v — [ {(¢(v;x)) dX(z)
depends upper semicontinuously on v. Examples include functional affine surface areas for convex
functions.

1. INTRODUCTION

For a non-empty, compact, convex K C R"*! define the affine surface area as

/ k(K, $)%ﬁ dez,
bd K

where x(K, ) is the generalized Gaussian curvature of K at = € bd K, the boundary of K, and
dx stands for integration with respect to the n-dimensional Hausdorff measure on the boundary
of K. Let K" denote the space of convex bodies (non-empty, compact, convex sets) in R"*!
equipped with the topology induced by the Hausdorff metric. Since affine surface area vanishes on
polytopes, it is not continuous on K"*!. However, as shown by Lutwak [15], affine surface area is an
upper semicontinuous functional on "1, The upper semicontinuity of a wider class of curvature
functionals was established in |14, 19].

Let D be a bounded convex domain of R” and v € C%(D) convex. The affine surface area of the
epi-graph of v is

(1) / det(D2 v(x))n%? dz,

D
where D2 v(xz) is the Hessian matrix of v at  and dx stands for integration with respect to n-
dimensional Lebesgue measure. By a classical theorem of Aleksandrov (see |10, Theorem 6.4.1]), a

convex function v is twice differentiable almost everywhere, and the integral in (1) is well-defined
(but possibly infinite).

In [25, Lemma 6.4], Trudinger and Wang show that the functional defined in (1) is upper semi-
continuous for a given bounded convex domain D with respect to locally uniform convergence, using
that det(D?wv) is the density of the absolutely continuous part of the Monge-Ampére measure of
v and the weak*-continuity of Monge-Ampére measures (see Section 2). For further definitions of
functional affine surface area, see, for example, |1, 4, 11, 24].

This paper aims to generalize this result to a specific class of extended real-valued convex func-
tions without restricting to a bounded set D. We also extend the result to more general functionals.
The main motivation comes from the quest for classification results of valuations on convex func-
tions. Such classification results have been recently established for continuous valuations on convex

functions (see, for example, [5, 7]). On convex bodies, they are classical for continuous valuations
(see [23, Chapter 6]) and have also been established for upper semicontinuous valuations in certain
cases (see [12, 13, 16, 17]).

Let Conv(R"™) be the space of extended real-valued functions u: R” — (—o00, 00| that are convex
and lower semicontinuous and such that u # oo. The (effective) domain of u is dom(u) = {z € R™:
u(z) < oo} and we write int for interior. We consider the subspace

Convig(R") = {u € Conv(R"): dom(u) is compact, u is Lipschitz on int dom(u)}.
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We use epi-convergence on Conv(R™) and its subspaces, and we also use so-called T-convergence on
Convig(R™) (see Section 2).

First, we state the following result, which proves in particular the T-upper semicontinuity of
the functional defined in (1) on Conviq(R™). Let Conc([0,00)) be the set of concave functions
¢:[0,00) — [0, 00) such that lim; o ((t) = 0 and lim;_, ¢(¢)/t = 0.

Theorem 1. For ¢ € Conc([0,00)) and u € Convig(R"™),
Z(u) = / C(det(D2 u(x))) da
dom(u)

1s finite, and

Z(u) > limsup Z(ug)
k—o00
for every sequence of functions uy in Convig(R™) with uniformly bounded Lipschitz constants on
their domains that epi-converges to u € Conviq(R™).

We remark that the restriction to sequences with uniformly bounded Lipschitz constants is necessary
(see Example 1).

We will prove Theorem 1 and its generalizations in the dual setting obtained by using the Legendre
transform. In the dual setting, we look at convex functions v: R™ — R whose Monge-Ampére
measures have compact supports and at sequences vi : R” — R with uniformly bounded supports
of their Monge—Ampére measures. We establish the results in greater generality for densities of
the absolutely continuous part of Radon measures associated to functions on topological spaces in
Theorem 4 and also provide results on lower semicontinuity in Theorem 6.

2. PRELIMINARIES

We collect results on Radon measures and on convex functions.

2.1. Radon Measures on Metric Spaces. Let (X, \) be a metric space with a (non-negative)
o-finite Radon measure A. We will consider o-finite Radon measures depending on certain functions
on X and use the Radon—Nikodym and Lebesgue decomposition theorems (see, for example, |10,
Theorems 1.6.2 and 1.6.3]).

Let F(X) be a space of functions v: X — R equipped with a notion of convergence. For
v € F(X), let ®(v;-) be a Radon measure depending on v defined on Borel sets of X such that we
have weak*-star convergence of ®(vy;-) to ®(v;-) as the sequence vy, converges to v € F(X). Here,
we say that ®(uvg;-) is weak*-convergent to ®(v;-) if for any sequence v, converging in F(X) to v,
we have

lim/ﬂ ) d®(vg; ) /5 ) dd(v; z)

k—o0

for every function 5 € C.(X), the set of continuous functions with compact support on X. We
need the following simple result. For a sequence of functions vy € F(X) converging to v, the
weak*-convergence of ®(vg;-) to ®(v;-) implies that
(2) lim sup ®(vg; C) < ®(v; C)
k—00

for every compact set C' C X (cf. [2, Theorem 4.5.1]).

By the Lebesgue decomposition theorem, the measure ®(v;-) can be decomposed into measures
absolutely continuous and singular with respect to A on X, say ®(v;-) = ®%(v;-) + ®*(v;-). By the
Radon—Nikodym theorem, we have for the absolutely continuous part

(v A) = /A o(0: ) dA(x),

where A C X is a A-measurable set and ¢(v; ) is A-measurable, while for the singular part, there is
a set Cp C X such that A(Cp) = 0 and ®*(v; A\ Cpy) = 0, for every A-measurable set A C X.
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2.2. Convex Functions. Let Conv(R"™;R) denote the space of finite-valued, convex functions on
R™ and we also consider the space of Lipschitz functions
Convyi, (R™;R) = {v € Conv(R™;R) : v is Lipschitz}
and the space
Convypg(R"™) = {u € Conv(R") : dom(u) is bounded}.
We say that a sequence uy € Conv(R™) or any of its subspaces epi-converges to u € Conv(R") if for

every sequence xj that converges to x, we have
u(z) < liminf ug(xg),
k—o00
and there exists a sequence zj;, that converges to x such that
u(z) = lHm ug(xg).
k—o0

Epi-convergence is directly related to uniform convergence since uy epi-converges to w if and only
if up converges uniformly to u on every compact set that does not contain a boundary point of
dom(u) (see [21, Theorem 7.17]). In this paper, we also use the following notion of convergence:

For w,uy, € Conviq(R™) with k& € N, we say that uy Dowif
(1) ug epi-converges to u;
(ii) the Lipschitz constants of uy are uniformly bounded on int dom(u) by some constant that
does not depend on k.

Condition (ii) for the space of real-valued Lipschitz continuous maps defined on the unit sphere
S"~! has been considered in [%, 9] with the additional requirement of uniform convergence on the
unit sphere.

Example 1. The assumption of uniformly bounded Lipschitz constants is necessary for Theorem 1
to hold. For z € R", consider

n
wr(z) = kS (w3 + Ipn (2),
=1
where B" is the n-dimensional Euclidean unit ball, (-, -) is the inner product on R", and Ipn(z) =0
if z € B" and oo otherwise. Then wy epi-converges to the function Ijgy, which is oo for every
nonzero x. This shows that Theorem 1 fails if we replace 7-convergence by epi-convergence since Z
is, in general, not upper semicontinuous with respect to epi-convergence.
For u € Conv(R™), let du(x) be the subdifferential of v at x € dom(u),
ou(z) ={y € R" : u(z) > u(x) + (y,z — z) for all z € R"},
and set u(x) = () for x & dom(u). Given a subset A C R", the image of A through the subdiffer-

ential of u is defined as
du(A) = UweA ou(z).
For v € Conv(R"™; R), the Monge-Ampére measure is given by
3) MA(v; B) = Vy,(9v(B))
for every Borel set B C R", where V,, is the n-dimensional volume. It is a Radon measure on R".
Let
Convya (R™;R) = {v € Conv(R™;R) : supp(MA(v;-)) is compact},
where supp stands for support.

Let K € R™! be a non-empty, closed, convex set with support function hg : R**! — (—o0, 0],
that is,
hic (2, 2p41) = sup {{(2, 1), (Y Yns1)) (Y Ynt1) € K}
for € R® and x,,1 € R, where the inner product (-,-) is taken in R"*!. Note that if K € K1,
we have hg (-, —1) € Conv(R";R). Let

Convyia h(R™R) = {hg(-, —1) € Convya (R R) : K € K"
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The inclusion Convyra n(R™;R) C Convya (R™; R) is strict. Functions v € Convya ph(R"™; R) may
have dom v* not full-dimensional but always bounded, whereas in Convya (R™;R) the domain of v*
can be unbounded, which only occurs when it is not full-dimensional.

We equip Convyia (R™; R) with the following notion of convergence: we say that a sequence vy, in
Convya (R™; R) is 7*-convergent to v € Convya (R™; R) if

(i) vk epi-converges to v;
(i) there exists a compact set in R™ containing the supports of MA (u;-) and MA (ug; -) for all
k € N.

In this case we write vy T’ v. The notation will be justified in Lemma 3.

3. THE DUAL SPACE

For u € Conv(R"™), the Legendre transform or convex conjugate of u is the function u* : R™ —
(—00, 0] given as

u*(y) = sup{(z,y) —u(z): © € R"}

for y € R™. If u € Convpg(R™), then u* € Conv(R™; R) (see |21, Theorem 11.8|, and u™* = u (see
[23, Theorem 1.6.13]). Note that convex conjugation is continuous w.r.t. epi-convergence,

(4) uy, is epi-convergent to u < wj, is epi-convergent to u*

for ug,u € Conv(R"™) (see [21, Theorem 11.43]).
The epigraph of v € Conv(R") is the non-empty, closed, convex set

epi(u) = {(x, zpy1) € R"M iz > u(z)}.
Hence,
u*(y) = sup{((y, _1)7 (a:,u(:c))} x < Rn} - hepi(u)(y7 _1)'

If domw is compact, then there is K € K"*! such that hg (-, —1) = Pepi(uy(+, —1), which can be
chosen as the intersection of epi(u) and {Zn4+1 < maxzedom(u) ()} Hence, the Legendre transform
of a function in Conv(R") with compact domain is of the form

(5) hi(-,—1) with K € K"

For the space of Legendre transforms of functions from Conviq(R"™), we write

(6) Conviy(R") = {u* : u € Convig(R")}
and use corresponding notation for further spaces. By [20, Corollary 13.3.3],
(7) Convl*ip (R™;R) = Convpg(R"™).

Using this in its dual form and (5), we obtain

(8) Convya m(R™; R) € Convyip (R™; R).
By |20, Corollary 23.5.1], we have the following relationship

9) p€ou(zr) < x€du(p)

for u € Conv(R"™). If both u and u* are differentiable, then we can rewrite (9) as Vu*(Vu(p)) = p.
For v and u* twice differentiable and det(D?u(p)) > 0, differentiating gives

1

det(D? u*(Vu(p))) = Tt DT u())
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Thus, if u € Conviq(R") is such that det(D? u(z)) > 0 for all z € dom(u) and ¢ € Conc([0, 00)), we

have
/domm) (det(D u(z)) da = /domm) ‘ (det(DZ - <w<x>>>> &

_ 1 e 2u*
(10) — [ (qumprary ) 4ot ) dy

= [ &det(D?u(2))) dz,
Rn

where ((t) = ¢(1/t)t for t > 0. Note that we also have { € Conc([0,00)). Using (9), we observe
that the last equality holds for every u € Conviq(R"). Indeed, let u € Conviq(R"™) and let U be the
set of points x € dom(u) such that det(D?wu(z)) = 0. By assumption, U also contains all points
where u is not twice differentiable, since we set det(D?u(x)) = 0 at such points. If U; C U is the
set of points where u is not twice differentiable, then by Aleksandrov’s theorem, V,,(U;) = 0. If
D = 0u(Uy), we get by (3) that MA(u*; D) = V,,(Uy) = 0, which implies MA*(u*; D) = 0. Now, if
there exists a convex set Uz C U such that det(D?u(x)) = 0 for all z € Uy and V,,(Uz) > 0, then
there exists a vector p € R" such that p € du(Uz) and by (9) we have Uy C du*(p), that is, u* is
not twice differentiable at p. Using (10), we conclude that

/ C(det(DQu(m)))dx—/C(det(DQU(aﬁ)))dx—i—/ ¢(det(D? u(x))) da
U

dom(u)\U
dom(u) A

(11) = . ((det(D?u*(z))) de.

Let ug,u € Convig(R™). We aim to show that if the functions ug,u € Convig(R™) and ug 5w,

then the functions v}, u* € Convyan(R™;R) and uj . Additionally, we will prove the reverse
implication. To do this, we will use the following result (see, for example, |3, Theorem 3.61]).

Lemma 2. A function v € Conv(R™) has a Lipschitz constant L in the interior of its domain if and
only if ||p|]| < L for every p € Ou(z), where = € int dom(u).

Here, || - || denotes the Euclidean norm on R™. We now prove our main lemma.

Lemma 3. A sequence uy in Convig(R"™) is 7-convergent to v € Conviq(R") if and only if u; and
u* belong to Convya h(R™;R) and uj is 7*-convergent to u*.

Proof. First, we show that for Convj, ,(R"; R), defined similar to (6),
(12) Convyp h(R™;R) C Convig(R™).

Let u € Convyyy ,(R™;R). By (8) and (7), we see that u € Convpq(R"™). Since u is the Legendre
transform of hg (-, —1) for some K € K"+!, the domain of u is compact. If int dom(u) is empty, then
we do not need the Lipschitz condition on v and hence v € Conviq(R™). For int dom(u) non-empty,
assume, for the sake of contradiction, that u is not Lipschitz on int dom(u). By Lemma 2, for every
constant M > 0, there exists z € Ju(int dom(u)) such that ||z|| > M. Using the continuity and
convexity of u, we deduce that for every sufficiently small neighborhood D C R" of z, there exists
a set U C int dom(u) with positive Lebesgue measure such that D C du(U). By (9),

DcoulU) < UcCou'(D),

which implies that MA (u*; D) > 0. Since this holds for every sufficiently small neighborhood of z,
we obtain that z € supp(MA(u*;-)). Therefore, we have supp(MA (u*;-)) ¢ MB™. Since M > 0
was arbitrary, this leads to a contradiction to u* € Convya n(R™;R). Hence, we conclude that u is
Lipschitz on int dom(u) and, thus, u € Conv)g(R").

Now, assume that uj,u* € Convya n(R";R) for every & € N and that uj L owtas k — oo
From (12), it follows that ug,u € Convig(R™) for every k € N. Let M B"™ be the ball containing the
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support of the Monge-Ampére measures of uj, and u* for every k& € N. We have seen that
Oug(intdom(ug)) ¢ MB" = supp(MA(uz;-)) ¢ MB".

Consequently, we have duy(int dom(uy)), du(int dom(uw)) € M B™. By Lemma 2, this is equivalent
to saying that the Lipschitz constants of u; and u are bounded by M. Using (4), we conclude that
U = U

For the converse, assume that u € Convig(R™) with Lipschitz constant L,. By [20, p. 227]|, we
have

(13) MA (u*; R™) = V,,(0u* (R"™)) = V,,(dom(uw)).

If V,(dom(u)) = 0, this implies that supp(MA(u*;-)) is compact. For the case V,(dom(u)) > 0,
set D = Ju(int dom(u)), and note that, by [20, p. 227], we have MA(u*; D) = V,,(dom(u)). Hence,
it follows from (13) that MA(u*;-) is supported on D. By Lemma 2, we have D C L, B™, which
implies that

(14) supp(MA(u*;-)) C L,B".

Combined with the fact that v has compact domain and (5), this implies that u* € Convyia »n(R™; R).
Hence, Convy;(R™) = Convya n(R™; R).
To conclude the proof, it remains to show that if uy, u € Conviq(R™) for every k € N and uy, — u

as k — oo, then uj, T ut. Let M > 0 be such that the Lipschitz constants of u; and u are bounded
by M. By (14), we know that

supp(MA (u*;-)) C L,B" and supp(MA (uy;-)) C Ly, B",

where L, and L,, are the Lipschitz constants of u and wy, respectively. Since L., , L, < M for
every k € N, we conclude that

supp(MA(u*;-)), supp(MA (u;-)) C MB",

and therefore, by (4), we have uj ', w*. This completes the proof. O

4. UPPER AND LOWER SEMICONTINUITY

Let X be a topological space with o-finite Radon measure A\. Let F(X) be a family of real-
valued functions on X equipped with a notion of convergence, and ®(v;-) a family of o-finite Radon
measures depending weak*-continuously on the functions v € F(X). Let Fo(X) denote the set of
functions v € F(X) such that the support of ®(v;-) is compact, and let ¢(v;-) denote the density of
the absolutely continuous part of ®(v;-) for v € F(X). We equip X x R with the product topology.
The following result is a functional version of Theorem 2 in [14].

Theorem 4. For ¢ € Conc([0,00)) and non-negative w € C(X x R),

Z(v) = /X (v ) wiz, v(z)) dA(z),

is finite for every v € Fo(X)NC(X), and

Z(v) > limsup Z(vg)

k—o0

for every sequence of functions vy in Fo(X)NC(X) with uniformly bounded supports supp(®(vg;-))
that converges to v € Fo(X) N C(X).
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Hence we can say that Z is 7-upper semicontinuous on Fg(X) N C(X). In the proof of Theorem
4 and Theorem 6, we will use Jensen’s inequality, which guarantees that for a concave function
¢:][0,00) — R and an integrable function v: C' — R, where C is a compact subset of X with

positive A-measure,
A(lc)/cg(v(x))cu(x) §C<)\(10)/Cv(x) d)\(x)>.

(cf. |22, Theorem 3.3|). If ¢ is convex, the inequality is reversed.

Note that ¢ € Conc([0, 00)) is continuous on [0, co) and that ((0) = 0. Since ( is concave and non-
negative on [0, 00), the function ¢ is non-decreasing. Using these properties, we get ((rt) > r((t)
for every t > 0 and 0 < r < 1. In particular, if we take s = rt < t we obtain

@, <)
s —
and this means that ¢t — ((t)/t is non-increasing.

Proof of Theorem 4. Let € > 0 be given, v € Fg(X)NC(X), and C C X compact. Let Cy be the
set where the singular part of ®(v;-) is concentrated. Since A\(Cp) = 0 and ¢(v;-) is measurable

A-a.e. on C, we can choose by Lusin’s theorem (see, for example, |2, Corollaries 4.3.17]) a compact
set C. C C where ¢(v;-) is continuous as a function restricted to C. such that C. N Cy = () and
(15) AMC\C:) <e
Let vy be a sequence in Fg(X) N C(X) converging to v. First, we show that
(16) lim sup : C(@(vis; @) wlz, ve(2)) dA(z) < /C C(@(v; z)) w(z, v(x)) dA(z)
— 00 & &

holds. Set a = inf{¢p(v;x): x € C:} and b = sup{¢(v;z): z € C.}. Note that b < oo since ¢(v;-)
is continuous on the compact set C.. Hence, ( is uniformly continuous on [a,b]. For n > 0 given,
there exists a number § > 0 such that

(17) [C(s) = <) <
whenever s,t € [a, b] are such that |s —t| <.

Since A({z € C: : ¢(v;x) = t}) > 0 holds only for countably many ¢, we can choose a subdivision
a=1t <ty <---<tpmy1 =0of [a,b], such that

(18) nl1ax (tiJr]_ — ti) < 0

and such that
(19) A{z € Ce: g(viz) =t:}) =0

for i =2,...,m. Setting C; = {x € C: : t; < ¢(v;x) < ti}1}, so that C. = U, C;, and using the
linearity of the integral, that ¢ is non-decreasing, and (19), we get

(20) . ((o(v; @) w(z, v(z)) dA(z) > ;C(ti)éiw(wav($))dA(w)-

Consider J; C {1,...,m}, depending on k such that fCi w(z,vg(z)) dA(z) > 0 precisely if i € Jy.
By Jensen’s inequality and the concavity of ¢,

/ (o 2) w(e, vp()) dA(x)
C}

Jo, w(z, v (= >¢(vk;x) dA(z)
( “ fc (z,vk(x)) dA(x) )/Ciw(xavk(x))d)\(x)

holds for each ¢ € J;. Hence,

JI v Vg, T dA\(z
k(%)) o(vis; @) ()>/Cw(x,vk(l‘))d)‘(x>'

| fo
[, (Ot )l ufe)) dxa) < 3¢ e i

1€y
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Since ¢(v;-) is continuous on the compact set C¢, the sets C; are compact for i = 1,...,m. Hence,
the functions w(-,vx(+)) and w(-,v(-)) are uniformly continuous on C;. Then, for any £ > 0, there
exists kg such that for all k£ > kg,

/w(w,vk(x))di)(vk;x)g/ w(z,v(z)) d®(vg; x) + € D(vg; Cy).
C; C;

Using that ®(vg;-) weak*-converges to ®(v;-), and in particular (2), we obtain

limsup/c.w(x,vk(x)) d®(vg; ) §/ w(z,v(x))d®(v;z) + € P(v; Cy).

k—o00 C;

Since € > 0 was arbitrary, it follows that

limsup/c}w(x,vk(x))dq)(vk;x) g/ w(z,v(z))d®(v;z).

k—o0 C;
Hence,
limsup | C(6(vg: 7)) iz, vx(x)) dA(2)
k—00 Ce
, Je, d(vk; ) w(z, vi(x)) AN (@)
< fimawp 2 (Temamow ) RIS
(21) <3 Cli /. e v() dX@)
= 30608 + (Gae) =€) /. (e, () dA(a).

Note that we used the definition of C; and the monotonicity of ¢ in the second inequality. Now
using (21), (20), (18), and (17), we conclude that

limsup [ ((¢(vp; ) w(z, vg(2)) dA(z)

k—o0 C.

< /C (652 ol (@) AN + 1 / w(z, v(x)) dA(z).

€

Since n > 0 is arbitrary, this proves (16).
The second step is to show that

(22) limsup/cC(@f)(vk;ﬂf))W(fE,vk(ﬂﬂ))d/\(fb’) S/CC(¢(U;$))W($,U(SC))CU\(I)-

k—o00

Since ( is non-decreasing and ((¢)/t is non-increasing, we see that for every ¢ > 0,

/ (g3 2)) w(, va(2)) dA(z)
C\C:

/ (ks 7)) w(z, vy (2)) A\ ()
{zeC\(CoUC:): ¢(vi;x)<t}

+ / C(b(vn; 7)) w(, k() dA(x)
{zeC\(CoUC:): ¢(vg;z)>t}

<<(t) /C\C w(z, vk(x)) d\(x) + Cit)/ w(z, vk(x)) ¢(v,z) dA(z),

C\C:



where we use that A\(Cp) = 0. This implies, combined with (16) that

lim sup /C (v 2)) w(a, (o / C(6(v; 2)) w(z, v()) dA(2)

k—o0
+ w d L(t) w(z,v(x))d®(v, x

for every ¢ > 0. Since w(-,v(-)) is a non-negative continuous function and C' is compact, we have
0 < maxzecw(z,v(z)) < co. By this and (15), we obtain

limsup/cg(qﬁ(vk;x))w(w,vk(x))d)\(x) <

k—o0

[ st ste. o) ax@) + (60 + L0 0) maxutev(w).
Since € > 0 is arbitrary and since ¢ does not depend on ¢, for every ¢t > 0
limsup [ C(0(vii)) (e on(2) dA(2)
(23) k—oo JC C(t)
< /CC((Z)(U;JJ))LU(.T,U(I‘))d)\(x) + T(I)(U;C) rileaé{w(x,v(x)).

Using that ®(v;-) is a Radon measure and that lim; o ((¢)/t = 0, we can make ((t)/t arbitrarily
small by choosing ¢ suitably large. Therefore (23) proves (22).
To finish, if ¢(v; -) is supported on the compact set C, with A(Cyy) > 0 and [, w(z,v(x)) dA(z) >

0, then using that ¢ (0) = 0, the monotonicity of ¢ and that there exists a compact set C C X such
that C,,,C, C C for all k € N, where C,, is the support of ¢(uvg;-), we get

/XC(qb(vk,:c)) x, vz /C (v; ) w(x, vi(z)) dA(z)

and, using Jensen’s inequality,

/C v;x)) w(z,v(x)) d\(z /C v;x)) w(z,v(x)) d\(x)

sc(fff‘z’fc” A ) [ wteatan axe)

< (et A, ”( L)A((“)'é)) [ to@) @),

Using again that ®(v;-) is a Radon measure, that C' is compact, and that w(-,v(-)) is a non-negative
continuous function, we obtain that the integral is finite. O

We used the continuity of vy only to show that w(-,vi(+)) is continuous. Hence, the proof of
Theorem 4 gives also the following result.

Theorem 5. For ¢ € Conc([0,0)),
- [ ¢ e
X

Z(v) > limsup Z(vg)

k—o0

is finite for every v € Fgo(X), and

for every sequence of functions vy in Fe(X) with uniformly bounded supports supp(®(vg;-)) that
converges to v € Fo(X).

Let Cvx([0,00)) be the set of decreasing convex functions ¢ : [0, 00) — (0, 00] such that we have
lim;—,0 ¢(t) = ¢(0) and lim;_,~ ((t) = 0. The following result is a functional version of |15, Theorem
6).
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Theorem 6. Let ¢ € Cvx([0,00)) and w € C(X x R) be non-negative while C C X is compact.
Define Z(-,C): F(X)NC(X) — [0,00] by

20, C) = /C C(6(v;2)) wiz, v(z)) dA(z).
Ifve F(X)NC(X), then
(24) likrgian(vk,C) > Z(v,C)

for every sequence v € F(X) N C(X) converging tov e F(X)NC(X).

We allow that ((0) = oo. In this case, Z(v,C) < oo only if C is contained in the support of
®(v;-), otherwise, the integrand attains the value co.

In the proof, we will also use the following version of Fatou’s Lemma (see, for example, [22,
Lemma 1.28]), which says that if z. is the counting measure, then

(25) Zlikrgiogf fily) = /Y <likrgi£f fk(y)> dpe(y) Sli]gngfk(y)

yey yey
where Y C Z and fi : Y — [0, 0] for each k € Z.

Proof. Similar to the proof of Theorem 4, for C C X compact, let Cy C X be the A-null set, where
the singular part of ®(v;-) restricted to C' is concentrated. Choose by Lusin’s theorem pairwise
disjoint compact sets C; C C for [ € N such that ¢(v;-) is continuous as a function restricted to C;
and such that for every [ € N

(26) CiNCy=10
and such that
(27) A(C’ U, cl) —0.

We may assume that liminfy_ o Z(vg, C) < oo and that Z(vg,C) < oo for k sufficiently large.
Otherwise (24) clearly holds.

Let vy be a sequence on F(X)NC(X) converging to v € F(X)NC(X). We will start by proving
that for each | € N the inequality

(28) tmint [ (00w ) o () M) > [ (605 0) o, (@) dA(w)

k—o00 a

holds. Let n > 0. We choose an increasing monotone sequence t; € (0,00) for ¢ € Z such that
lim; 00 t; = sup{¢(t): t € [0,00))} and lim;_, o t; = 0 while

(29) max;ez [((ti+1) — ((t:)| < n
and such that for i € Z and k£ > 0,
(30) AM{z € C: d(vg;2) =ti}) =0,

where vy = v. Set
Ci={xeC:t; <p(v;z) < tip1}.

Since ¢(v;-) is continuous on C; and Cj is compact, the sets Cj; are compact for i € Z. Hence,
w(+,vg(+)) and w(-,v(-)) are uniformly continuous on Cy;, and using (2) we get
(31) limsup | 6y @)z, ve() @) < [ (o) w(e, v(2)) dA(@).

k—o0 Cl; Ci
By (26) and the definition of Cy;,
(32) ¢(v;z) w(z,v(x)) dA(z) Stm/ w(z, v(z)) dA(z).

C C
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Since ( is decreasing, we obtain

(33) [ oo )<Y ¢ / (2)) dA(2).

€L

Let Ji C Z be such that sz- w(z, v (z))dA(x) > 0 precisely if i € J, and set vg = v. If i € Jp,
then i € Ji, for k sufficiently large. By (30), Jensen’s inequality, and the convexity of {, we obtain

<(¢(Uk§ ) w(z, vp(x)) dA(z)

(34) Je,. #(vg; 2) w(z, vi(x)) dA(2)
> Z<( (x I ) /. e () @)

1€J]
Using (34), (25), the monotonicity of ¢, and the classical form of Fatou’s lemma, we obtain

liminf [ ((¢(vx;2)) w(@, vg(x)) dA(z)

k—o00 C

Je,, ¢(o; ) w(z, v (x)) dA(x)
> 11’€H—1>£flegj ¢ ( f(; (@ 00(@)) @) ) /C”w(az,vk(a:))d)\(x)
Sl Jey, @(os ) w(z, vp(x)) dA(x)
= = lim inf ( ( e, w(@, v (@) dX(z) ) /c” Wl () dA(x))

lim supy,_, o, fcl (vr; 37) (z, v(z)) AN ()
>3 1Az

) /C iz, v(@)) dA(a),

i€Jo fC

and by (31), (32), (33), and (29), we conclude that

lim inf / ¢k 7)) w(z, vs()) dA(z)

k—o0
Je,, o ;v(z)) dA(z)
>g]:()(< ( ( 1 dh@) )/Chw(x,v(a:))d)\(x)
> > ((t w(z,v(z)) d\(z)
% i+1 /
—g — ((ti)) /C (o, o() aA(z)

> | C(o(v;iz)) wlz, v(z)) dA(z) — 77/ w(z,v(z)) dA(z).
o} o

Since n > 0 is arbitrarily, this proves (28). Finally, (27), (30), (28), and Fatou’s Lemma imply

liminf/{ (vg; ) w(z, vi(x)) dA(z )—hH_l)loI.}fZ C d(vg; x)) w(z, vi(z)) dA(x)

k—00

> thrgg;f C(¢(vk z)) w(z, vp(x)) dX(x)

/( v;x)) w(z,v(x))dA\(z),

as we wanted to prove. O
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We used the continuity of vy, only to show that w(-, vg(+)) is continuous. Hence, we also have the
following version of Theorem 6.

Theorem 7. Let ( € Cvx([0,00)) and C C X compact. For v € F(X), define Z(v,C) =
Jo C(@(v;z)) dX(z) (as an element of [0,00]). If v € F(X), then

lim inf Z(vg, C) > Z(v, C)

k—o0

for every sequence vy, € F(X) that converges to v.

5. PROOF OF THEOREM 1 AND FURTHER APPLICATIONS

We obtain the following result as special case of Theorem 5.

Theorem 8. For ¢ € Conc([0,00)) and v € Convya (R™; R),

Z(v) = . ¢(det(D? v(x))) dz

1s finite, and

Z(v) > limsup Z(vg)

k—o0

for every sequence vy, in Convya (R™;R) that 7% -converges to v.

A version of Theorem 8 also applies to Convya n(R"™;R), which implies by (11) and Lemma 3
that Theorem 1 holds. We apply Theorem 5 also to the weighted functional affine surface area
from [24] and remark that more general weighted affine surface areas |11, 24| are also covered by
Theorem 5 on Convya (R™; R).

Theorem 9. The functional Z: Convya(R™R) — [0, 00), defined by
Z(v) :/ det(D? v(z)) w2 e~ w2@ gg,

18 T*-upper semicontinuous.
The following result is a special case of Theorem 7.

Theorem 10. Let ¢ € Cvx([0,00)) and C C R™ compact. Define

Z(v,C) = / ¢(det(D*v(x))) dx
c
for v € Convya (R™;R) (as an element of [0,00]). If v € Convpa(R™;R), then

Z(v,C) < liminf Z(vg, C)
k—o0

for every sequence vy, in Convya (R™;R) that 7% -converges to v.

We remark that instead of Monge-Ampére measures mixed Monge-Ampére measures and, in
particular, Hessian measures can be used here. Such measures also appear in the characterization
of continuous valuations on convex functions [6].
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