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A BOREL REDUCIBILITY THEORY
FOR CLASSES OF COUNTABLE STRUCTURES

HARVEY FRIEDMAN AND LEE STANLEY
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Torsion-free abelian groups
are Borel complete

By GIANLUCA PAOLINI and SAHARON SHELAH

Abstract

We prove that the Borel space of torsion-free abelian groups with domain
w is Borel complete, i.e., the isomorphism relation on this Borel space is
as complicated as possible, as an isomorphism relation. This solves a long-
standing open problem in descriptive set theory, which dates back to the
seminal paper on Borel reducibility of Friedman and Stanley from 1989.
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Definition 1.3. Let K, be the Borel space of models with domain w of a £, .-
theory. The space K, is said to be faithfully Borel complete if there is a Borel
reduction F from Graph, (graphs with domain w) into K, such that for any in-

variant Borel subset X of Graph,, the closure under isomorphism of the image of
X under F 1s Borel.
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Abstract In Paolini and Shelah (2024) we proved that the space of countable torsion-free abelian groups is
Borel complete. In this paper we show that our construction from Paolini and Shelah (2024) satisfies several
additional properties of interest. We deduce from this that countable torsion-free abelian groups are faithfully
Borel complete, in fact, more strongly, we can £, «-interpret countable graphs in them. Secondly, we show that
the relation of pure embeddability (equiv., elementary embeddability) among countable models of Th(Z(‘”)) is

a complete analytic quasi-order.
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Corollary 10. Let G be an abelian group which is a direct sum of countable groups,
then G admits a Polish group topology if only if G admits a non-Archimedean Polish
group topology if and only if there exists a countable H < G and 1 < n < w such

that:
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Definition 1.1. Let A be a torsion-free abelian group.

(1) We say that A is separable if every finite subset of A is contained in a free
direct summand of A.

(2) We say that A is torsionless if for every 0 # a € A there is f € Hom(A,Z) such

that f(a) # 0.
(3) We A is Z-homogenenous if every element has type 0 (cf. 3.7).
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separable =- torsionless = N;-free = Z-homogenenous.
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separable = torsionless = Ni-free = Z-homogenenous.
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Theorem 1.2. There are continuum many separable (hence torsionless, hence N1 -
free) abelian non-Archimedean Polish groups which are not topologically isomorphic
to product groups and are pairwise not continuous homomorphic images of each
other. Furthermore, all these groups can be taken to be inverse limits of torsion-
free completely decomposable groups (i.e., direct sums of TFAB of rank 1).
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Notation 2.2. Let X be a Polish space. The Effros structure on X is the Borel
space consisting of the family F(X) of closed subsets of X together with the o-
algebra generated by the following sets Cyy, where, for U C X open, we let:

Cuv ={D e F(X):DNU +0).

Fact 2.6. The closed subgroups of S, form a Borel subset of F(S) (see [9]), which
we denote by Sgp(Sx ), together with the Borel structure inherited from F (S ).



Theorem 1.3. Determining if a non-Archimedean Polish group is in C is a com-
plete co-analytic problem in the space of closed subgroups of So for the following
classes C of abelian groups:

(1) Z-homogeneous;

(2) Wq-free;

(3) torsionless;

(4) separable.
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