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B. Šešelja Grouplike algebras in lattice language



This research was supported by the Science Fund of the Republic
of Serbia, Grant no 6565, Advanced Techniques of Mathematical
Aggregation and Approximative Equations Solving in Digital
Operational Research- AT-MATADOR.
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Abstract

We investigate classes of algebras whose structural properties of
congruences and subalgebras are similar to analogue properties of
particular classes of groups. Namely, we extend to these algebras
the notions of normality relation and normal subgroups,
homomorphic images and quotient structures. Consequently, we
deal with analogs of chains and systems of normal subgroups and
criteria for being a subalgebra of the direct product of normal
subalgebras.
The most common algebras we analyze are those with binary
operations, e.g., semigroups, loops, rings, some classes of lattices,
boolean algebras. We also deal with other algebras, in particular
those in coherent varieties, which consequently have regular
congruences.
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Lattices with normal elements

Ore (1935, 1942), Birkhoff (1940), Grätzer (1959, 1978), Grätzer
and Schmidt (1961), Hashimoto and Kinugawa (1963), Reilley
(1984)...
An element a of a lattice L is - codistributive if for all x , y ∈ L,
a ∧ (x ∨ y) = (a ∧ x) ∨ (a ∧ y).
We also use distributive, modular, cancellable and neutral element
(see the mentioned references).
An element a ∈ L is a codistributive element if and only if the
mapping ma : L −→↓a defined by ma(x) = a ∧ x is an
endomorphism on L.
We denote by φa the kernel of ma.
Ta ⊆ L is the set of top elements of φa-classes (in an algebraic
lattice, the top elements of φa-classes exist):
Ta = {x | x ∈ L, x =

∨
[x ]φa}.

Ta is a lattice under the order from L, it is closed under meets in
L, but not necessarily under joins.
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If L is algebraic, we say that a codistributive element a ∈ L is a full
codistributive element of L (we call it also main) if

(a) Ta is closed under joins and
(b) for all b, c ∈ ↓a, b < c and for every z ∈ [b, b ∨ c], there are
ci ∈ [b, b ∨ c], i ∈ I , such that z =

∨
ci , and [b, ci ] ∼= [ci , ci ] under

x 7→ x ∨ ci .
If a is a full codistributive element in L, then for x ∈ L, we denote
by xa the element from ↓a given by:

xa :=
∨

(y ∈ ↓a | y ⩽ x).

Let n, b ∈ ↓a, n ⩽ b. We say that n is normal in ↓b, we denote it
by n◀ b, if n = xa, for some x ∈ [b, b]. Equivalently,
n◀ b if and only if [n, n ∨ b] ∩ Ta = {n}.
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From now on, we call a lattice L a lattice with normal elements
determined by a if it is an algebraic lattice fulfilling particular
lattice conditions (axioms) and in which a is the main
codistributive element.

b b bb
b

Figure 1
@@ ��

Q

b
�� @@

We say that L an A-lattice if it is a modular lattice with normal
elements determined by a in which ↓a does not have an
interval-sublattice which is isomorphic with the lattice Q in Fig. 1;
Q represents the subgroup lattice of the quaternion group, which is
uniquely determined by its subgroup lattice.
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B. Šešelja Grouplike algebras in lattice language



Introduction: Weak congruences

A weak congruence of an algebra A is a symmetric and transitive
subuniverse of A2.
Thus, the collection Wcon(A) of all weak congruences on A
consists of all congruences on all subalgebras of A.

Under the set inclusion, Wcon(A) is an algebraic lattice in which
the diagonal ∆ (representing the whole algebra A) is a
codistributive element:

∆ ∧ (x ∨ y) = (∆ ∧ x) ∨ (∆ ∧ y).

We say that ∆ is the main codistributive element in the lattice
Wcon(A). We also say that the lattice Wcon(A) is determined
by ∆.
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If a is a codistributive element in a lattice L, then the mapping
ma : L −→ ↓a defined by ma(x) = a ∧ x is an endomorphism on L.

The ideal ↓∆ in the lattice Wcon(A) consists of compatible
diagonals and is thus isomorphic with the subunivers (subalgebra)
lattice Sub(A) of A.

Therefore, under the map m∆ : Wcon(A) −→ ↓∆ given by
m∆(x) = ∆ ∧ x, the lattice Sub(A) of subalgebras of A is up to
the isomorphism a retract of the lattice Wcon(A) of weak
congruences of this algebra.
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As mentioned, in an algebraic lattice L for a codistributive element
a, the classes of the kernel φa of ma have top elements, we denote
this by x =

∨
[x ]φa , x ∈ L.

By Ta we denote the set of these top elements:

Ta := {b | b ∈ ↓a}

The classes of the kernel φ∆ of m∆ are congruence lattices of
subalgebras of A:
If x ∈ ↓∆, then x = ∆B for a subalgebra B of A, and the top
element [∆B ]φ∆

of the class [x ]φ∆
is the square B2. Therefore,

[∆B ]φ∆
= [∆B ,B

2] ∼= Con(B).
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subalgebras of A:
If x ∈ ↓∆, then x = ∆B for a subalgebra B of A, and the top
element [∆B ]φ∆

of the class [x ]φ∆
is the square B2. Therefore,

[∆B ]φ∆
= [∆B ,B

2] ∼= Con(B).
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The case of groups

In a series of papers published in the last decade, we have been
characterizing classes of groups by their weak congruence lattices.
Concerning groups, weak congruence lattices are extensions of the
subgroup lattices: normal subgroups of all subgroups are
represented by the corresponding congruences.
It turned out that main properties of groups, related to class
operators S , H and P, can be equivalently formulated or
represented in lattice terms.
Also the other structural and algebraic properties like series and
systems of subgroups, commutator subgroups, center and related
notions, have their lattice-theoretic definitions and interpretations.
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B. Šešelja Grouplike algebras in lattice language



The case of groups

In a series of papers published in the last decade, we have been
characterizing classes of groups by their weak congruence lattices.
Concerning groups, weak congruence lattices are extensions of the
subgroup lattices: normal subgroups of all subgroups are
represented by the corresponding congruences.
It turned out that main properties of groups, related to class
operators S , H and P, can be equivalently formulated or
represented in lattice terms.
Also the other structural and algebraic properties like series and
systems of subgroups, commutator subgroups, center and related
notions, have their lattice-theoretic definitions and interpretations.
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Our first results related to weak congruence lattices of groups:

G. Czédli, B. Šešelja, A. Tepavčević, Semidistributive elements
in lattices; application to groups and rings, Algebra Univers.
58 (2008) 349–355.

G. Czédli, M. Erné, B. Šešelja, A. Tepavčević, Characteristic
triangles of closure operators with applications in general
algebra, Algebra Univers. 62 (2009) 399–418.
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in lattices; application to groups and rings, Algebra Univers.
58 (2008) 349–355.
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Then we continued:

J. Jovanović, B. Šešelja, A. Tepavčević, Lattice
characterization of finite nilpotent groups, Algebra Univers.
2021 82(3) 1–14.

J. Jovanović, B. Šešelja, A. Tepavčević, Lattices with normal
elements Algebra Univers. 2022 83(1) 1–28.
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dihedral group of order 8 quaternion group
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Weak congruence lattices of groups

If G is a group, then each weak congruence θ in the lattice
Wcon(G ) corresponds to the normal subgroup N of the subgroup
H of G ,where H is determined by the diagonal of θ.
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Therefore, for a group G , the lattice Wcon(G ) can be represented
as a collection of all ordered pairs (H,K ) of subgroups of G , so
that K ◁H.
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Lattice characterizations

A group G is:
– a Dedekind group if and only if the lattice Wcon(G ) is modular;
– Abelian if and only if Wcon(G ) is an A-lattice;
– solvable if and only if Wcon(G ) has a subnormal series of
intervals consisting of A-lattices;
– supersolvable if and only if Wcon(G ) has a normal series of
intervals consisting of three-element chains or Z-lattices;
– finite nilpotent if and only if Wcon(G ) is finite and lower
semimodular;
– cyclic if if and only if Wcon(G ) is a distributive lattice fulfilling
the ACC;
...
...
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We say that the lattice L with normal elements determined by a
contains a central series of intervals if there is i finite series of
intervals

[0, c1], [c1, c2], . . . , [ck , 1]

so that for every i ∈ {0, 1, . . . , k} the following holds:

(a) ci ◀ a;
(b) in the sublattice [ci , 1] as a lattice with normal elements

determined by ci ∨ a, for every b ∈ C([ci , ci ∨ a]), the interval
[ci , ci ∨ ci+1 ∨ b] is an A-lattice determined by ci ∨ ci+1 ∨ b.

(C(M) is the set of cyclic elements in the lattice M.)

We say that the class of groups is the C-class if the weak
congruence lattice of every group in this class contains a central
series of intervals.

Theorem

The C-class of groups consists of all nilpotent groups.
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Normality relation extended to algebras

Let Q be a variety of algebras of the given type, such that every
algebra A ∈ Q fulfills the following:
- By the type, A has the single constant element c , which is closed
with respect to all operations in the language of this algebra, i.e.,
we require that for every operation f given in the language,
f : An → A, n ∈ N, f (c , c, . . . , c) = c .
- A is regular;
- A is coherent.
A consequence:

The minimum sub-universe of A is nonempty, it is the smallest
subalgebra of A, the one-element set {c}.

We also say that the above defined structures are the grouplike
algebras.
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B. Šešelja Grouplike algebras in lattice language



Normality relation extended to algebras

Let Q be a variety of algebras of the given type, such that every
algebra A ∈ Q fulfills the following:
- By the type, A has the single constant element c , which is closed
with respect to all operations in the language of this algebra, i.e.,
we require that for every operation f given in the language,
f : An → A, n ∈ N, f (c , c, . . . , c) = c .
- A is regular;

- A is coherent.
A consequence:

The minimum sub-universe of A is nonempty, it is the smallest
subalgebra of A, the one-element set {c}.

We also say that the above defined structures are the grouplike
algebras.
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Proposition

Let A be an algebra in the variety Q and θ ∈ Wcon(A), more
precisely let θ ∈ [∆C ,C

2], where C is a subalgebra of A. Then
θ = B2 ∨∆C , for some subalgebra B of A, B ⩽ C.

Let B, C be subalgebras od A, all belonging to the variety Q. We
say that B is normal in C, if for the diagonal elements ∆B and
∆C , in Wcon(A), we have

[B2,B2 ∨∆C ] ∩ {D2 | ∆D ∈ ↓∆} = {B2}.

We also say that ∆B is normal with respect to ∆C and we write
∆B ◀∆C .
If the type of the variety guarantees the mentioned constant
element, then we can look at coherent variety of this type.
Indeed, as proved by Geiger, a coherent variety is congruence
regular.

B. Šešelja Grouplike algebras in lattice language



Proposition

Let A be an algebra in the variety Q and θ ∈ Wcon(A), more
precisely let θ ∈ [∆C ,C

2], where C is a subalgebra of A. Then
θ = B2 ∨∆C , for some subalgebra B of A, B ⩽ C.

Let B, C be subalgebras od A, all belonging to the variety Q. We
say that B is normal in C, if for the diagonal elements ∆B and
∆C , in Wcon(A), we have

[B2,B2 ∨∆C ] ∩ {D2 | ∆D ∈ ↓∆} = {B2}.

We also say that ∆B is normal with respect to ∆C and we write
∆B ◀∆C .
If the type of the variety guarantees the mentioned constant
element, then we can look at coherent variety of this type.
Indeed, as proved by Geiger, a coherent variety is congruence
regular.
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We analyze the structure of the weak congruence lattice for
algebras in the variety of the type Q (grouplike algebras).

For a given algebra A, the lattice Wcon(A) is the set-union of
congruence latices of all subalgebras of A (all these congruences
are considered to have the same universe - A).
Consequently, for a congruence θ on A, the lattice Wcon(A/θ) is
the set union of intervals [θ ∧ B2,B2], for every subalgebra B of A
which is the union of classes of θ.
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Let us mention the main examples. Obviously, normality relation
among subgroups (among the corresponding diagonals) fulfils the
above definition. Also:

If R is a ring and S, T its subrings, then ∆S ◀∆T if and only if S
is an ideal in T .

By regularity of Q, normal subalgebras of B bijectively correspond
to the related congruences of C.

Theorem

Let A be an algebra from the variety Q and let B ⩽ C,
B, C ∈ Sub(A). Then ∆B ◀∆C in the lattice Wcon(A) if and only
if there is θ ∈ [∆C ,C

2], so that θ = B2 ∨∆C .

Corollary

Under the above conditions, Wcon(C/θ) ∼= [B2,C 2] where the
main diagonal of this lattice corresponds to θ.
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B. Šešelja Grouplike algebras in lattice language



Let us mention the main examples. Obviously, normality relation
among subgroups (among the corresponding diagonals) fulfils the
above definition. Also:

If R is a ring and S, T its subrings, then ∆S ◀∆T if and only if S
is an ideal in T .

By regularity of Q, normal subalgebras of B bijectively correspond
to the related congruences of C.

Theorem

Let A be an algebra from the variety Q and let B ⩽ C,
B, C ∈ Sub(A). Then ∆B ◀∆C in the lattice Wcon(A) if and only
if there is θ ∈ [∆C ,C

2], so that θ = B2 ∨∆C .

Corollary

Under the above conditions, Wcon(C/θ) ∼= [B2,C 2] where the
main diagonal of this lattice corresponds to θ.
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Example

Let R be a four element non-commutative ring whose additive
group is the Klein’s group {e, a, b, c}, with the given tables of
both ring operations.

+ e a b c

e e a b c
a a e c b
b b c e a
c c b a e

∗ e a b c

e e e e e
a e a b c
b e e e e
c e a b c

The weak congruence lattice is presented by the diagram.
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B. Šešelja Grouplike algebras in lattice language



Example

Let R be a four element non-commutative ring whose additive
group is the Klein’s group {e, a, b, c}, with the given tables of
both ring operations.

+ e a b c

e e a b c
a a e c b
b b c e a
c c b a e

∗ e a b c

e e e e e
a e a b c
b e e e e
c e a b c

The weak congruence lattice is presented by the diagram.
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{(e, e)}
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The subrings are {e}, {e.a}, {e, b}, {e.c} and R.

Ideals are {e}, R1 = {e, a} and R.
These ideals correspond to congruences on R, as represented on
the diagram of Wcon(R).
We have that ∆R1 ◀∆;
In the diagram of Wcon(R) we can identify the interval [R2

1 ,R
2],

which is, as a lattice, isomorphic to Wcon(R/θ), where
θ = R2 ∨∆, i.e., θ is the congruence on R, corresponding to the
ideal R1.
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A ring R is said to be Hamiltonian if each subring is an ideal.

Theorem

A ring is Hamiltonian if and only if it fulfills any of the following
equivalent properties:
(i) R has a modular weak congruence lattice Wcon(R);
(ii) ∆ is a neutral element in the lattice Wcon(R);
(iii) R has the CEP and the CIP.
(iv) for any two ideals I1 and I2 on arbitrary subrings we have
I1 ∩ I1 = I1 ∩ I2, where Ij is the smallest ideal on the ring collapsing
the ideal Ij on a subring.
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Transitivity of normality rerlation

Following particular classes of groups we say that an algebra A in
the variety Q is a T -algebra if B◁ C◁A implies B◁A.
A is a T ∗-algebra, if for every subalgebra D of A, B◁ C◁D ⩽ A
implies B◁D.
Clearly, A is a T ∗-algebra if and only if every subalgebra of A is a
T -algebra. The class of T ∗-algebras consists of all algebrass in
which normality is a transitive relation.
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Proposition

Let a be a codistributive element in an algebraic lattice L.

For x ∈ L, xa ∈ ↓a so that
xa :=

∨
(y ∈ ↓a | y ⩽ x).

Let also n, b ∈ ↓a, n ⩽ b.
Then n◀ b if and only if n = xa, for some x ∈ [b, b].

We say that a lattice L with normal elements determined by a has
the T -chain property if for every x ∈ ↑a, [xa, xa] ∼= [a, x ] with
respect to the map kx : y 7→ y ∨ a.
More generally, a lattice L with normal elements determined by a
has a T ∗-chain property if for every x ∈ L, [xa, xa] ∼= [x ∧ a, x ]
under hx : y 7→ y ∨ (x ∧ a).

B. Šešelja Grouplike algebras in lattice language



Proposition

Let a be a codistributive element in an algebraic lattice L.
For x ∈ L, xa ∈ ↓a so that

xa :=
∨
(y ∈ ↓a | y ⩽ x).

Let also n, b ∈ ↓a, n ⩽ b.
Then n◀ b if and only if n = xa, for some x ∈ [b, b].

We say that a lattice L with normal elements determined by a has
the T -chain property if for every x ∈ ↑a, [xa, xa] ∼= [a, x ] with
respect to the map kx : y 7→ y ∨ a.
More generally, a lattice L with normal elements determined by a
has a T ∗-chain property if for every x ∈ L, [xa, xa] ∼= [x ∧ a, x ]
under hx : y 7→ y ∨ (x ∧ a).
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Proposition

Let L be a lattice with normal elements determined by a.
(i) For all b, c ∈ ↓a, b◀ c ◀ a implies b◀ a, if and only if L has
the T-chain property.
(ii) The normality relation ◀ in L is transitive if and only if L has
the T ∗-chain property.

Proposition

If L is a lattice L with normal elements determined by a and a is
modular and cancellable, then the normality relation ◀ is
transitive in L.
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Theorem

An algebra A is a T -algebra (T ∗-algebra) if and only if the weak
congruence lattice Wcon(A) of A has the T-chain property
(T ∗-chain property).
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A ring R satisfies the strong normalizer condition (S.N.C.) if,
for every proper subring S of R there is a subring T S of R such
that S is a proper ideal of T S .

A ring R satisfies the weak
normalizer condition (W.N.C) if every maximal subring of R is
an ideal. Obviously, the SNC implies WNC.

Theorem

A ring R has the SNC if and only if the lattice Wcon(R) fulfills the
following: for every ∆S ∈ ↓∆, ∆S ̸= ∆, there is ∆T such that
∆S ◀∆T . A ring R satisfies the WNC if and only if in the lattice
Wcon(R) for every coatom ∆S of the sublattice ↓∆ we have
∆S ◀∆.
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An endomorphism φ of an algebra A is said to be strong if φ is
compatible with all congruences on A. If every congruence on A is
a kernel of some strong endomorphism of A, then A is said to
have a strong endomorphism kernel property (SEKP).

Theorem (Ghumashyan, Gurican )

If A is a group, then an endomorphism φ on A is strong if and
only if for every normal subgroup N, φ(N) ⊆ N.

.
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B. Šešelja Grouplike algebras in lattice language



Theorem

Let A be an algebra in the variety Q which fulfills the Strong
Endomorphism Kernel Property (the SEKP) and let B be a
subalgebra of A, fulfilling ∆B ◀∆. Let also θ be a congruence on
A, such that θ = B2 ∨∆ in the lattice Wcon(A).

Then, the filter ↑B2 as a weak congruence lattice of A/θ with the
main diagonal B2 ∨∆ is isomorphic to the sublattice of the ideal
↓B2, which represents the weak congruence lattice of h(A), where
h is the endomorphism whose kernel is θ.
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An algebra A has the property P residually if there is a separating
family of congruences {θi , i ∈ I} on A such that every quotient
algebra A/θi has the property P.

Recall that a family {θi , i ∈ I} of
congruences over an algebra A is called a separating family of
congruences if the intersection of all the θi is the diagonal
relation on A.

Proposition

An algebra A has the property P residually if and only if it can be
represented as a subdirect product of algebras of the same type
having the property P.

A property P is said to be residual in a class of algebras if every
algebra of this class that residually has the property P also has the
property P itself.
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A ring R is residually finite if the intersection of all its two-sided
ideals I such that the quotient ring R/I is a finite ring, is {0}.

Theorem

A ring R is residually finite if and only if in the lattice Wcon(R)⋂
i{∆Bi

| ∆Bi
◀∆ and [B2,R2] is a finite interval} = {(0, 0)}.
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L-classes of algebras

A class P of algebras is an L-class if the lattice Wcon(A) of every
algebra A ∈ P satisfies the lattice theoretic properties LP.
To investigate L-classes of algebras we use the following.

Proposition

An algebra A is a semidirect product of its subalgebras B and C if
and only if the following holds in the lattice WconA):
∆B ◀∆ ; ∆B ∨∆C = ∆ and ∆B ∧∆C = {(e, e)}.

Proposition

Let A be an algebra in a class P. If ∆B ◀∆ in the lattice
Wcon(A), then A is the extension of the subalgebra B (by the
algebra A/B).
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Proposition

If P and Q are L-classes, then an algebra A is a P-by-Q algebra
(it belongs to the class PQ) if and only if in the lattice Wcon(A)
there exists some ∆B ◀∆ such that sublattices ↓B2 and ↑B2 fulfil
lattice theoretic properties LP and LQ, respectively.

Proposition

Let P be an L-class of algebras. An algebra A is a residually
P-algebra (it belongs to the class RP) if and only if the lattice
Wcon(A) fulfils:
(∗) For each nontrivial ∆X ∈ C(↓∆), there is ∆B ◀∆, such that
∆B ∧∆X < ∆X and the interval [N2,A2], as the lattice with
normal elements determined by B2 ∨∆, satisfies the lattice
theoretic properties LP.
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Corollary

If P is an L-class, so is the class of residually P-algebras RP.

Proposition

An L-class P of algebras is S-closed (Sn-closed) if and only if for
every algebra A in P, the following holds:
For every ∆B ∈ ↓∆ ∆B ◀∆, the ideal ↓B2 as a lattice with
normal elements determined by ∆B , fulfils LP, i.e., the lattice
theoretic properties defining the class P as an L-class.

Proposition

An L-class P of algebras is H-closed if and only if for every algebra
A in P, the following holds:
For every ∆B ∈ ↓∆ such that ∆B ◀∆, the interval [B2,A2] as a
lattice with normal elements determined by B2 ∨∆, fulfils LP, i.e.,
the lattice theoretic properties defining the class P as an L-class.
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Birkhoff’s theorem for L-classes of algebras

We use the following condition applied on an algebra A in an
L-class P:
(∗) For each ∆X ∈ C(↓∆), ∆X ̸= {(e, e)}, there is ∆B ◀∆, such
that ∆B ∧∆X < ∆X and the interval [B2,A2], as the lattice with
normal elements determined by B2 ∨∆, satisfies the lattice
theoretic properties LP.

Theorem

An L-class P of algebras is a variety if and only if the following
hold:
(i) if A is a P-algebra, then in the lattice Wcon(A) for every
∆B ∈ ↓∆, such that ∆B ◀∆, the interval [B2,A2], which is a
lattice with normal element determined by B2 ∨∆, satisfies LP,
i.e., the lattice properties determining the class P and
(ii) every algebra A, such that the lattice Wcon(A) satisfies (∗),
belongs to P.
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Corollary

If a class of algebras P is an L-class with respect to a set of lattice
identities LP, then P is a variety if and only if the weak
congruence lattices of its members satisfy the property (∗).
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Thanks for watching!
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