A HYPER-GEOMETRIC APPROACH TO THE
BMV-CONJECTURE

MICHAEL DRMOTA, WALTER SCHACHERMAYER, JOSEF TEICHMANN

ABSTRACT. We provide a representation of the (signed) BMV-measure by sto-
chastic means and prove positivity of the respective measures in dimension
d = 3 in several non-trivial cases by combinatorial methods.

1. INTRODUCTION AND RESULTS

We aim to provide a representation of the (signed) measure related to the Bessis-
Moussa-Villani conjecture (in the sequel BMV) by stochastic methods and calculate

non-trivial cases in dimension 3 by hyper-geometric methods.

Definition 1. Let d > 1 be fized. Let A, B be complex, hermitian d X d matrices

and B > 0, then we denote
¢ (2) := tr(exp(A — 2B))

for z € C.

The Bessis-Moussa-Villani conjecture (open since 1975, see [2]) asserts that the

Q/)A,B Q/)A,B

function is completely monotone, i.e. is the Laplace transform of a

positive measure P supported by [0, oo,

(oo}
tr(exp(A — zB)) = / exp(—za) B (dx).
0
Since the function ¢*B is always Laplace transform of a possibly signed measure

on [0, 00[, we shall always denote this signed measure by 5.

The BMV conjecture is closely related to convergence assertions on perturbation

series in quantum mechanics and there is a substantial literature on it (recently [8]
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has been published, where several further references can be found). We quote from
[10]: ”"The BMV conjecture would entail a number of interesting inequalities not
just for quantum partition functions, but also for their derivatives (a badly needed
tool). Despite a lot of work, some by prominent mathematical physicists, only
some simple cases have been decided. So far all results, including fairly extensive
numerical experiments, are in agreement with the conjecture”. As an example
of recent progress on positive results we mention that the BMV-conjecture was
shown to hold true in an average sense in [3]. Originally the BMV-conjecture
was formulated more generally, namely, that z — (e, exp(A — zB)e) is completely
monotone for each eigenvector e of B. This first conjecture was seen to be wrong
immediately (see the end of the article [2]).

At first sight the following relations hold true:

Proposition 1. Let A, B be hermitian d x d matrices, B > 0, then ¢ (z) > 0

for z >0 and

dizd)A,B(z) = —tr(exp(A — 2B)B)

o 1
i¢A,B(z) — tr </ exp(—s(A — zB))Bexp(s(A — zB))Bdsexp(A — ZB))

2
dz 0

for 2 > 0. Hence —d%qSA’B(z) >0 and %¢A’B(2) >0 for 2> 0.

Proof. The first assertion follows from the fact that the eigenvalues of exp(A — zB)
are non-neagtive and the second from the derivative of the function exp off 0 (see

for instance [7], Theorem 38.2),

d 1
— exp(A — zB) = —exp(A — zB) /0 exp(—s(A — zB))Bexp(s(4A — zB))ds.

—¢NB(2) = —tr [ exp(A -z 1ex —s(A—=z exp(s(4A -z s
647() =t (expad = 2B) [ explos(d — 23)Bexp(s(d - 2B))ds)
= _/0 tr (exp(A — zB) exp(—s(A — zB))Bexp(s(A — zB))) ds
= —/01 tr(exp(A — zB)B)ds

= —tr(exp(4 — zB)B).

The second formula follows by a similar reasoning. We conclude the inequalities in

a "moving frame” associated to the eigenbasis of exp s(A — zB). O
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Bernstein’s Theorem (see for instance [5]) tells that a smooth function ¢ : R>g —
R is the Laplace-transform of a non-negative measure y on R>q if and only if
(=1)"¢(™(z) > 0 for z > 0. For the BMV-function ¢**¥ we know by the previous
Lemma at least, that the Bernstein condition holds for n = 0,1,2. For dimension
d > 3 the case n = 3 is unknown in general. Having Bernstein’s Theorem in
mind, we see that the validity of the BMV-conjecture is equivalent to a sequence
of interesting trace inequalities for hermitian matrices.

The following simple transformation properties are immediately proved.

T S
(1) Given a unitary matrix U in dimension d, then pU4V UBU" = A.B  Thig

is due to the unitary invariance of the trace functional.
(2) Let I; denote the identity matrix in dimension d. Then pA+*{eB =
exp(\1)udB for all real \;, since the identity matrix commutes with A, B.
(3) pABFAele = AB( 4 \y) for Ay > —bin, Where by, denotes the minimal

eigenvalue of B, since a translation of B by A1, corresponds to a translation

of the measure by As.

Furthermore the following cases are known, where the BMV-conjecture holds

true.

If A and B commute, the BMV-conjecture holds true.

If d = 1,2, the BMV-conjecture holds true.

If B has at most two different eigenvalues, the BMV-conjecture holds true.
Let B be a diagonal matrix. If the off-diagonal elements of A are non-
negative, the Dyson expansion (see Section 2 for a stochastic proof) yields

that the BMV-conjecture holds true.

In view of all these well-known facts (for more investigations in these directions
see [4]), the first non-trivial case, which appears in lowest non-trivial dimension, is
the following. Take d = 3, B = diag(bi, bs, b3) a diagonal matrix and A = (a,;),
and assume ajsai3az3 < 0. In this article we give — by hyper-geometric methods —
a partial positive answer in this case.

We first provide a Feynman-Kac-type construction — by stochastic means — of
the Dyson series. Since Feynman-Kac-type Theorems are often used to prove that

a function is a Laplace transform, we were motivated to construct an appropriate
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Markov process for the non-stochastic matrix A in order to prove a Feynman-
Kac representation for ¢#. From this representation we can deduce the Dyson
expansion and we are able to deduce a ”semantics” of the problem, however, we were
not able to conclude the result directly. The proof of the Feynman-Kac Theorem
can be found in the Appendix, its application in order to prove the Dyson expansion
in Section 2, see Theorem 2.

In Section 3 we concentrate on the 3-dimensional case, where we meet an impor-
tant combinatorial simplification, see 2.7, which then leads to a summation problem
in the theorie of hyper-geometric series. Finally we are able to prove the following

result.

Theorem 1. Given a real, symmetric 3 x 3 matriz A = (a;;) and a diagonal matriz
B = diag(by, bs, b3) with diagonal elements 0 < by < by < by. We assume that the

following two conditions hold true:

la1z] lais] la1z] lazs]
(1) \/bzlibl =z \/baljbl and \/bzlibl Z \/b;jb?,'
(2) a11(bg — b3) + azz(bs — b1) + asz(by — b2) > 0.
Then the function ¢B(2) := tr(exp(A — zB)) is completely monotone and the
BMYV-conjecture holds. Furthermore the BMV-conjecture holds (trivially) if two of

the three eigenvalues by, ba, by agree or ajsaizass > 0.

Remark 1. The unusual order by < bg < by is due to the structure of our proof,
see Section 3. Later we shall assume by = 0, which is possible without restriction

of generality as we have noted above under transformation property (3) on page 3.

Remark 2. The two conditions in (1) are related to positivity on the intervals |0, bs|
and )bz, ba[, respectively (in this order). The second condition is a linear functional

on the diagonal values of A and appears to be the same on both intervals.

Remark 3. The proof of Theorem 1 will be given in Section 5. We note, however,
that the assertions of the last sentence can be proved immediately (the argument

shows all trivial cases).

Proof. Assume that aj2a13a23 > 0, then we can make a change of coordinates such
that a;; > 0, for ¢ # j by multiplying two coordinates by —1. If a;; > 0 holds for

i # j, then by Theorem 2 the measure u? is a sum of non-negative measures,



A HYPER-GEOMETRIC APPROACH TO THE BMV-CONJECTURE 5

hence non-negative. If by = b3, then B has a 2-dimensional eigenspace, where we
can rotate without changing B, consequently we can find an orthogonal matrix U
such that (UT AU)93 = 0 and UTBU = B. The trace is invariant under rotations,
SO

¢MP(2) = tr(exp(A — 2B)) = tr(exp(UT AU — 2UT BU)),

hence we find ourselves in the first trivial case. O

2. REPRESENTATION OF pu?-B

In this section we fix d > 2 and a d X d hermitian matrix A. We shall construct a
Markov process (Yt(c’i))ogtgl = (Z,gc’i)7Xti)0§t§1 for (¢,7) € S, which leads via the
Feynman-Kac formula (see Theorem 3 in the Appendix), to a representation of the
BMV-measure 5. The state space of this Markov process is S := C x {1,...,d}.
We shall assume a filtered probability space (2, F, (Ft)o<t<1, P), which allows for
the subsequent constructions. Later we shall identify this space with the polish
space of cadlag paths on [0, 1] with values in S.

Let (N¢)i>0 be a standard Poisson process with Ny = 0 and jump intensity
d — 1 defined on and adapted to (2, F, (F¢)o<i<1, P). We denote by (T),)m>0 the
jumping times of (Ny)o<t<1, i.e. T, := inf{0 < ¢ <1, Ny > m}, where the infimum

over the empty set equals infinity. We shall denote by (X;):>0 the cadlag-process

starting in a uniformly distributed way at points in S, i.e. P(Xo = i) = 57 and
having the properties,
(2.1) T =inf{t > T,,—1 with X; # Xp .}
1
(2.2) P( Xy, =kl X, - =1)=—
d—1
form > 1and k #1 € {1,...,d}, i.e. the process jumps at Poissonian jumping

times T, in a uniformly distributed way to another state. Note that this process
is stationary, i.e. P(X; =1) = é foreach0<t<land1l<i<d.
We define for 0 <t <1
Ny
Zt = aXOXTl aXT1XT2 ce aXTnfleNt = H aXTi—IXT'i'
i=1
where the product is almost surely well defined as N; < oo almost surely. The

empty product is defined to be 1. We set

)/t = (Ztv Xt)
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for 0 < ¢ < 1. Then (Y2)o<t<1 = (Zi, Xt)o<t<1 is a process with cadlag paths

starting in a uniformly distributed way at {(1,1),...,(1,d)} in S.

Remark 4. We may and will choose the polish space of cadldg paths on [0, 1] with
values in S as probability space Q) with the Borel probability measure P, such that
the coordinate process on § together with the canonical filtrations (Fi)o<i<1 satisfy
the above requirements. Hence the process is a well defined map on the entire
probability space Q, which will allow us to leave out the usual "almost surely” at

several occassions.

We define probability measures P on (Q, F, (F;)o<t<1) by conditioning on the
event Xo = i for i € {1,...,d}, i.e. P' := P(.|Xo = i). With respect to
the probability measures P’ we define, for (¢,i) € S, a process (Yt(C’i))OStSl =
(Zt(c’i),XZ)Ogtgl on (Q, F, (Ft)o<t<1, P?) through

X! =X,

Zt(g’i) =(Zy

for0<t<1.

Proposition 2. Let A be a hermitian d x d matriz. The family of processes
(Yt(c’i))ostgl on (Q,F, (Ft)o<t<1, P?) for (¢,i) € S defines a Markov process with

generator

M-

<=

-Af(C,Z) = (f(Caz]’.]) - f(C,Z))

(SN
Ml

for all f € C(S,C) and (¢,i) € S, where C(S,C) denotes the set of continuous

functions on S.
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Proof. Fix f € C(S,C) and (¢,7) € S, then

%Epi(f(zt(“% X7) = (¢.4))

= %ZEPi (F(Z0, X1 = F(GD)IN = R)P(N, = k)

k=0
11 g _ (A=D1
=371 ;(f(éamd) — f(G ) e Y o)

J#i

d

= Y (F(Cayg.d) = £(C1)),
i
ast — 0. 0

The Feynman-Kac formula allows for a stochastic interpretation of the BMV-
measure 5. Fix r € C¢, then Theorem 3 asserts for functions f7(¢,4) := r;C, for

(¢,i) € S, the following formula to calculate exp(t(A — zB))r.

Corollary 1. Given r € C?, a hermitian d x d matriz A and a diagonal matriz B

with non-negative entries by, ..., by, we have

E <exp(/01 a(XJ)ds — z/ol b(X.)ds) 7 (V1)| X = z)
= Ep: <exp< / a(Xi)ds 2 / 1 b(Xi)ds)f’"(Yl(l’“)>

= e =D (exp(A — zB)r);
holds true for all z € C and 1 < i < d. Here a = (ay,...,a,) denotes the (real)

vector of diagonal elements of A.

This formula allows for an interpretation of z — (exp(A — zB)r); as Laplace

transform of the random variable fol b(X,)ds under the (signed) measure Q* on 2

Q1
P~ P(Xo=1)

1
exp(/0 a(Xs)ds) f"(Y1)1{xo=i}

since fol b(Xs)ds appears linearly in —z in the exponent.

Given a hermitian d x d matrix A and a diagonal matrix B with non-negative
diagonal entries b1, ...,by, we define an Fy-measurable random variable f on C x
{1,...,d} x(Q, Fy, P) to obtain a closed formula for the trace z — tr(exp(4—2zB)),

namely

(2.3) FGi) = dedlc{ Sy
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for ( € Cand i = 1,...,d. By Corollary 1 and Definition (2.3) we obtain, using
the notation of Theorem 1,

d

d)A’B(z) = Z (e;,exp(A — zB)e;)

=1

d 1 . 1 . 1
= i (ex a(XY)ds — z Dds) fé(Y7))e? " td=
= ;:1 Epi( p(/o (Xo)d /O b(X,)ds) [ (Y1))e™ d

1
0

d 1
;E(QX‘)(/ aXy)ds =2 /0 b(X,)ds) (Y1)|Xo = i) P(Xo = i)

(2.4) =F (exp(/o1 a(Xs)ds — z /01 b(XS)ds)f(Yl))

for z € C.

We now derive a series representation of the measure p4#. The function f(V7)
can take non-zero values only at loops, i.e. Xy = X;. First we introduce the subset
Q, C Q consisting of those paths which form loops in {1,...,d} on [0,1] with
precisely n jumps for n > 2, ie. Q, := {Xo = X1, N; = n}. We define the set

C, C{1,...,d}"™ as image set of the path random variable

DPn: Qp —{L,...,d}"

w (X - (w),..., X7, —(w))

So the subset C), of {1,...,d}" is characterized as set of all n-tuples such that
no neighbors are equal and the last element X7 _ is different from the first one
X1, = Xo. We denote C' := Up>0C,. Elements v € C,, are called favorable
paths of length n.

The map ord associates to v € (), a monomial in the variables a;;, which is
called order of the path. The quantities /;;(y) are the respective powers of a;;

in the monomial ord(y): for v € C,, we define

(2.5) ord(y) := Aryyyp Aypryg + v o Ay 1y Ayyn
(2.6) =TJai7™.
1<J

The characteristic char(y) = (k1(v),...,ka(7)) of a path v € C,, is defined by

the number k;(y) of visits in state j

k;(v) := #{l such that v, = j}.
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Notice that the following formula holds for v € C,,,
(2.7) % D i) = ki(y),
J#i
which leads in dimension 2 and 3 to one-to-one relations between char () and ord(7)
(see Lemma 1).

We shall denote by A,, the n-simplex in R"*! i.e. the set of vectors (t1,...,t,11) €
R+ with Z;:rll t; =1 and t; > 0. On the n-simplex we shall consider the normal-
ized uniform law \,,, i.e. A,(A,) = 1. For v € C,,, we consider the set p; () C Q,.
On p;,!(7y) we consider the conditional probability P, := P(.|p, = v) and the ran-

dom variable

dur i pt(v) — A,
via dur := (T1,To—Th,...,Tp —Tn_1,1 —T,), which has a uniform distribution A,
on the simplex A,, under P,. Indeed since the conditional distribution of (77,7 —
T,,T5 — To,..., T, — T,—1) for n > 1 under the condition N; = n is uniform, we

can conclude the result, i.e.

Py(Tl S [tl,t1 + dtl],TQ -1 € [tg,tz + dtg], - ,Tn —T,_1 € [tn7tn + dtn])

1 1 1 o 1 s v
*@gmdtl(dfl)e tl(d l)mdtn(dfl)e t"(d 1)6 (1 1:1t1)(d 1)
d n!
dty ...dtpe= " D(d - 1)L Lo
- T @D _ ptdty .. dt,,
d n!

for " | t; < 1. Here we apply that set p,'(v) for v € C,, has probability

1 e @ U@—1)" 1e D
d(d—1)» n! T d ol

(2.8) P(p,* (7)) =

On the simplex A, we define for a vector h € R™*! the real-valued random

variable Y = S t;h;, and for g € R™*! the measure Q¢ with

ng n+1
. = exp(; tigi)

with respect to the uniform distribution on A,. The image measure of @Y under

V" is denoted by 19", which is a measure on R with support in the convex hull of

hi,. . hpyt.

Theorem 2. Let A be a hermitian matriz, B a diagonal matriz with non-negative,

mutually different entries by,...,bq. The diagonal elements of A are denoted by
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ai,...,aq. Then the measure (see Definition 1) u™B is a signed measure decom-

posing into an absolutely continuous and singular part

d
(2.9) pB(dx) = Z exp(a;)dp, (dz) + 5 (z)dz.

i=1
4B s a piecewise continuous function with possible disconituities at b; and with

support in [min; b;, maxb;]. We have

(2.10) P (z) = Z P, T)yiny - - Gy

yeC

where the density ¢(vy,x) is defined by
1 .

(2]_1) ¢('77 x)dx = i'na“u yee @y 5@y 3Dy 5oy by (dx)
n!

for v e Cy.

Proof. We can decompose the Feynman-Kac formula (2.4) by the number of jumps

Ny, which appear up to time 1. This leads to

E(exp(/0 a(Xs)ds — Z/o b(Xs)ds)f(Y1))

00 1 1
=y E(exp(/ a(X,)ds — z/ b(X,)ds)f(Y1), N1 = n),
n=0 0 0
wherefrom we obtain the basic decomposition of regular and singular part. The

e—(d=1)

probability of taking 0 jumps up to time 1 and starting at ¢ is ( - which leads

to the expression for the singular part of 445 in (2.9) by the definition of f. Again
by the definition of f | formula (2.4) and formula (2.8) we obtain that, for n > 1,

Eexp( /O a(X.,)ds — = /O b(X4)ds) f(Y3), N1 = n)

= FE 1 X.)d le d Y; =~)P =
= <exp</0 a(X.) 7/ (X)ds) f (V) [pn = 7)P(pn = 7)

v€CH

1 1
= Z EPw(eXP(/O a(Xs|p—1(7))d3 - Z/o b(Xs|p;1(«,))d5)f(Y1‘pgl(y)))P(pn =7)

n
YECH
& 1
= Z / exp(—zx)a’r]a'}’l7""a"/n7a71;b'Yl"“’b’Yn’b"r’l (d‘r) Ord(’y)
vecC, 70

(d=1)

holds true. We have applied that f equals de ord(v) on the set p,1(v), since

this set consists of loops with favorable path v and Z; takes precisely the value

ord(y). In addition de(¢=Y P(p;- (7)) = 2

nl*
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We have to show that the measure 1% :@71ibv1s0vn b0 (dz) has a density,
which can be seen from the fact that the intersection of A, and the set {7 | b, t;+
by, tn4+1 = x} depends in a differentiable way on z. The sum starts with n = 2 since

there are no loops with only one jump. O

Example 1. We illustrate the stochastic approach by the case d = 2. Since a loop
v € Cy only appears if n is even and has the form 121... or 212..., the con-
tributions in the above series are necessarily non-negative: indeed for a hermitian
2 X 2 matriz A we must have that ord(y) > 0 for all loops v and the measures n
are non-negative either. Hence the density is non-negative. Again we note that the

validity of the BMV-conjecture for d = 2 is well-known (see e.g. [2]).

Remark 5. Theorem 2 can also be derived from the well-known Dyson expansion
(see for instance [4]). Still we believe that the stochastic reasoning underlying our
proof has special merits: it leads us to a probabilistic and combinatorial point of

view (see Section 3 ”Stochastic Semantics”).

Remark 6. We have formulated Theorem 2 for Hermitian matrices A as this is
presently our natural framework. But it is clear that it may as well be formulated

for general d x d matrices A.
3. STOCHASTIC SEMANTICS

From now on we assume d = 3 and b; = 0, we shall write a; = a;; for i = 1,2, 3.
In particular all matrices will be real from now on. From the point of view of
stochastic processes we now have a dynamic picture of the problem to calculate
the measure p*B: we consider paths with values in the set {1,2,3}, which are
favorable in the sense that two neighboring elements are different and the last
element is different from the first one. The combinatorics of these paths leads
us to a particular way to sum up the series (2.10). We think about trajectories
dynamically as loops on the vertices {ej, e, es} of the 2-simplex. The total times
&, which the trajectory stays in state ¢ during time [0, 1], form an element of the
2-simplex. Only if Zle b;&; € [z, x + dz], the trajectory contributes to the density
A B (x)de.

We now fix 0 < bg < be and = €]0,b3[. Due to the following choice of parameters

we choose the unsual convention b3 < by. The intersection of Ay with Z?:l bi& =x
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will be parametrized by
t— ((1 — .232) + t(afg — 33‘3), 332(1 — t),l‘3t)

with real numbers 0 < x5 < 23 < 1 and t € [0, 1]. We shall denote this line segment

by L*2:%3 and we obtain the relations

bgl‘g =,

bgl‘g =x.

In particular we observe that — for given & — the numbers by, b3 and 5, r3 determine
each other. In order to obtain x5 < z3 we have been choosing b3 < bs.

We apply the notions of the previous section. The characteristic char(y) =
(k1(7), k2(7), k3(v)) of a path v € C is the number of visits in the points 1,2, 3.
Clearly k1 +ko+ks = n. We shall observe in the following Lemma that in dimension
3 the characteristic already determines the number of jumps between 1 — 2,1 — 3

and 2 — 3, denoted by l12, 13 and l33. These quantities are defined via

li2(v) lis(y), l23(v) . _
ay ays Vags " i= Gy Qg Gy, Gy = OTA(Y)

and the numbers [;;(y) of jumps between ¢ and j only depend on char (y) =
(k1(7)7 kQ(fY)a k3(’7)) for v € Cy,.

Lemma 1. The characteristic char(y) = (k1(7), k2(7), ks(7)) of a path v € C and
the powers (112(y),113(7),l23(7)) of the order ord(vy) are in one-to-one relation. By
abuse of notation we may therefore write 1;;(7y) = li; (k1(77), k2(7), k3 (7).

Proof. We take formula (2.7) and solve it for [;; given char(y), we obtain

lig=ki+ ko — ks
liz="Fky+ks—ks

los = ko + k3 — kq,

which yields the result. O

Next we calculate in our particular setting (recall that d = 3 and b = 0)

b b, b

explicitly the density of n®vi - %vn vii0y10 007 at .
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Lemma 2. For ky, ko, k3 > 0 define a probability density f on Ag (this time with

respect to uniform distribution %)\2 of total mass % ) given through

(3.1) F&r,€2,63) = Bk, ka, ka)&9 1 es> 1 ebs ™ exp(a1€y + aza + asés),

where
. (k1+]€2+k3—1)!
Bl bz, ka) = (k1 — D(kg — 1)1(ks — 1)!
for k; > 1. We fix a path v € C with characteristic char(y) = (k1,ka,ks3), n =

ki + ko + k3, and define v = (y1,- -+, Yn,71) € {1,...,d}" ! and

pry Ay — Ay

through &(v) = (pry(t1,... thy1))i = ZZL:% t; fori = 1,2,3. Notice that the
vj=i
law of the real-valued random variable w — Z)2§2 (pn(w)) + b3&3(pn(w)) under P, is

N8 @by Y (dx) = nlg(y, x)dz (see formula 2.11) Then the following

assertions hold true:

(1) Assume k; > 1, fori=1,2,3, then the law of the random variable pr, has

density

(32 (ks + b ) 2 (61, 60,60) =2 (61, 62,6
71 71

with respect to the measure %)\2 on Ao. Notice that the state appearing in
Y1 18 counted twice in the density.
(2) Fork; >1,i=1,2,3, and = € ]0, bs|

(17w2)+t(w27w3)

1 [t ki
_ z2(1-t)
(33) o0 = e [} e

wgzt
k3
(34) f(]. — :]32) + t(CEQ — 1’3), CEQ(]. — t), ’Jlgt)\/l‘gxgdt

at 0 < x < bs, where the cases in {} pertain to v1 = 1,2,3. Notice the
relations boxy = bsrs = x.
(3) Assume ki =0, and x €]0,bs[, then ¢(v,z) =0 for all n > 2.
(4) Assume ko =0, and x €]0,bs|, then
(3.5)

k
(1_x3)k1$33

1
1 (k1 + ks — 1)! exp(ai(l —z3) + azzs)— 5. >— if n =1

— k
(n—1)! (k1 — 1)l (k3 —1)! exp(ar (1 — z3) + &33)3)% ify =3

QS(’% JC) =

and n is necessarily even.
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(5) Assume k3 =0, and x €]0,bs|, then

(3.6)
—X k x
sy L Oatk o1 [ epla(—m)+ z)% ifn=1
(n— D! (kr = D(k2 = 1)! exp(ay (1 — x2) + azmz)% if 1 =2

and n is necessarily even.

Proof. Fix v € C, and let v = (y1,...,Vn,71). We first set a; = 0 for i =
1,2,3. By direct computation we verify that now f indeed defines a probability
measure on Ay, hence the norming factor is correct (the actual form of f stems from
pushing forward with pr, and simply observing that a sum of independent uniformly
distributed variables leads to a S-distribution). In the chart 72 (projection from

A on the first two components in R*) the volume element 32(d€) equals dé1dé,
on {(&1,8) € R?, £,6 >0, & 4+& <1}

1 1-¢&2
1 / F(Er €0, E3)Na(dE) = Bk, ko, k) /0 /0 Bitghal(] g, _ gy)hlde, de,

1—&2 k1—1
ka1 kyths—1 &1 RSN &1
= Blkr, ko, ks) / gh1(1 - gyt /0 Ao o) g e

1
Bk, ks, k) / ek (1 gyyatho / (1 — )R e,
0

(kg )(k‘l + k3 — 1)' (kl — 1)'(/{}3 — 1)' .
(ky + kg +hs—1) (b +ks—1)!

We continue now with general a;. Calculating the formula of the density ¢(vy,x) at

= ﬂ(kla k;27 k3)

x €]0, b3 amounts to calculating the mass of pr, passed by the line L7>*3 through
variations in z. Fixing by, b3 we thus fix xo,x3. The area of the quadrangle with
corners at e; + z;(e; —e1), e + (x; + dx;)(e; — e1), for ¢ = 2,3, with respect to the

measure 2 \s(d¢) — under a small variation dz of z — is given by

1 1
5((E3d$2 + xodrs) = —axdx

b3by
—i\/bbxxdx
= baby 203T223

1
——/xox3dr.
babs3
Shrinking the side conv{e; + x2(e2 —e1),e1 +x3(e3 —e1)} to an infitesimal element

at the point ((1 — z2) + t(x2 — x3),22(1 — t), z3t), for t € [0, 1], on L*>*3 leads to

/1
—/Tox3dxdt.
babs

the appropriate area element
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Hence we can determine ¢, (7, x) through equation (2.11) and formula (3.2) evalu-
ated at ((1 — x2) + t(we — x3),22(1 — ), x3t), for ¢ € [0, 1],

P, (b2€2 0 pp + b33 0 pn € [z, 7 + da])
(I=za)ti(z2—23)

1 1 ! b
= \/ ——Vasasde——B(k1, ko, k z2(1=t)
oty V72T x(n_l)!ﬁ( 1, k2, 3)/0 I

%
f(l —xo 4+ t(ze — x3), 22(1 — t), 25t)dt. d

For the degenerate cases we perform the same program. We first calculate the

density of the law of pr if one of the k; is zero, which is a density supported by one

edge of the simplex As. Assume k3 = 0. With respect to the uniform distribution

with total mass 1 on the edge conv{e;, es} of Ay we obtain for ki, ko > 1

§ (kitka =1V k1
oy (k1 — 1)!(kg — 1)! 2
dz

and similar for the other case. A small variation dz in z leads via §* = dw; for

(lﬁ + kg)

exp(ai&1 + a262)

i = 2,3 to the desired results. ([l

In order to write the above densities in a more compact way we shall apply the

well-known formula

1 ! a—1
el / g()° = g(0)

as « | 0 for any continuous function g : [0, 1] — R. Hence we can apply (k — 1)! =

[L'(k) for k > 0 and obtain the following proposition:

Lemma 3. For vy € C and x €]0,bs[, we obtain in the sense of Gamma-functions
1—I2)+t(12—13)

(
1 1 ! k1
R - Iz(l—t)
#0.2) (n—1)! \/bzb3 /0 o2

k3
f(l — X2 + t(l‘g — .%‘3),1‘2(1 — t),xgt)\/xgl‘g,dt,

for char(y) = (k1,ka,k3), k1 + ko + ks = n, and k; > 0, where the cases in {}

pertain to 1 = 1,2, 3.

Proof. For k; > 1 there is nothing to prove. Assume now that we take the limit
ko | 0, hence 75 = 1 or 3, since the vertex 2 cannot be starting point. We introduce

furthermore
A= a1 (x2 — x3) — asxs + azxs

wi=a1(l —x2) + asxs
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as in Remark 7. Hence the limit yields

. (ki +ks—1)! [ 1 1 /1 (o) btlea—as) if ) = 1
i =
al0 (n — 1)' (k’l — 1)'(k’3 — 1)' b2b3 F(a) 0 th if Y1 = 3

(1= w0) + (e — )"~ (e (1 — 1))° (wst)"s " Vzmsdt

_exp(A+p)  (ky+ k3 —1)! 1 [zows % ifyp=1
T (n—1)! (kp—D!(ks— D!\ bobs | 0= ms,)’“l Loy
3

ifyp,=3

ky gk
_exp(A+p)  (kyr + k3 —1)! %ﬂ’yl—l

T (=D (k= D!k — 1) Q:%%Liﬁ%_g’

since xobs = x3bs = x. Similarly for the third case. ([

For the calculation of the BMV-measure u? we can make an essential further
simplification: it turns out that if we average over all paths v with fixed characteris-
tic char(vy) (and varying the first entry ;) formulas (3.3)-(3.6) appear in a simpler
form, which only depends on the characteristic. We define the density

1
HyeC: char(y) = (ki ko k3)} 2 (1),

yel
char(y)=(k1,kz2,k3)

X(kla k2a k/’37.'17) =

i.e. the average of the densities ¢(7, x) where v ranges through the paths with fixed

characteristic (k1, ko, k3).

Lemma 4. We fix a path v € C with characteristic char(y) = (ky, ka, k3) forn > 2.

Then the following assertion holds,

[1 1 [
(37) X(kh ]432, kg,x) == %5/ f(l — T2 +t(172 - Ig),ZCQ(l — t),xgt)\/xglﬂgdt
+JO

in the sense of Gamma-functions.

Remark 7. The exponential term in (5.1) simplifies to eNTH with X\ = ay(xy —
x3) — agwe + azxsz and p = a1(1l — x9) + aswe. Hence we obtain, for a path with
characteristic char(y) = (ki, ka, k3), k; > 1, by the binomial theorem and the Beta
integral that

(1- xg)kl’lmg"‘xgs

nxr

% Z k121 ]{31 -1 To — I3 " (kS)LJrT
1—56‘2 (kl—l)'(k2+k3+L—|—T—1)'7

L>0 r=0

X(ki, ko, k3, x) =
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holds true, or — by usingt =1 — s — an alternate representation,
(1 _ xg)k171$§21'§3
nx

- wir (CNE (a3 —wo\" (k2)L+r
XZZ( ) o L! (1—1‘3) (k‘l—l)!(kQ—Fkg:-L—FT—l)!.

L>0 r=0

X(k1, ko, k3, x) =

Here we apply the notion (k), := %

Proof of Lemma 8. For the proof we apply the representations of the densities (3.3)-
(3.6), and the fact that among all paths v € C,, with characteristic char(y) =
(k1, k2, ks) the path with ; = ¢ appear with relative frequency , hence absolutely

#{ye C: char(y) = (k1,k2,k3)}%

times. We calculate the density x(k1, ko, k3, ) at « €]0,bs[. This leads for k; > 1

to

1
X(klak27k37x) - #{’Y c O char Z ¢(771’)

eC
(v ) (K1, k?a ks3)} Char(’y) (k1,k2,k3)

- / kl 1—1[,’2 +t($2—$3)+
a n—l ngbg k?

kg 372(1 — t) kg $3t
+ n ko + n kg)
(1 — Ty + t $2 — Ig) xg(l — t) Igt)\/l‘gxgdt

V 2V3

For k1 = 0 we conclude directly. For ko = 0 we use

1 kg (b + ks — 1)l (1 —ag)m

Xk, 0k, @) = i (s — 1) bs explar(l —og) + agzs)+
G E 1)! % (](gllcf—ki)!_ki!)! o _b;g)kll exp(ar(l = z3) + a313)
- (k(lki)]ffksi)i)! vl s B epln(1 —a5) + 0s)

and analogously for k3 = 0. d

For the case © €]bs, ba[ we shall apply the following parametrization

= (1= t)yr, (1 —y1) +t(yr — y3),tys)
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for 0 <y < y3 <1 satisfying the relations

b2y1 = b2 — X
(bz - bS)yS =by — .

This leads as in the proof of Lemma 5 to the volume element

———\/Y1y3dx
ba(ba — b3)

under variations of z, hence the respective densities x satisfy the following relations:
we fix a path v € C,, with characteristic char(v) = (k1, k2, k3), k1 + ko + ks = n for

n > 2, hence

(3-8)

3
1 1t
X (K1, ko, ks, x) = 7*,/ S =)y, 1 =1 + (1 — y3), tys) Vyryadt
b2(b2 — bg) n. 0

in the sense of Gamma-functions.

Remark 8. Notice that the case x €]bs, ba[ is deduced from the case x €]0,ba[ by the
permutation 1 «—— 2 is performed. One replaces then xo by y1, 3 by y3, performs
the permutation for a;;, and replaces by by baand bz by by — bs. All the necessary

relations maintain and the first case in full generality then implies the second one.

4. COMBINATORIAL SUMS
Our next goal is to represent 145 (z) := 1)(x) in the following way. By Remark

8 it suffices to consider the interval ]0, b3].

Proposition 3. Suppose that by > bs. Then, for x €]0,b3], we have

() =Y x(kr, ko, ks, x) ord(y)

yeC

1 1t -\t
:;ZZ > A—ap)ter Z%

k>1 m>0 120,l=m mod 2 L>0
k—1 r 2k+m—1
o Z k—1 T3 — To (T)H—L
—\ 1l—z3 ) kNk+m+r+L-1)!

E\ (L 4k =1\ (k—§\ ..
<X O0RSTL)
0<j<k,j=m mod 2
x (a12/T2) 7! (a13/73) (a3 y/T2w3)™
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The proof of Proposition 3 is just a direct combination of Remark 7, the following
Lemma 5 and the representations l15 = 2k—I, ks = (2k—I4+m)/2, and k3 = (I4+m)/2
when k1 =k, l13 = [, and ly3 = m are given.

However, the representation of ¢(x) in Proposition 3 has to be transformed in
a proper way to observe that it is non-negative. For this purpose we will further
introduce the hypergeometric function F'(a,b;c; z) and use certain hypergeometric

identities in order to simplify the above representation.

4.1. Counting paths on the triangle.

Lemma 5. The number of paths v in C with ki(vy) = k, liz(y) =1, lag(y) = m

and | = m mod 2 is given through

o E O

0<j<k,j=m mod 2

If | 2 m mod 2, then the number of paths vanishes.

Proof. From [6] we get that the generating function of ord(y) of all paths v with
~v1 = 1 is given by

’ 1 —a23
S ord(y) = ——2 1
vl 1 —aip2 —a3
—aiz 1 —ass
—ai3 —ag 1
1— a3

1-— 20,120,130,23 — a%z — G%B — G%S '
Hence, if Py (k,1,m) denotes the number of paths v in C with k1 (y) = &, li3(y) =1,
la3(y) = m, and v1 = 1 we have

ko1
g Py (k,l,m)x"aj5ahy =
k,l,m

1— a§3
1 —a3; — x(2a13a03 + a2 +1)°

From that we immediately get (if I = m mod 2)

o= 5 BT ()

0<j<k,j=m mod 2 2
Finally, if we denote by P(k, [, m) the total number of paths v in C with ki (vy) = k,
l13(y) =1, and la3(y) = m then

%Pl(k,l,m) = %P(lﬂ,hm)7

where n = 2k +m = ki + ko + k2. This proves (4.1). O
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4.2. Hypergeometric identities. The hypergeometric function F(a,b;c; z) is de-
fined (for complex |z| < 1) by

F(a,b;c;z)zz

n>0

where (z), =T(x +n)/T(z) =z(x+1)--- (x +n — 1) denote the rising factorials.

(@a®)n_,

(¢)nn!

)

There are lots of identities (see [1, Chapter 15]) for these kinds of functions. Some of

them will be used in the sequel. For example one has Euler’s integral representation
I'(c) /1 —asb—1 —b—1

_— 1—zt)"% 1—1t)° dt

o5 fy 7Y

if |z| < 1 and R(c) > R(b) > 0. Furthermore, it was already known to Gauss that

T(e)T(c—a—0b)

I'(c—a)l'(c—1b)

F(a,b;c;2) =

(4.2) F(a,b;c;1) =

if R(c—a—10b) > 0.

We start with a lemma, where we use the identity

(4.3) F(a,bje;2)=(1—2)"F (a, c—b;c, Zl> .
- —

Lemma 6. Suppose that j = m mod 2. Then
o k:j) (2k+ml> ol p2k-t

[>4,1=4 mod 2 2

=@ ot () (7 a5 )

p=0

where v =2CD/(C? + D?).

Proof. We note that the left hand side of the above equation can be represented as

2k+m—j
2 T

. 2k +m —j 2k+m—j C?
(e (B ) (B )

and the right hand side as

i (CD)jd2(k*j) <

(C? + D*)*(20D) (2’”7”‘3)

2

) . 2k+m —j . C?
xF(—(k—y),—r,—(Q+T—1),02+D2).

By using (4.3) with

% +m —j % +m —j
a=—(k—7), b——(—'—;n‘j—1>, c——<+;n‘7+r—1>

and z = —C?/D? we directly get a proof of the lemma. O
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4.3. Further Hypergeometric Identities. In this section we present a proof
of rather strange identities that seem to be new in the context of hypergeometric
series.

We set

(0= 33 (; )2% G ) JYPS Y
m>0 j=0 (m + Dirar—1 m!’

where r a is non-negative integer.

Lemma 7. We have

Ag(k;v,6) = (14 v)Fet

k! 11—\ /1= s2\*
1 k—20—2 s€ g
/0 220+ 1) k=2 =2y L) 2 2 ) &

= (1 +wv)ke
1 . _ — 02\ (1 — 2
+ (];)(1 —vz)/o (1+ sv)F=2F <k 5 2,—k 5 3;2; (a (1_’_)211])2 )> et ds
and
A (k;v,€)

1_’02 0 1_52 l+r—1
1 k—2¢ Sg
/Oe> £'£+r—1 ( Fa L) ( 2 ) ( 2 ) e ds

[ B () (e

where T a is positive integer.

Remark 9. Note that the right hand sides of these identities are non-negative if
|v| < 1. Hence, we have A, (k;v,&) > 0.

In fact, we are more interested in sums of the form

Ay k0,6) = 3 (An(hs,€) + Ay (ki —0,—€))
B I\ 2kl (%)k“_l gm
> 2 (J) (m + 1)pt2r-1 o

m>0 0<j<k, j=m mod 2

Since Ay (k;v,€) > 0 and A, (k; —v, —€) > 0(for |v| < 1) we also have A, (k;v,€) >0
and the representations

1 k 1— k
(140 o (1-v)
2 2

EN1—22 [! b2 k=2 k-3 _ (1-v)(1-5%)\
—|—(2>2 /1(1+S’U) F(— 5 g :2; e )e ds

Ao(k;0,6) =
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and

A (k;v,€)

1 k 21 N ) )
:1/ (1+ sv) 1—s P —ﬁ,—k 1;7”; (I —v%)(1—s%) ¢ s,
2/ (r=1)! 2 2 2 (14 sv)?

where r a is positive integer.

Proof. * We prove first the case of positive r. Both sides of the identity are power
series in v and £. Thus, it is sufficient to compare coefficients. The coefficient of

vI€™ /m! of the right hand side is given by

; 1 k! . 1— 2 14 1_ g2 l4r—1 .

Al R DY s Ty SRR D é( ) )( > ) s7ds
! k!

:/0 Zé'(€+r—1)(k—2€)!

N T (k—20\ ., (1—s2\T!
—1)* j—=2i [ =2 m
() () (5E) e

By applying the substitution s = v/¢, integrating the corresponding Beta integrals

and rewriting the sum over £ in hypergeometric notation we thus get

1 k'
/0 ZE'(€+7”—1) (& — 20)!
1 k—2/0
m/2+5/2—i— 1/2 l4+r—1
X Z ()221+r <J_21>t ( ) dt

>0

- ; 0 +r— 1.)!(k —20)!

1 (k=20\T(m/2+j/2—i+1/2)T(+r)
X; ()2””(]'—21')F(£+r+m/2+j/2—i+1/2)

-y (=)' +d)g—i
L2k - L+t d+ B
i k1 j k1 j m
Joll (FANA L O A
X <2 22Ty gttt

Next we use formula (4.2) and obtain (after rewriting the remaining sum in hyper-

geometric notation)

(P it Ci b g en) (g1 21 ) )
2T (5 +5+r)T(5+5+%+7) :

IThis nice proof was pointed out to us by Christian Krattenthaler and is considerably easier
than our first one.
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In order to avoid difficulties with zero-cancellations we interprete this sum as a

limit, use again formula (4.2) and obtain (after some algebra)

. <k>r(§+g+’;)r(g+k+’;+r)F<_j 1 j1 j m
2T (A + 24T (A +5+2+7) 2

e—0

L (k) kAT H2e2D (L 4tk +r + 2) T (m — 2¢ + 1) sin(n(2e — m))
Ce—0 (k+m+2r)!l"(1—%+% —E)Sin(ﬂ'(%—%— ——i—s))sm(ﬂ'(%—%—i—s)).
Now note that the limit of the sin-terms is always 2. Hence, we finally obtain

9k+r—1 (’m*2j+2 ) A

(m+ 1)kqor—1

as proposed.
The proof for the case r = 0 runs along similar lines. The only difference is the
singular term (];) in front. However, after integrating the Beta integrals we can

rewrite the corresponding sum as

k k!
(j> * ZZ% 000+ D)k —2¢—2)!

CH1\ 1 [k—20—2\T(m/2+j/2 —i+1/2)T(+1)
XZ ( >2%+2( j—2i ) T(l+m/2+j/2—i+3/2)

_Z£'£+1 —2€—2)!
. C+1\ 1 [(k—20—2\T(m/2+j/2 —i+1/2T(+1)
S () ()

= 22042\ §— 24 Fl+m/2+j/2—-i+3/2)
‘1 -2 i k1 5 k1 4
Z +J =204 F(]_7+J 7+J+m;1>
p k—j lzl(, —i+1+2); 2 2'2 2 2°2 2 2
and proceed as above. (I

Lemma 8. Set

(4.4)

2k+'r7p71 (m—j+2

b 2 )k+r—p—1 (k —4)! jfm
T30, 8) ZZ() (m + Diar1 k—j-p!" m

and
r—p
@5 Skrpng=3 (’“ i ”) T(k,r.p+7:0,6).
Then
—-pP
(46) orpo) = 3 (77 )Sthorpt i)
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and
an Sl =g Z( ) O Aol = pr,).
In particular we have S(k,r, p;v,£) > 0 and T'(k,r, p;v,€) > 0 if |v| < 1.

Remark 10. If we set T(k,r, p;v,€) = L(T(k,r,p;v,€) + T(k,r,p; —v,—£)) and
S(k,r,p;v,€) = L(S(k,r, p;v,&) + S(k, 7, p; —v, —£)) then we have (of course) cor-
responding representations in terms of Ar(k;v,f) and also S'(k,r, p;v,6) > 0 and
T(k,r, p;v,6) >0 if |v] < 1.

Proof. First note that (4.5) and (4.6) are equivalent. Thus, it remains to prove
(4.7) or equivalently

T(k,r, p;v,§)

r—p r—p—7)\ (2a)!
_Z< T ) k— p—T'Z< 2a T) 2aa'A“+p+T(k_p_T;U’f)'

By expanding both sides with respect to v7¢™ /m/! this identitiy is equivalent to

;) 2 (U 1 (k=)

J (m+1)gyr1 (k—j—p)

_ r—=p k! r—p—1\Q2a)! (k—p—71 2hta=l (m72j+2)k+a71
- 7-;0 ( T >(kp7')'( 2a ) 2¢al ( J ) (m 4+ 1)kg2a4psr—1

By rewriting the sum over 7 of the right hand side in hypergeometric notation and

by using (4.2) we get

— m—j+2
Z ( - )'k'2k 1(Tj)k+a 1
il Wk —p— ) r—p—2a)lal(m + 1)rt244p-1
X F(=(r—p—2a),~(k—p—j)im+k+2a+p;1)
(r—p)lkl2h =t (m=22)
Wk —p = r —p—2a)lal(m + 1)ki2a4p-1

Fm+k+2a+p)T(m+2k+r—p—7)
L'(m+k+r)IT'(m+ 2k 4+ 2a — j)

23

a>0

Next this sum can be also written in hypergeometric notation. Further, a second

use of (4.2) and some simplifications (using the duplication formula of the Gamma
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functions) yield

1261 (mE2) T (m+ 2k + 7 — p — j)
JWk—p—)T(m+k+7r)(m+2k—j)
Y F _r—p7_r—p—1;m—|—2kz—]+1;1
2 2 2
(k) (k — )12kt (mejH)ki1 F'(m+2k+r—p—j)
~ )T D T 2R )
P+ -+ )T (k+ B —f+r—p-1)
T f-4+5-4-DIG+3-1+5-4-0)
r—p— m—j+2 .
:(k>2’“* TS e ()
J (m+ Dgyr (k—=j—p)

as proposed. O

5. PROOF OF THEOREM 1

First we use the results of the previous section to obtain another representation

for ¢(x).

Lemma 9. Suppose that bs > bz and set

z
Ao = a12y/22 = a12 =
2
z
Az = a13\/x3 = a3 o
3
Y 2410413
Al + AL
= a234/T273,
1— -
w= 0oz, 44z,
Tr3 — T2
Wy = —— =
721 — )
A A2, — A2
w1 A, A 13

Aip - A%+ ARy
Then for x €0, bs[ we have
2eMH

wh B2l _
w(x):xu_xg)zkl(k—l)!z( r )w

k>1 r=0

r+L
I\ -
xZ(r—'_ )S(km—l—Lp;uf)w".

p=0 p

NS
—~
SIES
=<
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Proof. With help of Proposition 3 and Lemma 6 we get

2eAH wh 2 k-1 ., (—=\)E
W”ZMZ;JT_O( r )“’22 !

L>0

T LB O

m>0 0<j<k,j=m mod 2
r+L .
Xi (T+L>2k+r+L p— 1<2k+m J) (k—J)!
2 r+L—p (k—3j—p)
o v A13 P &
A12 (m+k+r—1)'

26>‘+“

S e () ux G
z<> (1) G)

2k+r+L7p71 m—j+2 _ em
y Z Z (]f) ( 2 )k+7'+L—p—1 (k .]) ’UJL

m>0 0<j<k,j=m mod 2 (m+ 1D)gtrir—1 (k—j—p)

26)‘+”

mrmens () s

r+L
X Z(_l)/&(r + L> (ﬁwz))pf(k‘, r+ L, p;v,§)
12

Finally by using (4.6) we directly derive the proposed representation. O

Note that |v| < 1. Thus this lemma shows that (x) > 0if w > 0 and A <0 or
equivalently |A1a| > |A13] and aq(by — b3) + asbs — azba > 0. This is satisfied by
assumptions of Theorem 1. Hence we have proved Theorem 1 for = €]0,b3]. The
case z €)bs, ba[ is done by exchanging indices 1 and 2 and b3 by by — b3 (compare

with Remark 8).

6. APPENDIX: THE FEYNMAN-KAC FORMULA

We shall work with a continuous-time Markov process on the state space S =
C x {1,...,d} associated to the off-diagonal elements of a d x d matrix A € M;(C)
with complex entries. The non-zero diagonal elements of A and the ”potential” B
will appear in exponential functionals of the process. We denote C-valued functions

on the state space S by f. Given a matrix A € My(C) with zero diagonal, we

m/!
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associate a generator A of a pure-jump type process on S, namely
d

AF(C4) =Y (F(Cais, §) = f(C,))-
Jj=1
J#i

The resulting S-valued Markov process is denoted by Y;(C’i) = (Zt(c’i), Xt(c’i)) with

initial value (¢,7) € S and has the following properties.

Lemma 10. The projection of (Y;(C’i))tzo =: (Zt(c’i),Xt(C’i))tzo onto the second
component will be denoted by (X}), since it does not depend on ¢ € C, and equals
in distribution the {1, ..., d}-valued Markov process associated to the matriz G with

entries g;; =1 for j #i and g;; =1 —d fori,j=1,...,d.

Proof. Take a function f on S, which does not depend on the first component ¢,

then we have

where we can identify f with a vector in CZ. O

Lemma 11. Let f7: C x {1,...,d} — C be the function
Jr(¢ i) o= Qs

for (¢,i) € S and r € C¢ (which may be identified with a linear map from C¢ to
C(S,C)), then
.Afr — f(A—(d—l)ld)r.

Proof. Direct calculation of the generator A on functions f. O

Furthermore given a real valued function V' on S of the form
V2 (C.i) = b;

for (¢,i) € S (playing the role of a ”potential”) and b € C?, then we can define the

multiplication operator (denoted again by V?) and we obtain
ber _ fBr

where B denotes the diagonal matrix with entries bq,...,bq € C.
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The main assertion of this section is the Feynman-Kac formula for the family
of Markov process (Yt(“))tzo for (¢,i) € S. Since we do not want to go into the
theory of Feller semigroups and maximal domains, we formulate the Feynman-Kac

Theorem in a special case, i.e. on a finite dimensional domain of definition.

Theorem 3. Let A be any d x d matriz with entries in C and diagonal elements
ai,...,aq, let V® be the multiplication operator for b € C? as defined above, then

for z € C the function,

t t '
(6. = & (el [ aCxias == [ s )

0 0
solves the following differential equation on C(S,C) for initial value f", r € c,
and all t > 0,

0
aut = Au; + Vou; — 2V,

(6.1)

On the other hand, for initial value f = f", the solution to the differential equation

(6.1) is given by

t— eft(dfl)fexp(t(Asz))r’

hence

aey sz [ b)) () ) = 19D expla(a — 2B
0 0
for all z € C.

Proof. The proof is done by the Markov property for the process (Y;(C’i))tzo with

(¢,i) € S: first we show that the following semigroup property holds:

to ) to ) .
iy, (C) = Blexp( / a(Xi)ds - = / b(XE)ds)uf, (V)
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for t1,t2 > 0. Indeed, the right hand side can be written by the Markov property

t2 t2 .
E(exp( / o(Xi)ds — = / b dsyul, ()
0 0
to

b(X1)ds) E (exp( / " a(X)ds—

0 0

to
=F <exp(/ a(XHds — 2
0
R, &
— [ a9 g e )
to ) 2 ) ti+to )
=FE (exp(/ a(X?!)ds — z/ b(X;)ds)E(exp(/ a(X?!)ds—
0 0 t1

t1+1i2 ) i
—z / b<X;>ds>f7"<n§i22>|ftl>)
t

t1+t2 ) ti+to ) )
— B(exp( / a(X)ds — / b(X)ds) (V4D )
0 0
= ft7;+t2 (CJ)

for all t;,ty >0, (¢,i) € S and r € C?. Furthermore r + u}((, i) is obviously linear
in r for fixed (¢,7) € S and ¢t > 0. Hence it is sufficient to calculate the derivative
at t = 0. This leads to

d

a\t:OU:(Cv i) = a;ri¢ — 2biri¢ + Aug (¢, 0)
= (A+ V= V=) f7((,0)
_ f(AT—(d—l)T—ZBT) (Cu ’L)

Hence (u})¢>0,rece defines a strongly continuous semiflow on the space {f",r €

C?} with generator A + V@ — 2V? which a fortiori coincides with the semiflow

t— eft(dfl)fexp(t(Asz))r' 0

REFERENCES

[1] Handbook of mathematical functions with formulas, graphs, and mathematical tables, edited
by Milton Abramowitz and Irene A. Stegun. Dover Publications, Inc., New York, 1972.

[2] Bessis, D., Moussa, P. and Villani, M., Monotonic converging variational approzimations to
the functional integrals in quantum statistical mechanics, J. Math. Phys. 16, pp. 2318-2325,
1975.

[3] Fannes, M., Petz, D., Perturbation of Wigner matrices and a conjecture, Proc. Amer. Math.

Soc. 131, no. 7, 1981-1988, 2003.

Fannes, M., Werner, R., On some inequalities for the trace of erponentials, working paper,

2000.

Feller, W., An introduction to probability theory and its applications, Vol. II, New York-

London-Sydney: John Wiley and Sons, Inc. XVIII, 1966.

Jacquet, P. and Szpankowski, W,. A combinatorial problem arising in information theory:

precise minimaz redundancy for Markov sources. Mathematics and computer science, II (Ver-

sailles, 2002), 311-328, Trends Math., Birkhauser, Basel, 2002.

Kriegl, Andreas, Michor, Peter W., The convenient Setting of Global Analysis, Mathematical

Surveys and Monographs, vol. 53, 1997.

[4

[5

6

[7



30 MICHAEL DRMOTA, WALTER SCHACHERMAYER, JOSEF TEICHMANN

[8] Lieb, E. and Reisinger, R., Fquivalent forms of the Bessis-Moussa- Villani conjecture, preprint
of the Erwin Schrédinger Institute of mathematical physics, 2003.
[9] Varadhan, S.R. Srinivasa, PDEs in Finance, ”www.math.nyu.edu/faculty /varadhan/pdefin.html”,
section 5, 2002.
[10] Werner, R., Open problem list,”www.imaph.tu-bs.de/home/werner/problems.html”, 2003.

INSTITUTE OF DISCRETE MATHEMATICS AND GEOMETRY AND INSTITUTE OF MATHEMATICAL
METHODS IN ECONOMICS, VIENNA UNIVERSITY OF TECHNOLOGY, WIEDNER HAUPTSTRASSE 8-10,
A-1040 VIENNA, AUSTRIA

E-mail address: michael.drmota@tuwien.ac.at, wschach@fam.tuwien.ac.at,
josef.teichmann@fam.tuwien.ac.at



