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Introduction

The lattice of clones on a set A:
If |A| = 1, then the clone lattice consists of one clone.
If |A| = 2, then the clone lattice consists of countably many clones (Post’s Lattice).

If |A] > 2, then the clone lattice consists of uncountable many clones.
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Investigated interval

Jn = (P(Zn, +),P(Zn, +,))
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Investigated interval

In = <P(Zm +)7 P(Zm +, )>

The elements of P(Z,,+) are all linear functions in the following form
p(T1,. .. Tn) = G0 + a1 71 + G222 + -+ - + Ann,

where ay € L, a1, ..., 0y € Z.
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Investigated interval

In = <P(Zn7 +)7 P(Zm +, )>

The elements of P(Z,,+) are all linear functions in the following form
p(T1,. .. Tn) = G0 + a1 71 + G222 + -+ - + Ann,

where ay € L, a1, ..., 0y € Z.

The elements of P(Z,,+,-) are all polynomial functions in the following form
q(x) = Z an X",

where x = (1, ..., %n), the sum consists of finitely many tuples o = (o, ..., an) of
natural numbers, coefficients a. belong to the set Z, and x* = z{* ... 10",
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What is already known about the interval J,, = (P(Zy, +),P(Zn, +,-))?

Solved cases:

® 1 = prime number p (Rosenberg, 1970)

Lemma

|9

Let m,n € N. If gcd(m,n) =1, then

T & Jp X Jpo

Corollary

It suffices to investigate the case n = p*, k € N, where p is a prime number.
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What is already known about the interval J,, = (P(Z,, +), P(Z, +,-))?

Solved cases:
® n = p?, where p is prime number (Krokhin et al. 1997; Idziak and Bulatov, 2003)
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Investigated interval (P(Z,x, +), P(Z, +,))

Open Problem

What is the structure of the clone lattice of the interval (P(Z,3,+),P(Z,s,+,-))?
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Investigated interval (P(Z,x, +), P(Z, +,))

Open Problem

What is the structure of the clone lattice of the interval (P(Z,3,+),P(Z,s,+,-))?

Open Problem

What is the structure of the clone lattice of the interval (P(Zs,+),P(Zs,+,-))?
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lvestigated interval (P(Zs,+), P(Zs,+, "))

Lattice of clones generated by operations with even coefficients:

Ry Ry R Ry

C(dre) C(2s6)
C(4rs) C(2s5)
C(4ry) C(2s4)
C(4rs) C(2s5)
C(4ry) C(2s,)
C(dry) C(2s1)
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lvestigated interval (P(Zs,+), P(Zs,+, "))

Lattice of clones generated by operations with even coefficients:

R, R,

Ry
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Clones generated by some operations with odd coefficients

Let C(fe) C P(Zs,+,-) be a clone generated by an operation

fE(.'Ijl, .. .,Zn) =21...2%pn Z(Z’L - 1)('77] - 1)7

jEE

where E C [n]® (the set of all pairs from {1,2,...,n}).
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The description of clones C(fg) C P(Zs,+, ) generated by the operation

fe(z, ..., zn) =21 . an(zl —1)(z; — 1),

ijEE

where E C [n)? (the set of all pairs from {1,2,...,n}).

Graph(n) - the set of all graphs on the vertex set {1,2,...,n}

E € Graph(n) - a graph on n vertices with an edge set E C [n]?

Lemma
For every E, D € Graph(n), fz + fp = fe+D.

[E] - a class of graphs generated by FE closed under isomorphism and symmetric difference
Equivalently,

[E] ={E1+ -+ En| E; & E for every i}, where + is the symmetric difference

[E1, ..., Ey] - a class of graphs generated by Fi, ..., E,, closed under isomorphism and
symmetric difference
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fE = x1200x3((x1 = 1)(x2 = 1) + (x1 = 1)(x3 = 1) + (x2 = 1)(x3 — 1))

E: 3

AN

1 2

The symmetric difference of graphs:
Eqy: e Ex: Ei1+E;:
AN / K
[ )
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Problem

The description of clones C(fg) C P(Zs,+, -) generated by the operation
fe(z1, ..., @n) =21 ... 20 Z(% —1)(z — 1),
GEE

where E C [n]* (the set of all pairs from {1,2,...,n}).

Theorem

fp € C(fg) if and only if D € [E].

Theorem

fo € C(fe,) vV Cfg,) ... C(fg,,) if and only if D € [Ex, Ea, .

., En).

Problem

The description of all subsets of Graph(n) that are closed under isomorphism and
symmetric difference.
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The lattice of the graph classes according to the number of vertices n

Denotations

K., - a complete graph on m vertices and n — m isolated vertices
K, + K, - a disjoint union of K, and K,_,
Kynn—m - a complete bipartite graph (with n — m — k isolated vertices)

n=1 n=2 n=3 n=4
[K1,1] [K14]
[Kia]
°[Ka] Q
[K3] [K1,2] [K12]
[Ko] K +K)
Kol e Kzl
[Ky] [K22]

[Ko]
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Quasi-complete graphs

Definition
A graph E = (V, E) is quasi-complete if any of the following conditions is satisfied for
any pair of vertices u,v € V(E):

(a) N(u)U {u, v} = N(v) U{u, v},

(b) N(w) N N(v) =0 and N(uw) U N(v) U {u, v} = V(E).

Lemma

A graph E of the order n is quasi-complete, iff it is isomorphic to the graph Ky, n—m or
Ky + Ky for some m € {0,1,...,[5]}.
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Quasi-complete graphs n > 4 (k> 1)

n=2k+1
KZ + Kn—Z]
[Kn] [Kz,n—z]
[Kop]

n=2k
Q
(K +K, (K1l
[Kn] [KZ,n—Z]
[Ko]
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Non-quasi-complete graphs n > 4 (k> 1)

Lemma

If E is not quasi-complete, then [E| contains K 2.

n=2k+1 n =2k
[K1,1] [K1,1]
[Ks] [K12] [Kiz]
[K22] [G1] [Gan]

[K22]
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Duality

ELl D& (END | iseven whenever E' @ E, D' = D)

For M C Graph(n),

M* = {E € Graph(n) | E L D for every D € M}

Lemma

D € [E] if and only if B+ C D*.
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The lattice of the graph classes according to the number of vertices n

If n>4 and k€ N, then

n=4k+3
K1l
KotKoa) 1 izl
K] Kznz]

[Kzn-2]
[Ko]
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1. Compare C(fg) for different n

2. Investigate operations:

L. .. znZ(I% —1)(z;— 1)

... :an(If — 1)(%2 -1)

3. Compare C(fg) with previously investigated clones
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Thank you for your attention :)
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