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Clones

@ operations f: A” — A, ne N
0 Op={f: A" — A|lnelN,}
@ composition f o (gy,...,8n)(x) = f(g1(x),...,g(x))
for each x = (xq,...,xn) € A"
@ projections e,-("): A" — A (X, X)) B X for1<i<n

set of projections J, = {e,-(”) ‘ 1<i<n< w}.

Clone: aset F C Oyh
with J4, € F and F closed under composition

La={F CO04s | Faclone}

@ a complete algebraic lattice

@ atomic if A is finite )
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The clone lattice £4 for finite A

"mmimat c\ones’
= atoms
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Minimal clones: singly generated
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Minimal clones: basic criterion

F C Op4 is minimal iff
Q F2la
O VgeF\Ja: F={{g}o,
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Minimal clones: basic criterion

F C O4 is minimal iff
Q F2lJa
QO VgeF\Ja: FC{{g}o,

For f € OA\JA
({f})o, is a minimal clone <= Vg € ({f})o, \Ja: f€ <{g}>OA.J
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Minimal clones: basic criterion

F C O4 is minimal iff
Q@ F2
QO VgeF\Ja: FC{{g}o,

For f € OA\JA
({f})o, is a minimal clone <= Vg € ({f})o, \Ja: f€ <{g}>OA.J

f € O4 is a minimal function <
o ({f})o, is minimal (= f¢Ja)
o f has minimum arity among generators of ({f}),,
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Rosenberg's Classification Theorem

Necessary condition:

Theorem (lvo Rosenberg, 1986)

Let 2 < |A] < Vg, n € IN.

If f: A” — A minimal, then one of the following cases holds:
en=1and fof="f ordpprime: fP=ids
en=3and f(x,y,z)~x—y+z w.rt aBoolean group (A;+)
@ |A|>n>2and f isa semiprojection

° ‘n =3 and f is a majority operation‘

f: A3 — Alis a majority operation < f € Maj, <

f(x,x,y) ~ f(x,y,x) = f(y,x,x) = x.
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S-valued majority operations

Let S C A.

f: A3 — Ais an S-valued majority operation <= f € I\/Iajf\ —
o f € Maj,
o Vx,y,ze A: |{x,y,z}| =3 = f(x,y,z) €S

Subsequently: S ={0,1}
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S-valued majority operations

Let S C A.

f: A3 — Ais an S-valued majority operation <= f € I\/Iajf\ —
o f € Maj,
o Vx,y,ze A: |{x,y,z}| =3 = f(x,y,z) €S

Subsequently: S ={0,1}

Facts about f € Maj,:

@ ({f})o, \ Ja contains only near-unanimity operations
o ({f}6,\ Ja C Maiy
o f€Majy = ({fP5)\Ja C Maj;
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Machida's Lemma

Lemma (Machida, 2024)
Let AD{0,1}. If f € Maji\o’l}, then

g(x,y,z) = f(f(x,y,2), f(y,z,x), f(z,x,y))

is cyclically symmetric, in fact, g € cMajE\O’l}.

cMaji\O’l}

set of cyclically symmetric {0, 1}-valued majority operations

f: A" — Afor n > 1is cyclically symmetric <

f(xe, .. xn) &= F(X2y 0oy Xn, X1)
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Consequence of Machida’'s Lemma

Corollary

Let f € Maj{0 1)

({f})o, minimal = 3g € ({f})o, NecMajy™: ({f})o, = ({g})o,

Search for minimal {0, 1}-valued majority clones
can focus on cyclically symmetric ones!

M. Behrisch Minimal {0, 1}-valued majority clones on |A| < 6



Minimality criterion for majority clones

General:
Basic criterion: for f € O\ Ja
({f}o, is a minimal clone <= Vg € ({f})o, \Ja: f€ <{g}>oA-J

For majority:

Simpler criterion (Csakany, Waldhauser): for f € Maj,
({f})o, is a minimal clone <= Vg € ({f})g:\_jA; fec <{g}>§3‘J

Minimality of f € Maj, depends only

on (abstract) composition structure of ({f})S

(
(

%—place Menger algebra)
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Our contributions

Goal
Description of all minimal ({f}), with f € Majy"} J
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Our contributions

Goal
H H ni H {0?1} {071} Machida’s
Description of all minimal ({f}),, with f € Majz*—cMaj, ( J

Lemma)
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Our contributions

Goal
Description of all minimal ({f}),, with f EMaj@CMaJ{O H

A=k = |cMaji{™ | = 23k )

5. g%
6 : 240
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Our contributions

Goal
Description of all minimal ({f}),, with f EMaj@CMaJ{O H

01 I k=5: 2%
Al =k = ‘cMaJ{ H = 23k(k-1)(k=2) k—6: 0%
BVW 2025
k = 5 solved! Functions classified up to ’({f})ﬁfj)
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Our contributions

Goal
{0,1} {0,1}
Description of all minimal ({f}),, with f € Majz*cMajy

_E. 920
Al =k = ‘cMaJ{O 1 = p3k(k-1)(k-2) i _ 2 : 340
BVW 2025

k = 5 solved! Functions classified up to <{f}>§j

BVW 2026

k = 6 solved! Functions classified up to <{f}>§j

+ Connections with k = 5; classification up to [({f}>g’:]~ (isomorphism)
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Equivalences on functions

Conjugacy: for f,g € Oi\")
fg <= (Ag)=(Af)
< JpeSymA: f(x1,...,x,) = ¢ Hg(plx),...,o(xn)))

Note: f ~g = ({f})o, ~ ({g})o, (action isomorphic, conjugate)
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Equivalences on functions

Conjugacy: for f,g € Oi\")
fg <= (Ag)=(Af)
< JpeSymA: f(x1,...,x,) = ¢ Hg(plx),...,o(xn)))

Note: f ~g = ({f})o, ~ ({g})o, (action isomorphic, conjugate)

Reversed function of f € O

f(xt,y -y Xn) iR F(Xny ooy X1)

Note: ({f})o, = <{’?}>0A
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Equivalences on functions

Conjugacy: for f,g € Oi\")
fg <= (Ag)=(Af)
< JpeSymA: f(x1,...,x,) = ¢ Hg(plx),...,o(xn)))

Note: f ~g = ({f})o, ~ ({g})o, (action isomorphic, conjugate)

Reversed function of f € O {

f(xt,y -y Xn) iR F(Xny ooy X1)

Note: ({f})o, = <{’?}>0A

Equivalence—conjugacy up to reversal: for f, g € O(A") {

f=g < f~gorf~g

Note: f =g = ({f})o, ~ ({&})0, (~ preserving minimality)



Results 2025

Theorem (BVW 2025) for A= {0,...,4}
There are subsets H;, Hg, Hig, Hea cMajE\O’l} such that:
Q@ |Hi|=8 |Hg| =15
|His] =1 |Hesa|l =2
Q VieH:=H UHgUH;gUHgs: £ is minimal
O Ve {181664}VFcH;: |({FHE)|=)+3
Q@ Vminimal g € cMaji>™ 3If e H: g=F
Q@ Vminimal h e Maj"™ 3f € H:  ({h})g, ~ ({f})o,
Proof.
By computation! (a), (b), (c) also by pen & paper proofs. O

M. Behrisch Minimal {0, 1}-valued majority clones on |A| < 6



Results 2026

Theorem (BVW 2026) for A= {0,...,5}
There are subsets Fy, Fg, Fig, Fea C cMaj/{qo’l} such that:
Q@ |A|=43 |R|=139
|Fi6| =20 |Fes| = 56
QO VieF:=FUFUFgUFs: fis minimal
O Vic{L81664}¥f € F: |({FHE)| =)+3
Q@ Vminimal g e cMaji>” 3if e F: g=f
Q@ Vminimal h e Maj™ 3f € F: ({h})o, ~ ({f D)o,
Proof.
By computation!  For (b) also reduction to |A| = 5. O
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Clone homomorphisms

Restriction homomorphism
—|u: Pola{U} — Oy h+— h|y clone hom. J
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Clone homomorphisms

Restriction homomorphism

—|u: Pola{U} — Oy h — h|y clone hom.

‘Conjugation’ isomorphism: given a bijection ¢: U — V
0: {U;h) — (V;g)iso. <= g=h") :=poho(ptx---x¢1)
In this case —(¥): ({hbo, — ({&ho, R — %) clone iso.
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Clone homomorphisms

Restriction homomorphism
—|u: Pola{U} — Oy h — h|y clone hom.

‘Conjugation’ isomorphism: given a bijection ¢: U — V
0: {U;h) — (V;g)iso. <= g=h") :=poho(ptx---x¢1)
In this case —(¥): ({hbo, — ({&ho, R — %) clone iso.

Given f € Pola{U} + aniso ¢: (U; f|y) — <v-g> e, g =(fly)®
ri{({fHo, — {&ho, B (Bly)® surj. clone hom.
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Clone homomorphisms

Restriction homomorphism
—|u: Pola{U} — Oy h — h|y clone hom.

‘Conjugation’ isomorphism: given a bijection ¢: U — V
0: {U;h) — (V;g)iso. <= g=h") :=poho(ptx---x¢1)
In this case —(¥): : ({h)o, — {&ho, R — %) clone iso.

Given f € Pola{U} + an iso @: (U; f|y) — <v-g> ie, g =(fly)?
ri{({fHo, — {&ho, h— () surj. clone hom.

Additionally given n € IN where ’({f}>gj

— |eh§)| <%

= r,=r|.: <{f})g’2 o <{g})g7‘)/ is a Menger algebra iso.
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Proof of minimality for |A| = 6

For e > 2: Ue :={0,1,...,5}\{e}
pe: Ue — V :={0,...,4} NPT A

For each j € {1,8,16,64} and every f € F; on A={0,...,5}

Je>23h e H;:
o (Flu.)¥) =h (conjugate up to reversal)
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Proof of minimality for |A| =6

For e > 2: Ue :={0,1,...,5}\{e}
x 01 5
4

Pe: Ue —s V= {0,,4} 0e(x) 0 1 z:iee—:l

For each j € {1,8,16,64} and every f € F; on A={0,...,5}

e > 23h e H;:
o (flu)¥) =h (conjugate up to reversal)
o (flu)¥) ~ge {h,h} (conjugate)
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Proof of minimality for |A| = 6

For e > 2: Ue = {0, L,....5}\{e}
X 5
4

Soe:Ue—>V::{O7"'74} <pe(x)01 ::}ee:l..:

For each j € {1,8,16,64} and every f € F; on A={0,...,5}
de>23h e H;:
o (fly,)¥) = (conjugate up to reversal)
o (flu)¥) ~ge {h,h} (conjugate)
o IreSymV: (fly,)"™%) =g e {hh}
re({fHo, — &, R+ (Rlu,)™) clone hom.

M. Behrisch Minimal {0, 1}-valued majority clones on |A| < 6



Proof of minimality for |A| = 6

For e > 2: Ue:={0,1,...,5}\{e}
Soe:Ue—>V::{O7"'74} We(x)Ol..:ziee—:l..:i

For each j € {1,8,16,64} and every f € F; on A={0,...,5}
de>23h e H;:
o (fly,)¥) = (conjugate up to reversal)
o (flu)%) ~ge {h, h} (conjugate)
e dr € Sym V. (f Ue)(m%) —ge {h,ﬁ}
re({fHo, — &, R+ (Rlu,)™) clone hom.
T — ({7}, = (ie})o,
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Proof of minimality for |A| = 6

For e > 2: Ue:={0,1,...,5}\{e}
5
4

Soe:Ue—>V::{O7"'74} (pe(x)Oln::iee—:l..:

For each j € {1,8,16,64} and every f € F; on A={0,...,5}
de>23h e H;:
o (fly,)¥) = (conjugate up to reversal)
o (flu)%) ~ge {h, h} (conjugate)
o Ire Sym Vi (Flu) ™% =g € {h h}
re({fHo, — &, R+ (Rlu,)™) clone hom.
{h} oy = (1A}, = ({& Mo,

{FNS)| =i +3=[({hHE)| = )<{g}>§3 (as f € Fj, h e H)
= r: ({FHS) — {gh§) = ({h})S) Menger algebra iso.
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Connection between 2025 and 2026

Theorem (BVW 2026)

For A={0,...,5} each j € {1,8,16,64} and f € F; there is h € H;
on V ={0,...,4} such that

UG = (S

and both clones are minimal (by the theorem of 2025).
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Classification up to Menger algebra isomorphism

Theorem (BVW 2026)

For minimal f € cMajA M for 5 < |A| <6,
the cardinality of ({f}) determines its isomorphism class.

Proof
Check of A= {0,...,4} is sufficient; |A| = 6 follows from prev. thm.

@ f € Hi: trivially isomorphic Menger algebras (to (mo)g{)ou})

o f € Hg: ({FHo) = (mass)S)  (Csakany, 1986)
o f € H16Z |H16’ =1

? . @ ~ [ \@ L .
o f,f € He ({f})g, = <{f}>OA (non-trivial isomorphism)
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Classification up to Menger algebra isomorphism

Theorem (BVW 2026)

For minimal f € cMajA Hfor 2 < |A] <6,
the cardinality of ({f}) determines its isomorphism class.

Proof
Check of A= {0,...,4} is sufficient; |A| = 6 follows from prev. thm.

@ f € Hi: trivially isomorphic Menger algebras (to (mo)g{)mz})

o f € Hg: ({FHo) = (mass)S)  (Csakany, 1986)
o f € H16Z |H16’ =1

, A\ O
o f,F € Heu ({FHY = <{f}>OA (non-trivial isomorphism)

For 2 < |A| < 4: only [( 0{012}}g and |:<m255>g){)0’1’2}]g appear.
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Final words

Thank you for your attention!
Enjoy the rest of the conference.
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