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ABSTRACT. Sharp affine Hardy—Littlewood—Sobolev inequalities for functions
on R™ are established, which are significantly stronger than (and directly im-
ply) the sharp Hardy-Littlewood—Sobolev inequalities by Lieb and by Beckner,
Dou, and Zhu. In addition, sharp reverse inequalities for the new inequalities
and the affine fractional L2 Sobolev inequalities are obtained for log-concave
functions on R™.
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1. INTRODUCTION

Lieb [17] established the following sharp Hardy—Littlewood—Sobolev inequalities
(HLS inequalities):

| a2 // dz dy
(1) 1720 > [ n‘m_yw

for 0 < a < n and non-negative f € LP(R™) with p = 2n/(n 4+ «). There is equality
if and only if f(x) = a(1 + X |z — x¢|? ) (”Jr“)/z for x € R™ with @ > 0, A > 0 and
zo € R™. Here |- | denotes the Euclidean norm in R™ and || f||5 = [g. [f(z)[P dz
while LP(R™) is the space of measurable functions f : R” — R with || f]|, < oo.
The constant is given by

we T(2) (T2
(2) Yo =T 2 F(ni%)(r(n)) )

2

where T is the gamma function. The HLS inequalities (1) can be considered as weak
Young inequalities and are equivalent by duality to sharp fractional L? Sobolev
inequalities (for more information, see [4,5,8,18]).

The HLS inequalities are invariant under translations, rotations, and inversions,
but not under volume-preserving linear transformations. For geometric questions,
affine inequalities, that is, inequalities that are unchanged under translations and
volume-preserving linear transformations turned out to be very powerful. The
best-known example is the Petty projection inequality for convex bodies (that is,
compact convex sets) in R™, which is stronger than the Euclidean isoperimetric
inequality and directly implies it (see, for example, [9,29], and see [13,23,30,32] for
related results in the L? Brunn—Minkowski theory and for more general sets). Very
recently, Milman and Yehudayoff [26] established isoperimetric inequalities for affine
quermassintegrals, which are significantly stronger than the isoperimetric inequality
for the classical quermassintegrals (thereby confirming a conjecture by Lutwak [22]).
Gaoyong Zhang’s affine Sobolev inequality [32] is an affine version of the classical
L' Sobolev inequality. It was extended to functions of bounded variation by Tuo
Wang [30], and corresponding results for LP Sobolev inequalities were established
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by Lutwak, Yang, and Zhang [24] and Haberl and Schuster [14]. Fractional Petty
projection inequalities were recently obtained by the authors in [15] and affine
fractional LP Sobolev inequalities in [15,16]. In all cases, the affine inequalities are
significantly stronger than (and imply) their Euclidean counterparts.

The main aim of this paper is to establish sharp affine HLS inequalities that are
stronger than Lieb’s sharp HLS inequalities (1).

Theorem 1. For 0 < o < n and non-negative f € L?>"/("+e)(R™),

2 e l > a1 « "
Tl = mn (3 [ ([Tt [ p@)far i) aran® ag)

2 [

There is equality in the first inequality precisely if f(z) = a(14|p(z—x0)|?)~ (" +e)/2
for x € R™ with a > 0, ¢ € GL(n) and xo € R™. There is equality in the second
inequality if [ is radially symmetric.

Here, S*! is the unit sphere in R and integration on S"~! is with respect to the
(n — 1)-dimensional Hausdorff measure while w, is the n-dimensional volume of the
n-dimensional unit ball.

To prove Theorem 1, for given 0 < o < n, we introduce the star-shaped set S, f
associated to f, defined by its radial function for ¢ € S*~! as

Q s = [ [ @) i) d

(see Section 3 for details). The first inequality from Theorem 1 now can be written
as

(4) Yol fl22n > newn™ [Safl™,

where | - | denotes n-dimensional Lebesgue measure. Since both sides of (4) are
invariant under translations of f and

Sa(fod™") =oSaf
for volume-preserving linear transformations ¢ : R™ — R", it follows that inequality
(4) is indeed an affine inequality.

As a critical tool in the proof of Theorem 1, we introduce an anisotropic version
of the right side of (1). In addition, we use the Riesz rearrangement inequality,
its equality case due to Burchard [3], and the original HLS inequalities for radially
symmetric functions.

Recently, Dou and Zhu [7] and Beckner [2] obtained sharp HLS inequalities also
for @ > n. In Section 5, we will establish sharp affine HLS inequalities for o > n,
which are stronger than (and directly imply) their results.

In Section 6, for E C R™ measurable, we consider S,1g, where 1g is the in-
dicator function of E. For an n-dimensional convex body F C R", we show that
So1g is proportional to the radial a-mean body of E, an important notion that
was introduced by Gardner and Zhang [11]. Sharp isoperimetric inequalities for ra-
dial a-mean bodies were recently obtained in [15]. Sharp reverse inequalities were
already established by Gardner and Zhang [11]. They generalize Zhang’s reverse
Petty projection inequality [31], and equality is attained precisely for n-dimensional
simplices.
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In Section 7, we establish reverse inequalities also in the functional setting.
Theorem 2. For 0 < a <n and log-concave f € L*(R"),

I'(n+ 1)%
I'(a)

a 2—2a 2o
2 Al Al = ”f”i%'

|Saf

There is equality in the first inequality if f(z) = ae~I*=%olla for 2 € R™ with a > 0,
xo € R™, and A an n-dimensional simplex having a vertex at the origin.

Here, || - ||a is the gauge function of A C R™. The second inequality follows from
Holder’s inequality; for the proof of the first inequality, see Section 7.

We remark that it is easy to see that for general, non-negative f € L?(R"), no
non-trivial reverse inequality can hold. In Section 7, we establish reverse inequalities
also for & > n (see Theorem 15) and obtain results for s-concave functions for s > 0.
Moreover, we will establish reverse affine fractional L? Sobolev inequalities.

2. PRELIMINARIES

We collect results on symmetrization, star-shaped sets, log-concave and s-concave
functions, and fractional polar projection bodies.

2.1. Symmetrization. Let £ C R" be a Borel set of finite measure. The Schwarz
symmetral of E, denoted by E*, is the closed, centered Euclidean ball with the
same volume as F.

Let f be a non-negative measurable function with superlevel sets of finite mea-
sure. Let {f >t} = {x € R": f(z) > t} for t € R. We say that f is non-zero if
{f # 0} has positive measure, and we identify functions that are equal up to a set
of measure zero. The layer cake formula states that

(5) f(a) = / T e (@) dt

for almost every = € R™ and allows us to recover the function from its superlevel
sets. Here, for E C R, the indicator function 1g is defined by 1g(z) =1 forx € E
and 1g(z) = 0 otherwise.

The Schwarz symmetral of f, denoted by f*, is defined as

F@) = /O L pony- (2) dt

for x € R™. Hence f* is determined a.e. by the properties of being radially sym-
metric and having superlevel sets of the same measure as those of f. Note that
f* is also called the symmetric decreasing rearrangement of f. We say that f* is
strictly symmetric decreasing, if f*(x) > f*(y) whenever |z| < |y|.

The proofs of our results make use of the Riesz rearrangement inequality (see,
for example, [18, Theorem 3.7]).

Theorem 3 (Riesz’s rearrangement inequality). For f, g,k : R™ — R non-negative,
measurable functions with superlevel sets of finite measure,

| [ @k namaray< [ [ fr@ke - g dedy

n R n
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We will use the characterization of equality cases of the Riesz rearrangement
inequality due to Burchard [3].

Theorem 4 (Burchard). Let A, B and C be sets of finite positive measure in R™
and denote by a, B and 7y the radii of their Schwarz symmetrals A*, B* and C*.
For |a— | < v < a+ B, there is equality in

/ / la(y) 1p(x —y) lo(x)dedy < / / las(y) 1+ (z —y) 1o (2) dedy
if and only if, up to sets of measure zero,
A=a+aD, B=b+p8D,C=c+~D,
where D is a centered ellipsoid, and a,b and ¢ = a + b are vectors in R".

Theorem 5 (Burchard). Let f, g,k : R® — R non-negative, non-zero, measurable
functions with superlevel sets of finite measure such that

/n . f@)k(z —y)g(y) dz dy < oo.

If at least two of the Schwarz symmetrals f*, g*, k* are strictly symmetric decreas-
ing, then there is equality in

/ f(@)k(z —y)g(y) dedy < / [ @)k (z —y)g*(y) dz dy
n R’n

n ]R’n
if and only if there is a volume-preserving ¢ € GL(n) and a,b,c € R™ withc = a+b
such that

fx) = (07 e —a), k(x) = kK" (¢~ 'z = b),g(z) = g"(¢" 'z —¢)
for x € R™.

2.2. Star-shaped sets and dual mixed volumes. A closed set K C R" is star-
shaped (with respect to the origin) if the interval [0,z] C K for every x € K. The
gauge function || - ||k : R™ — [0, 00] of a star-shaped set is defined as

lz]|lx = inf{A > 0:2 € AK}
and the radial function pg : R™ \ {0} — [0, oc] as
pi(7) = ||z| " =sup{\A > 0: \z € K}.

For the n-dimensional unit ball B™, we have || - ||g» = | -|. The n-dimensional
Lebesgue measure, or volume of a star-shaped set K C R™ with measurable radial

function is given by
1
K= [ ooy
n Jsn—1

We call K a star body if its radial function is strictly positive and continuous in
R™\ {0}.

Let a« € R\{0,n}. For star-shaped sets K,L C R™ with measurable radial
functions, the dual mixed volume is defined as

VKD =5 [ i@ ()" de.

n
Note that

VoK, K) = |K|.
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For 0 < a < n and star-shaped sets K, L C R™ of finite volume, the dual mixed
volume inequality states that

(6) ValK.L) < [K| /" L]/,

Equality holds if and only if K and L are dilates, where we say that star-shaped
sets K and L are dilates if px = cpy, almost everywhere on S"~! for some ¢ > 0.
The definition of dual mixed volume for star bodies is due to Lutwak [21], where
also the dual mixed volume inequality (6) is derived from Holder’s inequality. For
0 < o < m and star-shaped sets of finite volume, it follows from (6) that the dual
mixed volume is finite. For star-shaped sets K, L C R™ and a > n, the dual mixed
volume inequality states that

(7) Va(K, L) > K|/ L]e/m,

It follows from the equality case of Holder’s inequality that equality holds for finite
Vo(K, L) if and only if K and L are dilates. See [9,29] for more information on
dual mixed volumes.

2.3. Log-concave and s-concave functions. A function f : R™ — [0, 00) is log-
concave, if x — log f(x) is a concave function on R™ with values in [—o00,00). For
s> 0, a function f: R™ — [0,00) is s-concave, if f* is concave on its support.

The following result is a consequence of the Prékopa—Leindler inequality. It can
be found as Theorem 11.3 in [10]. Log-concave functions are included as the case
s=0.

Lemma 6. Let s > 0. If f,g € L*(R"™) are s-concave, then their convolution is
s/(ns + 2)-concave.

Here, the convolution of f,g € L*(R") is defined by

frg(x)= [ flz—y)g(y)dy

R’Vl
for z € R™.
We also consider the limiting case s = co. We say that a function f : R™ — [0, 00)

is s-concave with s = oo if it is a multiple of the indicator function of a convex
body.

2.4. Fractional L? polar projection bodies. For measurable f : R — R and
0 < a < 1, the a-fractional L? polar projection body of f, denoted by II;“ f, was
defined in [16] by its radial function for £ € S"~1 as

) s @7 = [ [ w9 - )P arar

The fractional Sobolev space WC“’2(R”) is the set of all f € L?(R™) such that

)|2da:d < o0
n JRn \x—y|"+20‘ Y ’

The affine fractional L? Sobolev inequality [16 Theorem 1] states that
(9) 12 2 < Onzanwn [y f%

for f € W2(R") and 0 < o < 1, where 0,2, is an explicitly known constant.
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3. THE STAR-SHAPED SET S, f

Let f : R® — [0,00) be measurable, K C R™ star-shaped with measurable
radial function and o > 0. Anisotropic fractional Sobolev norms were introduced
n [19,20] and used in [15]. Here, we introduce

(z)f(y)
7_dxd
// o — ylli

an anisotropic version of the functional from (1). Using Fubini’s theorem, polar
coordinates, and (3) we obtain that

//R Hx—yu ‘m‘y‘/w Rnwdydz

- / / P (1) 11 / ) f(y + t€) dy dt de
sn—1 Jo Rn

/ px(é)"_a/ U [ fy) fy+t€)dydede

sn-1 0 R

= [ oo soras

Hence,

(10) /" /w ||mfy|| dxdy—nV (K,Sof)

for measurable f : R™ — [0,00) and star-shaped K C R" with measurable radial
function.
Note that, using polar coordinates and Fubini’s theorem, we obtain that

Sufl = [ psustorae

(11) /S / /nt” Ut () f(z + t€) dx At dg

-~/ [ 1@ty dyar
1
= |71

for measurable f : R™ — [0, c0).
We remark that for 0 < o < n and given measurable f : R" — [0, 00), the dual
mixed volume inequality (6) and (10) imply that

sup{// T T ” _dady : K C R star-shaped, |[K| = w,} = nwn ™ | Saf|*
n JRn || T — Y

is attained precisely for a suitable dilate of S, f if | S, f] is finite. In this sense, S, f
is the optimal choice of the star-shaped set K for given f. For o > n and given
measurable f : R™ — [0, 00), the dual mixed volume inequality (7) and (10) imply
that

NENiG

inf { / / —dzdy : K C R star-shaped, |K| = w, } = nwn "
n Jre IIZ‘—yII
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is attained precisely for a suitable dilate of S, f if | S f| is finite. Again S, f is the
optimal choice in this sense.
We mention the following property of S, f for log-concave f.

Proposition 7. If f : R® — [0,00) is log-concave and in L'(R™), then Sof is a
convex body for every a > 0.

Proof. Since f is log-concave and in L'(R"), so is

v | @ ty)an

This follows from the Young inequality (cf. [18, Theorem 4.2]) and Lemma 6. Hence,
using a result of Ball [1, Theorem 5] (or see [11, Corollary 4.2]), we obtain the
result. O

4. ArrFINE HLS INEQUALITIES FOR 0 < v <

The following result is an immediate consequence of the Riesz rearrangement
inequality and its equality case from Theorem 5.

Lemma 8. Let ¢ > 0 and K C R"™ a star-shaped set with measurable radial function
and | K| > 0. For a non-zero, measurable function f:R"™ — [0,00) such that

/ / f@)f(y) drdy < oo
R7 JR? ||x—y||§(

and strictly symmetric decreasing f*, there is equality in

(@) 1) F@) @)
// ||xy|3(dxdy§/w N P

if and only if K is a centered ellipsoid and f is a translate of f*.
We require the following lemmas for the proof of Theorem 1.

Lemma 9. Let 0 < a < n and K C R™ be star-shaped with measurable radial
function. If f : R™ — [0,00) is non-zero and measurable and

/ / - dzdy < oo,
n JRn III*yII

VoK, Saf) < Va(K*,Saf*).

then

For |K| > 0 and f* strictly symmetric decreasing, there is equality if and only if K
is a centered ellipsoid and f is a translate of f*.

Proof. By (10) and the Riesz rearrangement inequality, Theorem 3, we have
Va(K,Saf) < Va(K*,Saf").

By Lemma 8, there is equality if and only if K is a centered ellipsoid and f is a
translate of f*. (I
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Lemma 10. Let 0 < a < n and p = 2a/(n + «). For non-negative f € LP(R™),
|Saf| < [Saf*.

For f* strictly symmetric decreasing with | So f*| < 0o, there is equality if and only
if f is a translate of f*.

Proof. First, assume that |S,f| < co. By Lemma 9 with K = S, f and the dual
mixed volume inequality (6) for 0 < o < n, we have

[Saf| = Va(Saf,Saf)
< Va((Saf)*,Saf)
(Sa)"I" EEYAk
=[SafI7 |Saf ™.
The equality case follows from Lemma 9.
Second, assume that | S, f| = co. For k > 1, define

fy (@) = f(2) Lgpn ().

Note that f(;) is non-decreasing with respect to k and converges to f pointwise.
By the monotone convergence theorem, we obtain

IN

lim t“ 1/ foo (@) foy (@ + &) de dt = / o= [ f(@) f(z + t€) de dt
Rn

k—o0

and the convergence is monotone. A second application of the monotone conver-
gence theorem shows that

n

lim ( / po1 / Foo (@) Fo (@ + t€) dxdt)a dg
k— o0 Sn— 1

_ / (/oo ot [ fla) f (o + t€) de dt) " e
sn-1 \Jo R™
Hence,

(12) Hm [Safo| = |Saf] =00
—00

Since f € LP(R™), the function f() has compact support and |S, fx)| < oo for
k > 1. It is easy to verify that (f))* < f* a.e., so the first part of the lemma
implies that

[Safey| < 1Salfi)*| < [Saf”]
for k> 1. It follows from (12) that | S, f(x)| — oo, which shows that
[Saf | = o0

which is what we wanted to show. O
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4.1. Proof of Theorem 1. Since || f||, = ||f*|lp, we obtain by the classical HLS
inequality (1), by (10) and by Lemma 10 that

Yol FI5 > /R dedy

e |
= nVa(Bna Saf*)

:nw:%w
> nwn ™ | Saf]

If there is equality throughout, then f* realizes equality in the HLS inequality (1).
Hence f*(z) = a(1 + X|z|?)~"/? for some a > 0 and A > 0. Consequently, f* is
strictly symmetric decreasing, and we may apply Lemma 10 to obtain the equality
case in the first inequality in Theorem 1.

For the second inequality, we set K = B™ in (10) and apply the dual mixed
volume inequality (6) to obtain

/ / W dzdy = nVa(B",Saf) < nwn” |Saf|?
n Jrn |T — Y|

There is equality precisely if S, f is a ball, which is the case for radially symmetric
functions.

5. AFFINE HLS INEQUALITIES FOR « > 1

Jingbo Dou and Meijun Zhu [7] and William Beckner [2] established sharp HLS
inequalities for a > n (also see [6,2

8])
(13) Il // P ey

for non-negative f € LP(R™) with p = 2n/(n + «), where 7, o is defined in (2).
There is equality if f(x) = a(1+ X |z — x0|?)~("=*)/2 for x € R™ with a >0, A > 0
and xg € R".

We will establish sharp HLS inequalities for a > n that strengthen and imply
(13). We require the following lemmas.

The following result is a consequence of the Riesz rearrangement inequality and
Theorem 4. Note that the middle function in (14) has superlevel sets of infinite
measure.

Lemma 11. Let ¢ > 0 and K C R" a star-shaped set with 0 < |K| < oo. For
non-negative, non-zero f € LP(R™) such that

(1) || 5@l =l s dzdy < .

there is equality in

) [ [ s@le -l fasdyz [ 5@l -l £ dsdy

if and only if K is a centered ellipsoid and f is a translate of f*.
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l2ll% = / Fa(z) ds

where ki(2) = 1,1/amn\ k) (2), and using the layer-cake formula (5) for f and g, we
obtain

Proof. Writing

/n - f@)llz =yl f(y) dz dy

= /0 /0 /0 /n /n Lipsry(@)ks(z — y) 1> () dody dr dsdt.

The Riesz rearrangement inequality, Theorem 3, implies that

/n / gz (@)ks(@ = y) 1iy20 (y) dody
- / / Lipory (@)L = Lasax (2 =) Lis>n (y) dedy

:/ / Ligory () 1ipoey (y) dody
[ i@ Lo - ) Lo ) dedy

> [ [ Mg @R =) g ) drly

for r,s,t > 0. Note that [, 1{s>,3(x)dz < oo for r > 0, as f € LP(R™). If there
is equality in (15), then there is a null set M C (0,00)? such that

//1{f>r} Laja(x —y) 1poey(y) dzdy

~ [ ] L@ Lo (o = ) Loy () dadly

for (r,s,t) € (0,00)3\ M.

For almost every (r,t) € (0,00)2, we have (r,s,t) € (0,00)3\M for almost every
s > 0. For such (r,t) with r > ¢ and s > 0 sufficiently small, the assumptions of
Theorem 4 are fulfilled and therefore there are a centered ellipsoid D and a,b € R™
(depending on (r, s, t)) such that

{f>r}=a+aD, sY'K=0b+pD, {f>t}=c+7D
where ¢ = a +b. Since K = s~/ + (|K|/|D|)'/™D, the centered ellipsoid D does
not depend on (r, s,t) and hence the vectors a and ¢ do not depend on s. It follows

that b = 0 and that K is a multiple of D. Hence a = c is a constant vector, which
concludes the proof. O

Lemma 12. Let a > n and K C R"™ be star-shaped with measurable radial function.
If f : R™ — [0,00) is non-zero and measurable and

// - dzdy < oo,
n Jrn IIw—yII

Va(K,Saf) > Va(K*,Saf*).

then
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For |K| > 0, there is equality if and only if K is a centered ellipsoid and f is a
translate of f*.

Proof. By (10) and Lemma 11, we have
Va(K,Saf) > Va(K*,Saf*).

By Lemma 11, there is equality if and only if K is a centered ellipsoid and f is a
translate of f*. (I

Lemma 13. Let a >n and f : R™ — [0,00) measurable. If |S,f| < oo, then
|Saf| = [Saf]-
There is equality if and only if f is a translate of f*.

Proof. By Lemma 12 with K = S, f and the dual mixed volume inequality (7) for
a > n, we have

Va(Saf: Saf)

> Va((Saf)*,Saf*)
(Sa /) Sa "

= |SafI"=[Saf| "

The equality case follows from Lemma 12. O

| Sa fl

>

We are now in the position to prove affine HLS inequalities for a > n.

Theorem 14. For a > n and non-negative f € L*"/("+e)(R"),
n-—a o x
'Yn,aHf”QA < nwp" |Saf|W S/ / Lfﬁ;ﬂldmdy
e n Jre |z =yl

There is equality in the first inequality precisely if f(z) = a(14|p(x—z0)|?)~(P~)/2
for x € R™ with a > 0, ¢ € GL(n) and xo € R™. There is equality in the second
inequality if [ is radially symmetric.

Proof. For the first inequality, we may assume that |S, f| is finite. Since ||f|, =
|| f*||p, we obtain by the HLS inequality (13), by (10) and by Lemma 13 that

n Jyn T —y|e
= nVa(an Saf*)

n—a e
= nwn" |Saf |n
Safl".

If there is equality throughout, then f* realizes equality in the HLS inequality (13).
Hence f*(x) = a(1 + \|z|?)~"/P for some a > 0 and X\ > 0. By Lemma 13, we
obtain the equality case.

Tn,o

n—o
S nwn "
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For the second inequality, assume that

/n/nmdxdy<oo.

We set K = B™ in (10) and apply the dual mixed volume inequality (7) to obtain
/ / TDIO 4 ay = i (B, 80) > ™ [Su 1%
n Jre |z —y|ne

There is equality precisely if S, f is a ball, which is the case for radially symmetric
functions. O

Next, we state a sharp reverse of the first inequality from Theorem 14 for log-
concave functions.

Theorem 15. For a > n and log-concave f € L*(R"),

L(n+1)n
I'(a)

22«

[Safl™ < IIfIl5~ ™

f

2a

U< P2

i

There is equality in the first inequality if f(z) = ae l#=2ola for x € R™ with
a> 0,29 € R" and A an n-dimensional simplex having a vertex at the origin.

The proof of this result will be given in Section 7.

6. RADIAL MEAN BODIES

Let E C R™ be a convex body. For a > —1 and «a # 0, Gardner and Zhang [11]
defined the radial a-th mean body of E, by its radial function for & € S*~1, as

o5 (€)" = |—,§| /E p—a(€)* da
for w # 0 and as
1
lox(or,(6) = 7 [E log(pp_» (€)) da.

They showed that R,E is a star body for & > —1 and a convex body for a > 0.
This also follows from Proposition 7 and equation (16), which we will establish
below. Gardner and Zhang [11] also showed that for a > —1 and ¢ € S*~ 1,

1
PR E(E)" = ( |EN (L +y)|$ T dy,

where {¢ = {t{ : t € R} is the line in direction § and | - |; denotes one-dimensional
volume while E|¢+ is the image of the orthogonal projection of E to the hyperplane
orthogonal to &.
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Let E C R™ be convex. If a > 0, then the definition of S, 1z implies that

PsalE(f)QZ/ t*HEN (B +t€)| dt
0
— [t [Nl -
0 Elgt

=/ / VBN (6 + )|y — 1), dtdy
E|¢+

0

[EN(le+y)|1
-/ (BN (b + )|y — £) de dy
Ele+ Jo

1

=—— EN(¢ o dy.
T o, [N el dy

Hence,
E 1/a
(16) Salp = (u) RoE
Q
for « > 0. If =1 < a < 0, then, using (8), we obtain that

prg-ero 1, (€7 = [ BB+ 1)
2 0

:/ tafl/ 2min{|E N (bg +y)|1,t} dyde
0 Blet

(o)
:2/ / t* I min{|E N (b +y)|1,t} dtdy
El¢t Jo

[EN(Le+y)h o0
:2/ / t‘*dt+/ |EN (b +y)|1 t* tdtdy
Ele+Jo [EN(Le+y)h

2
= ENn(¢ atlg
OZ(OL+1)/E‘§L| (§+y)1 Y,
where EAF is the symmetric difference of E, F' C R™. Hence, we obtain that
. 21EN\ 1/
(17) %1, = (%) RoE

for -1 < a<0.
See [11,15] for information on sharp affine isoperimetric inequalities for radial
mean bodies.

7. REVERSE AFFINE HLS AND FRACTIONAL L? SOBOLEV INEQUALITIES

We prove Theorem 2 and Theorem 15 for log-concave functions and derive results
for s-concave functions for s > 0. In addition, we establish reverse affine fractional
L? Sobolev inequalities.

7.1. An auxiliary result. We require the following result (see, for example, [27,
Lemma 2.6], where it is said to be a consequence of [25]). A simple computation
gives the equality case.
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Lemma 16. Let w: [0,00) — [0,00) be decreasing with

oo
(18) 0</ t*lw(t) dt < oo

0

fora > 0. If p : [0,00) — [0, 00) is non-zero, with (0) = 0, and such that t — ¢(t)
and t — @(t)/t are increasing on (0,00), then

(19) (o) = <f0°° 1 lu(p(1) dt) :

JoS e tw(t) dt

is a decreasing function of « on (0,00). Moreover, ¢ is constant on (0,00) if o(t) =
At on [0,00) for some A > 0.

Note that (18) and the assumptions on ¢ and w imply that both integrals in (19)
are finite and that the conditions of [27, Lemma 2.6] are fulfilled.

We will extend Lemma 16 to o € (—1,00). Let w be as in Lemma 16 and o > 0.
For any tg > 0, we have

(20) /Ooota‘lw(t)dlt=/Oo t*1w(t) dt—/to t“‘l(w(O)—w(t))dt—i—w(O)%.

to 0
If, in addition,

/OOO 191 (0(0) — w(#)) dt < oo

for o € (—1,0), then the right side of (20) is finite for o € (—1,0). Moreover, it is
equal to

/ 10 wt) — w(0)) dr,
0

which is the analytic continuation of o — fooo to~1w(t) dt to (—1,0) (see, for exam-
ple, [12, Section 1.3]).

For w(t) = et and w(t) = (1 — st)i/S with s > 0, we obtain the well-known
analytic continuation formulas for the Gamma and Beta functions,

fooo te—le=tdt for 0 < «,
(o1) D)= 4%
Jo t et =1)dt for —1<a<O0,

and
0 Lo — 1/s
1 o1 (1 — st dt for 0 < a,
(22) S*Ot B(O{, 1 + 7) _ fOOO ( )+1
s J e (1 —st))/* —1)dt for —1<a<0.

We extend Lemma 16 to o € (—1,00) using the analytic continuation formula
from (20).
Lemma 17. Let w: [0,00) — [0,00) be decreasing with

(oo}
0</ t*Lw(t) dt < oo
0

for a >0 and
0< / t* N w(0) — w(t))dt < oo
0
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for =1 < a<0. If p: [0,00) = [0,00) is non-zero, with ¢(0) = 0, and such that
t— p(t) and t — (t)/t are increasing on (0,00), then

(fo lw ))dt> fora>0

JoSte 1w( )dt

C(a) = exp(/ooooWdt) fora=20

(fo‘”t“-lw( (1) — w(0))d
Je e (w(t) — w(0)) dt

is a continuous, decreasing function of a on (—1,400). Moreover, { is constant on

(—1,00) if o(t) = At on [0,00) for some A > 0.

1
> for —1<a<0

Proof. First, we show that ¢ is well-defined. Take to > 0 such that ¢(ty9) > 0, and
set v = p(to)/to. Since t — p(t)/t is increasing, we have p(t) < vot for 0 <t < ¢
and ¢(t) > vot for t > to.

For a € (—1,00), we have

vo/ t“*lw(go(t))dtgvo/ t* L (vot) dt

to to

L)

where the last integral is finite and increasing with respect to «, and

(23)

vo/o i t* 1 (w(0) — w(p(t))) dt < vo/o i >~ Hw(0) — w(vot)) dt

- (t) ((0) — w(t)) dt,

where the last integral is finite and decreasing with respect to a. Now (23), (24),
and (20) together with the dominated convergence theorem show that ¢ is well-
defined and continuous on (—1,0) and (0, c0).

For a = 0, we have

to
/0

(24)

lplt) —ett)
t

(25) < / 1 (w(0) — w(e()) dt + / 1 (w(0) — w(t)) dt
Ty w(0) —w ’ “w(0) —w
S/O t~ (w(0) (t))dt+/0 t~ (w(0) (t))dt
and
(26) /OOIW‘ dté/w t_lw(t)dt—l—/oot_lw(t) dt.

The monotonicity of the last integrals of (23) and (24) shows that the integrals in
(25) and (26) are finite. Hence ¢(0) is well-defined.
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It follows from Lemma 16 that ¢ is decreasing on (0,00). We show that it is
decreasing on (—1,0). By the change of variables r = t~!, we get

et = <f0°° = (w(0) ww(r)l»dr)‘i
fooo r= 1(w(0) —w(r—1))dr

where ¥(r) = p(r~1)~!. Observe that w(0)—w(r~1) is decreasing and non-negative,
and that ¢(r)/r = (gp(r‘l)/r_l)_l is increasing. Since —a € (0,1), Lemma 16
implies that ((a)~! is an increasing function of a.

Using (20) and the elementary relation,

o (GE125)’ - (222

which is valid for a constant ¢ # 0 and continuous functions a — a(a) and « +— b(a),

we obtain that
. Fw(p(t) —w(t)
Jim, ¢(a) = exp ( /0 t(0) dt) '

So ¢ is continuous at a = 0. (]

7.2. Radial mean bodies of functions. Let f € L?(R") be non-zero and non-
negative. We define

27 Ra - a)isa
27) d (Ifll% f
for a > 0 and

o >i /2
28 Rof==+5 11
(28) f (2f||§ 2

for —1 < a < 0. In addition, we define Rq f by its radial function for £ € S*~! as
©1 /1 -
log(prof(€)) = = +/ < (2 f@)f(x+t&)de —e t> dt,
ot \IfIZ Jrn

where v is Euler’s constant. The definitions (27) and (28) are compatible with (16)
and (17) for f = 1g and a convex body E C R™. Note that (11) implies that

£
I1£13

(29) IRy f| =
for non-zero f € L*(R").

7.3. Results for log-concave functions. We start with a simple calculation, for
which we need the following notation. For f € L?(R") and y € R", we set

9f(y) = - f(z) f(x+vy)da.

We define the simplex A, C R™ as the convex hull of the origin and the standard
basis vectors ey, ..., e,. In addition, let B} = {(x1,...,2,) : |z1| + - + |zo| < 1}
and R} = {(z1,...,2,) €R" 1 21,...,2, > 0}.
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Lemma 18. If f(z) = e I#lan for x € R, then

Gf(y) = !

276—HZJHB{"
fory e R™.

Proof. We have

0 for x ¢ R%}.
Setting g = ¢f, we obtain that

e~(@t+za)  for z € R,
o] :

n
i=1 Y ReN(Ry —yi)
Using

{1 fory; >0

2/ e i dy; = o0
RyN(Ry—y;) e¥i  fory, <0

and I_(y) = {1 <i<mn:y; <0}, we obtain that

L ~wtrw) 2 S v _ L —lyllsp

for y € R™.

We establish the following inclusion relation.

Theorem 19. If f € L?>(R") is non-zero and log-concave, then

1
1/8 Rﬁf - T

1
rp+1) (4 1)1/ Raf

17

for =1 < a < B < oo. There is equality if f(z) = ael1*=%la for 2 € R™ with

a>0,z9g € R" and A an n-dimensional simplex having a vertex at the origin.

Proof. Note that g = ¥f is even, attains a maximum at y = 0 and that g(0) = || f|3-

Moreover, g is log-concave by Lemma 6.

We fix ¢ € S"! and see that t — g(t£) is a positive, decreasing, log-concave
function. We apply Lemma 17 to w(t) = g(0)e™t, p(t) = —log(g(t£)/g(0)) and

observe that

(o = (Lot a N st
Jo trtg(0)et dt T(a+1)1/e

for a« > 0 and

<<a>_< 5 " 9(0) — g(2€)) dt )” ns®
o~ 1 (g(0) — g(0)e) e

T T(a+ 1)t/

for =1 < a < 0, where we used formula (21). This proves the inclusion. There
is equality in Lemma 17 if g(t&) = e~ for some function h : S*~1 — (0, c0).
Hence, the equality case follows from Lemma 18 and the SL(n) and translation

invariance and homogeneity of | R, f|.

O
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Using (27) and (29), we obtain both Theorem 2 and Theorem 15 immediately
from the above result. Using (28), (29), and Hélder’s inequality, we also obtain the
following inequality from Theorem 19.

Theorem 20. For 0 < o < 1/2 and log-concave f € L*(R"),

« _ 2o 244 —4a 2
H*7a n < n n <L n .
e T < I < 1y,

There is equality in the first inequality if f(z) = ae l#=2olla for x € R with
a> 0,29 € R" and A an n-dimensional simplex having a vertex at the origin.

The inequality in the previous theorem is a reverse inequality to the affine fractional
L? Sobolev inequality (9).

7.4. Results for s-concave functions. We obtain the following inclusion rela-
tion.

Theorem 21. Let s > 0. If f € L>(R™) is non-zero and s-concave, then
1 1
2 2\\1/8 Rpf € 2 2
(n+2)B(B+1,n+2)) (n+2)Bla+1,n+2))
for -1 < a< f < oco.

1/« Ro‘f

Proof. As in the proof of Theorem 19, note that g = ¥f is even, continuous, and
attains a maximum at y = 0. For £ € S"~1, it follows that ¢t — g(t£) is positive
and decreasing. By Lemma 6, the function g is r-concave with r = s/(ns + 2).

We apply Lemma 17 with w(t) = g(O)(l—rt)i/r and ¢(t) = (1—(g(t&)/g(0))")/r.
We obtain that

SR R a3 LN WA W1
22 g(oyte—1(1 —rt) /" dt (aB(a, 1+ 1)V

for « > 0 and
o) = ( Jo t*7H9(0) — g(x€)) dt ) / __ mor.s(§)
JiZ o= L(g(0)(1 = )} — g(0)) dt (aB(a, 1+ 1))/

for =1 < a < 0, where we used formula (22). The result now follows from
Lemma 17. 0

For s — 0, we recover Theorem 19 from Theorem 21. For s — oo and f = 1g
for a convex body E C R", Theorem 21 implies that

1 1
1/8 R C 1/a
(nB(B+1,n)) (nB(a+1,n))
for —1 < o < B. This recovers Theorem 5.5 by Gardner and Zhang [11], who showed
that there is equality in (30) precisely for n-dimensional simplices. The problem to

determine the precise equality conditions in Theorem 19 and Theorem 21 is open.
It follows from the proof of Theorem 21 under the assumptions given there that

PR s (6) - Pros ()
(n+HBE+1n+2)"" " ((n+HBla+1n+2)""

(30)

(31)
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with equality for &€ € S"71 if 9f(t€) = a(l — /\t)}r/s for t > 0 with a > 0 and A > 0.
The following lemma shows that the inequality in (31) is sharp in some directions
and that the constants in Theorem 21 are optimal.

Lemma 22. Let s > 0. If f(z) = (1 — Hx||A )+ ¢ for x € R™, then

n+2/s
Gf(y) = a(l - *HyIIB ),
for every y € R™ with y1 + -+ + yn, = 0, where a = B(n,1+2/s)/(n — 1)\

Proof. Let t_ = max{0,—t} for t € Rand y_ = ((y1)_,...,(yn)_) for y € R™.
Setting 0(t) = (1 — t)i/s, we have

G = [ () (X)) do
RYNRY —y) =1 i—1

:/ 53 w:) 6(> (@i +91)) da
Rity- =1 i=1

:/na(Z( Zj:xl—i-yz y;)_) da

A
S ACO TS SIRT) DS SIRES
RY =1 i=1 i=1 i=1
1 > n—1
=gy ] ) 80+ )
Now note that if [|y_|lsr = [|y:|lsp = 3/lyllsr =t, then
1 o0
Gf(y) = —— (e + )% d
) = oy [ e
— 1 - n—1 2/s
—m/{; T (I—T'—t)+ d'f'.
For ¢t > 1, this quantity is 0. Otherwise, we get

1—t
Yf(y) = (n_ll)|/0 T A = — )2 dr

1 1
_ 1— 1— n—1 1— —(1— 2/s
=0 [ (@09 = - = near
1 1
= oD (1- t)"+2/5/ r" (1 — ) dr,
n—1)! 0
which completes the proof. (I

Using (27), (29) and Hoélder’s inequality, we obtain the following inequalities
from Theorem 21.

Corollary 23. Let s > 0. If f € L?(R") is s-concave on its support, then
(nB(n,n+1+ %)=
B(a,n+1+ 2)

for 0 < a <n and the inequalities are reversed for a > n.

2 2a

[Sa 1% > 1A 11 2 1£11 220
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Using (28), (29), and Holder’s inequalities, we obtain the following inequality
from Theorem 21.

Corollary 24. Let s > 0. If f € L?(R") is s-concave on its support, then

2a

(nB(n,n+142))"

T2 f1= 5 < AR 1A < )12
2[B(—2a,n+1+2)] "2 -2 o=

2n
n—2a

for 0 <a<1/2.

The following problems remain open: Are the first inequalities in Corollary 23 and
Corollary 24 sharp for f % 07
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