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Introduction and preliminaries KN

Terms

@ Let I be a nonempty indexed set and (f;);cr be a sequence of
operation symbols.

@ The sequence 7 := (n;);er is said to be a type where n; € N is a
natural number of the arity of f; .

e We denote by X, := {z1,...,z,} a finite set of alphabet and its
elements are called variables and X := {x1, zo,...}.

@ The set W, (X,,) of all n-ary terms of type 7 is the smallest set which
contains X, inductively defined by

o X, C W.(X,) and
o Ifty,...,t,, € W-(X,,) and f; is an operation symbol of the arity n;
implies fi(t1,...,tn,) € Wr(Xy,).
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Introduction and preliminaries KN

Terms of a fixed variable

@ An idempotent algebra is an algebra of type (2) satisfying the identity
flz,z) ~ x.

@ A subclass of terms called terms of a fixed variable of type 7 was
introduced in 2020.

@ Let us consider the following example. In the set W(];q)](Xg) with
respect to a binary operation symbol f, the elements
x1, T2, T3, f(w1,71), f(22,22), f(f(23,73),23) are examples of
members of this set. However, the terms f(z2, ;) and
f(z1, f(x2,x2)) are not terms of a fixed variable, i.e., they belong to
Wia)(X3) \ Wi (Xs).
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Introduction and preliminaries Tree languages

Tree languages

@ On the set W (X,,), one consider its the power set, i.e., P(W.(X,,)).
In this matter, each element in P(W.(X,,)) is called a tree language.
Actually, it generalizes formal languages, that is, sets of words over a
given alphabet.

@ The operation

S P(We(Xn)) X P(Wr (X)) = P(Wr (X))

for m,n € N is defined as follows:

(1) If B={xz;} for 1 <j <mn, then S (B, By,...,By) := B;.

(2) 1If B={fi(s1,...,5n,)} and assume that 5" ({s;},B1,...,By) for
1 < j <n are already defined, then
Sr (B,Bi,...,By) =
{fi(ul, ce ,uni) | uUj € S’?’L ({Sj}, Bi,... ,Bn)}

(3) If |B| > 1, then S, (B, By,...,B,) == | J Si ({b}, Br,.... Bn).

beB
(4) If one of the sets B, By, ..., B, is empty,ethen

~

n Py—
5" (B, B,...,By,) = 0.



Introduction and preliminaries Tree languages

Clones

@ The variety of all abstract clones, denoted by Ky, is a family of
N-sorted algebras satisfying the following three identities:
( )SH(SP(ZY1,~,)/I,) Xl,...,Xn)%
SE(Z, S5V, Xy, K)o S5 (Y, Xa, L, X)) mun,p €N
(C2) S (AJ,Xl,...,X )~ Xj,n mEN,lgj <mn;
(C3) S2(Y, A1, A A Y nEN;
where S” Sp S, S" are operation symbols,
Z.Y, ... ,Y;”Xl, ..., X,,Y are variables for terms, and Aj are
symbols for varlables.

@ In general, (C1) is said to be the superassociative law since it
generalizes the associative law.

@ Each member of the variety K is called an abstract clone.
@ Every concrete clone can be considered as an abstract clone.

@ For the converse, every abstract clone is isomorphic to some concrete
clone.
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Introduction and preliminaries Question

Question

o (PIWS"(X,)

e Each element of P( TfU(Xn)) is called a tree language of a fixed
variable.

o Let 7 = (2) be a type with a single binary operation symbol f. We

now list several examples of tree languages of a fixed variable of type

(2), that is, elements of P(W(J;Q)’(Xg)):

{1, 20, f(z1,21)}, {1, 20,23, f(f(21,21), f(21,21))}

@ For a tree language A, the symbol var(A) denotes the set of all
variables that appear in A. Consider the following examples:
var({z1, x2, f(x1,21)}) = {x1, 22} and
var({zs, f (2, 22), f (x4, w4)}) = {22, 23,24},

@ |var(A)| we mean the number of elements in the set var(A).
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Introduction and preliminaries Question

Question

e Unfortunately, in general, each set in the family (P(W{"(X,))))nen is
not closed under a non-deterministic superposition.

@ Let 7 = (2) be a type with a binary operation symbol f, and let
Xy = {x1,22} and X3 = {x1,x2, 23} be sets of variables. On the

sets P(W(J;;( 2)) and P(W(J;S’(Xg)), consider the following subsets:

A={f(x1,71)}, B1={xs, f(x2,22)}, B2={z1,f(z3,23)}

Then
S3(A, By, B, ) = S({f (w1, 21)}, {zs, f(22,22)}, {21, f(23,23)})
= {f(ur,u2) |1 € S3({w1}, {3, f(@2,2)}, {21, (@3, 23)},
us € S3({1}, {ws, f(w2,22)}, {1, f(w3, 23)})}
= {f(ur,u2) | ur € {x3, f(x2,22)},u2 € {3, f(x2,22)})}
={f(x3,23), f(3, f (22, 2)), [ (f (22, 2), 23), f(f (22, 22), f(22,72))}
Z W(J;t))(Xs)-
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Results

First, it is easy to see that S™ (A, By, ..., B,) € P(W{" (X)) if A=0 or
B; =0 for some j € {1,...,n}.

Lemma

Let u,v € Wi'(X,)) with |var(u)| = 1 = |var(v)|. Let By,..., B, be
subsets ofWva(Xm) with |var(By)| = --- = |var(By)| = 1. Then

~

var(S™ ({u}, By, ..., Bn))| = 1 = |var(S8™ ({v}, By, ..., By))|.

Lemma
Let By,..., B, C Wi'(X,,) with |var(By)| = - - = |var(B,)| = 1. If
0+ AePWIX,)) and |var(A)| = 1, then

~

|Var(S?n(A7Blv R Bn))| =1
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Results

Lemma

IfAC Wi%(X,),Bi,...,By, C Wi (X,,) and if
lvar(By)| = --- = |var(By,)| =1 or if A=, then

~

St (A, By,...,B,) € P(WS'(X)).

S (A,By,...,By,) =

~

S (A, Bi,...,By), if B; =10 forsome je{l,...

or A=0or|var(B;)| =1
forevery j=1,...,n,
not defined, otherwise.
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Results

Theorem

The partial power clone of a fixed variable

PCT(r) == (PW]*(Xn)))nen, (Sp)nmen, ({2i})izn,nen)

belongs to the variety of abstract partial clones.
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Results

Theorem
Let A, A" € P(W]"(X,)), Bj, B, € P(W{"(X,,)) and |var(B;)| =1 for
j=1,...,n. Then the following statements hold:
(1) If A’ C A, then S (A", By,...,B,) C S, (A,By,...,By),
(2) EB; C Bjforallj=1,...,n, then
Sr(A,B},...,B.)C S (A Bi,...,B,).
(3) Ifae Abje Bj forallj=1,...,n, then
{S™ (a,by,...,bp)} €S (A,By,...,By).
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Results

For any B € P(W,(X,)) the set B4 of term operations induced on the

algebra A := (A, (f)ics) is defined as follows:

(1) If B = {x;} for 1 <j <n, then BA == {e/""}.

(2) If B={fi(t1,...,tn,)}, then BA:= {fA(t{, ..., t;1)} where fis
the fundamental operation of A corresponding to the operation
symbol f; and each t}“ is a term opeation on A induced by a term ¢;.

(3) If B] > 1 then BA :=J,cp{b}

(4) If B=, then B4 := .

Let P(W,(X,))" be the collection of all sets of n-ary term operations

induced by sets of n-ary terms of type 7 on the algebra A.
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Results

For any m,n € N and for any algebta A of type 7, multi-sorted partial
operations defined on sets of term operations of a fixed variable can be

defined in the following way:
ot P (X)) < (WY (X)) )" —o— PV (X))

with
oA (BA BA,... BA) =
O%A(BA,Bfl, ...,BA), if Bj =0 for some j € {1,...,n}
or A={ or |var(Bj)| =1
forevery j =1,...,n,

not defined, otherwise.
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Results

Lemma

For any m,n € N and for any algebta A of type T, iﬁqﬁA are partial
operations.

Lemma
Let A€ P(WL"(X,)) and By,..., By € P(WL'(X,n)). Then the
equation

<

[Sh(B,Bi,...,B,)]" ="4(BA B{,...,BY

n

is weak.

Theorem

PCT¥(1) is weakly homomorphic to PCYV(A).

T = = = T
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Results

For 1 <i < j < n, the binary partial operation
j<n + (PWY(X0)))? —— P(WL(X,))

is defined by
A ‘ij<n B = SZ(A, {.’El}, ey {l‘ifl},B, {.’IL‘iJrl}, ey {ijl}, B, {xj+1}, e {:En})

Theorem

(P(WHY (X)) )nen, (‘ij<n)neN) is a partial semigroup.

Theorem

Leti,j,k,l€{l,...,n}. Then

(PWr(Xn)), ij<n) = (P(Wr(Xn)), ki<n)-
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Open problems

o Give characterizations of idempotent and regular elements in
(PWL(Xn)))nen, (ij<n)nen)-

@ Explain the sets of tree languages of a fixed variable when
substituting finite alphabets X, with infinite ones, .i.e.,

X = Upen Xn.
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Thank you
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