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Rooted planar maps with n edges

= connected graph with multiple edges and loops allowed
embedded on a sphere (genus = 0) with one oriented (root) edge
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Maps with simple boundaries
= maps with a boundary consisting of as many edges as vertices
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Bears in planar maps

Bears
A map consisting of one simple 4-gon and 2 simple 2-gons
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Bears in planar maps

Bears
A map consisting of one simple 4-gon and 2 simple 2-gons

Bears have also simple boundaries.
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Bears in planar maps

Some basic questions

How many bears do we expect in a uniformly at random chosen
map with n edges?

Can we say something about the distribution of bear counts?
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Pattern occurrences in planar maps

Bender, Gao, Richmond, 1992

A random rooted map' with n edges almost surely contains at least
cn copies of a pattern P2.

Ton a surface with genus g
2if P is planar and almost surely none if it is not
3adjusted with a (regular critical) Boltzmann distribution
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Pattern occurrences in planar maps

Bender, Gao, Richmond, 1992

A random rooted map' with n edges almost surely contains at least
cn copies of a pattern P2.

Drmota, Stufler, 2017
Let X, be the number of occurrences of P in a random rooted
planar map® with n edges. Then

E[X,] = O(n).

Ton a surface with genus g
2if P is planar and almost surely none if it is not
3adjusted with a (regular critical) Boltzmann distribution
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Pattern occurrences in planar maps

Gao, Wormald, 2004

Let P be a triangulation which cannot self-intersect and X, be the

number occurrences of P in a random triangulation with n edges.
Then
Xn — Mn

On

— N(0,7).

Eva-Maria Hainzl : Pattern occurrences in planar maps 6



Pattern occurrences in planar maps

Gao, Wormald, 2004

Let P be a triangulation which cannot self-intersect and X, be the
number occurrences of P in a random triangulation with n edges.
Then

% — tn — N(0,1).

On

Drmota, Noy, Yu, 2020

The number of simple k-gons in a random planar map satisfies a
CLT (as above).

ANB\W/®
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Pattern occurrences in planar maps

Gao, Wormald, 2000

Asymptotic normality determined by high moments, and submap
counts of random maps, Probability Theory and Related Fields
volume 130, pages 368-376, 2004

Drmota, Noy, Yu, 2020

Universal singular exponents in catalytic variable equations,
Journal of Combinatorial Theory, Series A Volume 185, January 2022
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Pattern occurrences in planar maps

Theorem (Drmota, H., Wormald, 2023+)

Let P be a map with simple boundary. Then the number of
occurrences of P in a random planar map satisfies a central limit
theorem.
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Proof ideas: Main tool

Theorem (Gao, Wormald, 2004)

Suppose that pin —+ 00,07 log” o = 0(un), tn = 0(077) and
(Xn)nz1 > 0 satisfies

R a2 —
El(X ~ k () n
[(Xn)e] ~ pp exp ( > )

uniformly for all k in the range cup/on < R < c'up /oy, for some
constants ¢ > ¢ > 0. Then

)M—L/\/(O,’l).

On
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Proof ideas: Main tool

Theorem (Gao, Wormald, 2004)

Suppose that p, — o0, oy log? o = 0(pn), pn = 0(03) and
(Xn)n>1 > 0 satisfies

R o2 —
El(X ~ k () n
[((Xn)e] ~ b exp ( > )

uniformly for all k in the range cup/on < R < c'up /oy for some
constants ¢’ > ¢ > 0. Then

)M—L/\/(O,'l).

On

Note: pun/on = ©(+v/n)
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Proof ideas: Main tool

Xn = (random) number of patterns in map with n edges

What is E [(Xn)k]?
E[(Xn)e] = ZE(E_ 1)--- (0 — f?—H)%
>k n

m, = the number of planar maps with n edges
my ¢ = the number of planar maps with n edges and ¢ bear
occurrences
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Proof ideas: Main tool

Xn = (random) number of patterns in map with n edges

What is E [(X,)]?

E[(Xn)el = > _€(£ 1) (- k1) Dot

>k n

m, = the number of planar maps with n edges
my ¢ = the number of planar maps with n edges and ¢ bear
occurrences
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Proof ideas: Main tool

Whatis ¢(¢ —1)--- (¢ — R+ 1)mp 4?
the number of maps on n edges with k labelled patterns (among
arbitrary many).

w

= count maps
with > k bears
and label k of them!
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Proof ideas: Two steps

First important observation
For large n,
labelled bears are monogamous or confident singles!

v
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Proof ideas: Two steps

First important observation
Only maps with single bears and pairs of bears contribute

— —

Type 4 Type 5
Type 6 Type 7
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Proof ideas: Two steps

A consequence of Drmota, Noy, Yu 2020

Let F be a face of specific shape. Then the number of occurrences
of Fin a random planar map satisfies a CLT.

® (Wap
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Proof ideas: Two steps

Second step

Counting maps with n edges and k labelled bears, where each bear
intersects at most one other

D ——

y 1 unlabel
patterns

D] )
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Proof ideas: Two steps

Second step

Counting maps with n edges and k labelled bears, where each bear
intersects at most one other

1 delete
edges

)
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Proof ideas: Two steps

Second step

Counting maps with n edges and k labelled bears, where each bear
intersects at most one other

y 1 label y

faces
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Proof ideas

The rest is just...

a3

L+ (J o 1)+ 2oy (D 1)+ O

el st0) (. o(2))

.y
042 (Vs (O) oS O))

O 0)

S 3
OB R 0
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Pattern occurrences in planar maps

Theorem (Drmota, H., Wormald, 2023+)

Let P be a map with simple boundary. Then the number of
occurrences of P in a random planar map satisfies a central limit
theorem.
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Thank you for the attention :)
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