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—— Abstract
The main goal of this paper is to determine the asymptotic behavior of the number X,, of cut-vertices
in random planar maps with n edges. It is shown that X, /n — ¢ in probability (for some explicit
¢ > 0). For so-called subcritial subclasses of planar maps like outerplanar maps we obtain a central
limit theorem, too.
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1 Introduction

A planar map is a connected planar graph, possibly with loops and multiple edges, together
with an embedding in the plane. A map is rooted if a vertex v and an edge e incident with v
are distinguished, and are called the root-vertex and root-edge, respectively. The face to
the right of e is called the root-face and is usually taken as the outer face. All maps in this
paper are rooted.

The enumeration of rooted maps is a classical subject, initiated by Tutte in the 1960’s.
Tutte (and Brown) introduced the technique now called “the quadratic method” in order to
compute the number M,, of rooted maps with n edges, proving the formula

2(2n)!
(n+2)In!

n

n =

This was later extended by Tutte and his school to several classes of planar maps: 2-connected,
3-connected, bipartite, Eulerian, triangulations, quadrangulations, etc.

The standard random model is to assume that every map of size n appears with the
same probabiltiy 1/M,,. Within this random setting several shape parameters of random
planar maps have been studied so far, see for example [2, 7, 9, 8]. However, the number of
cut vertices has never been studied. Figure 1 displays a randomly generated planar map
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Cut Vertices in Random Planar Maps

Figure 1 A randomly generated planar map with 500 edges, embedded using a spring-electrical
method. Cut vertices are coloured red.

with cut vertices coloured red. It is natural to expect that the number of cut vertices is
asymptotically linear — and this is in fact true.

» Theorem 1. Let X,, denote the number of cut vertices in random planar maps with n
edges. Then we have
X, p 5—=V17

An 2 27V 0.219223594. 1
Ty 0.21922359 (1)

Moreover, we have E[X,,] = (5 —/17)/4-n + O(1).

We provide two different approaches for Theorem 1. First, by a probabilistic approach,
that makes use of the local convergence of random planar maps re-rooted at a uniformly
selected vertex (see Section 3). Second, by a combinatorial approach based on generating
functions and singularity analysis (see Section 4). The combinatorial approach yields
additional information on related generating functions and error terms.

We conjecture that the number X,, additionally satisfies a normal central limit theorem.
The intuition behind this is that X,, may be written as the sum of n seemingly weakly
dependent indicator variables. The conjecture is backed up numerical simulations we carried
out, see the histogram in Figure 2. Sampling over 2 - 10° planar maps with n = 5 - 10° edges,
we obtained an average value of approximately 0.219223677 - n cut vertices. This value is
already very close to the exact asymptotic value obtained in Theorem 1. The variance was
approximately 0.082788 - n.

The proof of Theorem 1 will be given in several (quite involved) steps. First we will
use a probabilistic approach, that makes use of the limiting behavior or the block structure,
to prove (1) (see Section 3). In a second step we use a combinatorial approach based on
generating functions and singularity analysis to obtain more precise information on the
expected value (see Section 4).

One important property of random planar maps that we will use in the proof of Theorem 1
is that it has a giant 2-connected component of linear size. There are, however, several
interesting subclasses of planar maps, for example outerplanar maps (that is, all vertices are
on the outer face), where all 2-connected components are (typically) of finite size. Informally
this means that on a global scale the map looks more or less like a tree. Such classes of maps
are called subcritical — we will give a precise definition in Section 2.
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Figure 2 Histogram for the number of cut vertices in more than 2 - 10° randomly generated
planar maps with n = 5 - 10% edges each.

» Theorem 2. Let X,, denotes the number of cut vertices in random outerplanar (or bipartite
outerplanar) maps of size n. Then X,, satisfies a central limit theorem of the form

X, —cn
Vaoin
where ¢ = 1/4 and 0* = 5/32 in the outerplanar case and ¢ = (v/3 — 1)/2 and o =
(11y/3 — 17)/12 in the bipartite outerplanar case.

45 N(0,1) (2)

We will discuss these examples in Appendix D

2  Generating Functions for Planar Maps

The generating function planar maps is given by

182 — 1+ (1 — 122)3/2
M(z):Zan”: i 4:54(122 ?) =142:4+922 454234+, (3)
n>0

This can be shown in various ways, for example by the so-called quadratic method, where it

is necessary to use an additional catalytic variable u that takes care of the root face valency.

The corresponding generating function M (z,u) (u takes care of the root face valency or

equivalently by duality of the root degree) satisfies then

uM (z,u) — M(z)
u—1

M(z,u) =1+ 20> M(z,u)* + uz (4)

which follows from a combinatorial consideration (removal of the root edge). Then this

relation can be used to obtain (3) and to solve the counting problem. We refer to [10, Sec.

VII. 8.2.].
Similarly it is possible to count also the number of non-root faces (with an additional
variable ) which leads to the relation®

uM (z,z,u) — M(z,z,1)

M(z,z,u) =1+ 2u*M(z,z,u)? + uzz T
w—

()

L By abuse of notation we will use for simplicity for M (z), M(z,u), M(z,,u) the same symbol.
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Cut Vertices in Random Planar Maps

Note that by duality M (z,z,1) can be also seen as the generating function that is related to
edges and non-root vertices of planar maps.

A planar map is 2-connected if there it does not contain cut-points. There are various
ways to obtain relations for the corresponding generating function of 2-connected planar
maps. Similarly to the above we have the following relation

uB(z,z,1)—B(z,z,u)
B(z,z,u) = zzu B 1711;_3( —)i—zu (6)
1_u Z7I71,u zr)

We can use, for example, the quadratic method to solve this equation or we just check that
we have

B(z,z,u) = f% (1-(14+U-V4+UV =20 V)u+U(1 - V)*u?) (7)

+ %(1 —(1=V)u)/1=2U(1+V —2UV)u+ U2(1 — V)2u2,

where U = U(z,y) and V = V(z,y) are given by the algebraic equations
2=U1-V)?  zz=V(1-0U)>~ (8)

Note that in the above counting procedure we do not take the one-edge map (nor the
one-edge loop) into account. Therefore we have to add the term zu on the right hand side in
order to cover the case of a one-edge map that might occur in this decomposition.

Sometimes it is more convenient to include the one-edge map as well as the one-edge
loop to 2-connected maps (since they have no cut-points) which leads us to the alternate
generating function

A(z,z,u) = B(z,x,u) + zzu + zu’.

Now a general rooted planar map can be obtained from a 2-connected rooted map (including
the one-edge map as well as the one-edge loop) by adding to every corner a rooted planar
map (note that there are 2n corners if there are n edges):

uM(z,z, u)) .

M(Z,.'L'7u) = 1+A(ZM(Z7$,1)2,J:,]M (9)

>From (6) it follows that the function A(z,1,1) has its dominant singularity at zo = 5.
On the other hand, by (3) M(z) has its dominant singularity at z; = ;5 and we also have

M(z1) = 3. Since 21 M (21)? = 5= = 20, the singularities of M (z) and A(z,1,1) interact. We
call such a situation critical.

The relation (9) can also be seen as a way how all planar maps can be constructed
(recursively) from 2-connected planar maps — which reflects the block-decomposition of a
connected graph into its 2-connected components. Actually this principle holds, too, for
several sub-classes of planar maps. As an example we consider outerplanar maps — these
are maps, where all vertices are on the outer face. Here the generating function Mo(z) of

outerplanar (rooted) maps satisfies

z

Mo(®) = 1~ ai()

(10)

where Ap(z) is the generating functions for polygon dissections (plus a single edges) where z
marks non-root vertices, which satisfies

240(2)? — (1 +2)Ao(2) + 2 =0. (11)
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Note that the dominant singularity of Ap(2) is 20,0 = 3 — 2v/2, whereas the dominant

singularity of Mo(z) is 21,0 = % and we have Mo(z1,0) = 1—18. So we clearly have

Mo(z1,0) < 20,0, (12)

so that the singularities of Mo (z) and Ap(z) do not interact. Such a situation is called
subcritical.

3 A probabilistic approach to cut vertices of planar maps

We let M,, denote the uniform planar map with n edges. It is known that M,, and related
models of random planar maps admit a local limits that describe the asymptotic vicinity of
a typical corner, see [16, 1, 13, 4, 6, 15].

In a recent work by Drmota and Stufler [8, Thm. 2.1], a related limit object Mo, was
constructed that describes the asymptotic vicinity of a uniformly selected vertex v, of M,
instead. That is, My, is a random infinite but locally finite planar map with a marked vertex
such that

(M, 05) ~55 Mo (13)

in the local topology.

In the present section we provide a probabilistic proof of Theorem 1. There are two steps.

The first proves a law of large numbers for the number X,, of cut vertices in M,, without
determining it explicitly:

» Lemma 3. We have X,,/n L5 p/2, with p > 0 the probability that the root of Moy is a cut
vertez.

The factor 1/2 origins from the fact that the number of vertices in the random map M,,
has order n/2. We prove Lemma 3 in Section 3.4 below. In the second step, we determine
this limiting probability.

» Lemma 4. It holds that p = >=Y1T.

The proof of Lemma 4 is given in Section 3.6 below.

3.1 The local topology

We briefly the recall the background related to local limits. Consider the collection 90t of
vertex-rooted locally finite planar maps. For all integers & > 0 we may consider the projection
Uk : M — 901 that sends a map from 91 to the submap obtained by restricting to all vertices
with graph distance at most k from the root vertex. The local topology is induced by the
metric

1
dom (M7, My) = My, M. .
Qﬁ( 1, 2) 1+Sup{k20‘Uk;(Ml):Uk(MQ)}’ 1, 265)3’t

It is well-known that the metric space (9, don) is a Polish space. A limit of a sequence of
vertex rooted maps in 9 is called a local limit. The vertex rooted map (M,,, v,,) is a random
point of the space of 9, and hence the standard probabilistic notions for different types of
convergence (such as distributional convergence in (13)) of random points in Polish spaces

apply.
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Cut Vertices in Random Planar Maps

3.2 Continuity on a subset

We consider the indicator variable
f:9m—{0,1}

for the property that the root vertex is a cut vertex.

Note that f is not continuous: If C, denotes a cycle of length n > 3 with a fixed root
vertex, then C,, has no cut vertices at all. However the limit lim,,_,~, C,, in the local topology
is a doubly infinite path, and every vertex of this graph is a cut vertex.

Now consider the subset 2 C 91 of all locally finite vertex-rooted maps with the property,
that either the root is not a cut vertex, or it is a cut vertex and deleting it creates at least
one finite connected component.

» Lemma 5. The indicator variable f is continuous on €.

Proof. Let (M,),>1 denote a sequence in 9 with a local limit M = lim,_,o M, that
satisfies M € Q. If the root of M is not a cut vertex, then there is a finite cycle containing it,
and this cycle must then be already present in M,, for all sufficiently large n. Hence in this
case lim,—, oo f(M,) = 0= f(M). If the root of M is a cut vertex, then M € Q implies that
removing it creates a finite connected component, and this component must then also be
separated from the remaining graph when removing the root vertex of M, for all sufficiently
large n. Thus, lim, e f(M,) = 1= f(M). This shows that f is continuous on €. <

Note that by similar arguments it follows that the subset € is closed.

3.3 Random probability measures

The collection My (90) of probability measures on the Borel sigma algebra of 9t is a Polish
space with respect to the weak convergence topology.

For any finite planar map M with k vertices we may consider the uniform distribution
on the k different rooted versions of M. If the map M is random, then this is a random
probability measure, and hence a random point in the space M (9). In particular, the
conditional law P((M,,,v,) | My,) is a random point of M (9). Let £(Moo) € M7 () denote
the law of the random map 9M. It follows from [19, Thm. 4.1] that

P((My,v3) | Mp) —25 £(Mos). (14)

The explicit construction of the limit M, also entails that among the connected components
created when removing any single vertex of My, at most one is infinite. In particular,

P(Ms € ) = 1. (15)

3.4 Proving Lemma 3 using the continuous mapping theorem

Let us recall the continuous mapping theorem. The reader may consult the book by
Billingsley [3, Thm. 2.7] for a detailed proof and a general introduction to notions of
convergence of measures.

» Proposition 6 (The continuous mapping theorem). Let X and ) be Polish spaces and
let g : X =2 be a measurable map. Let D, C X denote the subset of points where g is
continuous. Suppose that X, X1, Xo,... are random variables with values in X that satisfy

X, -5 X. If X almost surely takes values in Dy, then g(X,,) i>g(X).
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For example, combining the convergence (13) with Lemma 5 and Equation (15) allows us
to apply the continuous mapping theorem with ¥ = 90t and 9 = {0, 1} to deduce

F(Mo,00) -5 F(Mo). (16)

In other words, the probability for v, to be a cut vertex of M,, converges toward the
probability p = E[f(Mu)] that the root of My, is a cut vertex. Equivalently, the number of
vertices v(M,,) in the map M,, satisfies

E[Xn/V(Mn)] — P- (17)

Of course, it follows by the same arguments that in general for any sequence of probability
measures Pj, Py,... € M;(9M) satisfying the weak convergence P, = £(My,), the push-
forward measures satisfy

Pof ' = £My)ft (18)

Let us now consider the setting X = M;(9M), Y = R, and
g M;(9) = R, P»—>/fdP:P(f:1). (19)

That is, a probability measure P € M; (901) gets mapped to the expectation of f with respect
to P. In other words, to the P-probability that the root is a cut vertex. It follows from (18)
that g is continuous at the point £(Ms). Hence, using (14) and again the continuous
mapping theorem, it follows that

d
E[f(My,v5) | Mp] — p. (20)
As p is a constant, this convergence actually holds in probability. Moreover,

E[f(Mp,vn) | Mp] = X5 /v(Mp). (21)

The number v(M,,) is known to satisfy v(M,)/n —+1/2. In fact, a normal central limit
theorem is known to hold. This was shown in a lecture by Noy at the Alea-meeting 2010
in Luminy. A detailed justification may be found in [8, Lem. 4.1]. This allows us to apply
Slutsky’s theorem, yielding

X, /n-Lsp/2. (22)
We have thus completed the proof of Lemma 3.

3.5 Structural properties of the local limit

We let M denote a random map following a Boltzmann distribution with parameter z; = .

12
That is, M attains a finite planar map M with ¢(M) corners with probability
(M) g e)
PM=M)=-"L === . 23
== =1 () @

The local limit M, exhibits a random number of independent copies of M close to its root:

» Lemma 7. There is an infinite random planar map M%, with a root vertex w* that is not
%o, such that My is distributed like the result of attaching an independent
copy of M to each corner incident to u*.

a cut verter of M
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Cut Vertices in Random Planar Maps

Here we use the term attach in the sense that the origin of the root-edge of the independent
copy of M gets identified with the vertex u*. The proof of Lemma 7 provides additional
information about the distribution of Mo, and M} . However, the only thing we are going
to use and require for further arguments is the existence of such a map M% . (The proof of
Lemma 7 is given in Appendix A.)

3.6 Proving Lemma 4 via the asymptotic degree distribution

Let q(z) = Y_,>, qxz" denote the probability generating function of the root-degree of the
map M. If we attach an independent copy of M to each corner incident to the vertex u* in
the map M}_, then u* becomes a cut vertex if and only if at least one of these copies has at
least one edge. The probability for M to have no edges, that is, to consist only of a single
vertex, is given by 1/M(z1) = 3/4. Hence the probability p for the root of My, to be a cut
vertex may be expressed by

p:];qk. <1<i)k>1q<i). (24)

Hence, in order to determine p we need to determine ¢(z). Surprisingly, we may do so
without concerning ourselves with the precise construction of M}, .
It was shown in [11] that the degree of the origin of the root-edge of the random planar
map M,, admits a limiting distribution with a generating series d(z) given by
23

)= a6 (25)

That is, dy := [2¥]d(2) is the asymptotic probability for the origin of the root-edge of M,, to
have degree k. Let si denote the limit of the probability for a uniformly selected vertex of
M,, to have degree k. It follows from [14, Prop. 2.6] that

for all integers k > 1. Setting s(z) = >4+, sk2*, Equation (26) may be rephrased by

Via integration, this yields the expression

s(z) = L[ 14 V2EE (28)

2 Jo _ 5z

3
As M, is the local limit of M,, rooted at a uniformly chosen vertex, it follows that for
each k£ > 1 the limit s; equals the probability for the root of M, to have degree k. Let

r(z) denote the probability generating series of the degree distribution of the origin of the
root-edge of the Boltzmann map M. It follows from Lemma 7 that

s(z) = q(zr(2)). (29)

We are going to compute r(z). To this end, let M(z,v) denote the generating series of
planar maps with z marking edges and v marking the degree of the root vertex. By duality,
M(z,v) coincides with the bivariate generating series where the second variable marks the
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degree of the outer face. The quadratic method (see [10, p. 515] or compare with (3) and (4)
hence yields the known expression

—3u? u— u — bu)3
My ) = 32436 Zg;(ru\{?)i) +2)(6 —5u)* (30)

The series r(2) is related to M (z,u) via
3
r(u) = M(z1,u)/M(z,1) = ZM(Zl’u)' (31)

Forming the compositional inverse of zr(z) and plugging it into Equation (29) yields the
involved expression

) \/20z2+4827x/2z727(2z73)3/2+123
z(4z+3)+24
q(z) = 5 —-1]. (32)

2 2 6—4z
—14245+1/22—27/22—3+51

The first couple of terms are given by

=¥y 562> 8488 | 13408s%  2176642°
B9 =79 " 43 T 6561 | 1rriar | 4782069

(33)

Equation (32) allows us to evaluate the constant ¢(3/4) in the expression for p given in
Equation (24), yielding

5 — V17

p=1-q3/4) =" (34)

This concludes the proof of Lemma 4.

4 A combinatorial approach to cut vertices of planar maps

The goal of this section is to re-derive the constant (5 —v/17)/4 = p/2 in Theorem 1 with
the help of a combinatorial approach by deriving an asymptotic expansion for the expected
value E[X,,].

4.1 Generating function for the expected number of cut vertices

By extending the combinatorial approach that relates all planar maps with 2-connected maps
(see 9) it is possible to derive the following explicit formula for the generating function

Eo(2) =Y M.E[X,]2".
n>0

» Lemma 8. Let ui(z) denote the function ui(z) = 1/(1 — V(z,1), where V(z,z) (and
U(z,x)) is given by (8). Then we have

1
T 1-2:M(2)A(zM(2)2,1,1)

Ea(2) (35)

x [A(zM(2)*,1,1) + Ap(2M(2)%,1,1)
—22M(2) — z — B(zM(2)%,1,1/M(2)) — B*(2M(2)?,1/M(2))

+22M(2)A,(2M(2)?,1,1) (B(zM (2)%,1,1/M(2)) — M(2) + 2M(2) + =z + 1) |,
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23:10  Cut Vertices in Random Planar Maps

326 where
u1(z)B(z,l,wf)—u()B)(z,l,ul(z)) + 2w (2)
327 B*(z,w) = S ul(z)B(::l,Zl)—ZwB(z,l,ul(z)) ~wun(z)
528 w—u, (2)
320 The proof is given in Appendix B. Note that all involved functions are algebraic which

s0  shows that the generating function F,(z) is algebraic, too.

- 4.2 Asymptotics
sz We start with a proper representation of B, (z,1,1) and B,(z,1,1).

3 > Lemma 9. Let B(z,z,u) be given by (7) and ui(z) = 1/(1 — V(z,1)) as in Lemma 12.
s Then we have

ul(z) -1

e Bia1) = E00)(1- () (36)
336 and
o Bu(z1,1) = %Q(@u —QE) +ulz) — 1 (37)

18 where Q(z) abbreviates

V(z,1)? ~ui(2)B(z,1,1)

339 Q(2) = n(z) -1 n(z) -1 + zup(2).
340 The proof is given in Appendix C and leads us to the following local expansions.
sn » Lemma 10. We have the following local expansions in powers of ( — 24—72):
2 2V3 27 2 27 19v3 27 \*/?
By(z,1,1) = — -2 12,4 2 (1- 28 Sy [ P
342 (Z ) o7 o7 4 Z+ 31 ( 4 Z> + 799 ( 4 Z> + (38)
27 \'?* 4 27 35V/3 27 \*/?
L1)=1- 1- 2L Sl (5 I I Al S i
343 B.(z,1,1) \/3( 1 z) + 3 < 1 z) ) ( 1 z) + (39)
—2 4w? — 60 81 -9
344 B.(Z,w)=—4w( w+\/ v v ) (40)
243 — 54w + 27 V4 w? — 60w + 81
16 V3w? (2w + vV4w? — 60w + 81 + 3) 27
345 + 3 1——2z+---
» 9 (9—2w+vVAwZ —60w +81) (2w — 3) 4

w7 Proof. By inverting the equation z = V(1 —V)? it follows that V (2, 1) has the local expansion
1 2 2 5
Vi, )=c - —Z+4+ -2 ——_73+...,
. CU=3-35" %% s

10 where Z abbreviates
350 Z = 1— —z.

31 Consequently uy(z) =1/(1 —V(z,1)) is given by

u(z)—g——
. =9 7 3 108
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We already know that

1 4v3_ 16 34./3
B(Z’Lul(z)):v(z’l)zz§7T7Z siZ " e 2

and from (7) we directly obtain

1 4 83
B(z,1,1) = ﬁ—ﬁz2 2 — 734 ...

Hence, the local expansion of Q(z) = Qo(z, 1,u1(z)) can be easily calculated:

1 2[ 5v/3
—_-_2¥- 72 _ VT34 ..
Q) =3~ +27 a3 T

and, thus, (38) and (39) follow from this expansion and from (36) and (37).
Finally we have to use (53) and the expansion for B(xz, 1, w) to obtain (40). <

This leads us to the following local expansion for E,(z) and a corresponding asymptotic
relation.

» Lemma 11. The function E,(z) has the following local expansion

Ea(z)zﬁ_(5—ﬁ)\/1—12z+w (41)
which implies
Blx, - E1) BV, o)

Proof. We note that several parts of (35) have a dominant singulartiy of the form (1 —12z)
For those parts only the value at z; = 1/12 influences the the constant term and coefficient
of v/1 — 12z in the local expansion of F,(z). In particular we have

M) = 5
Al M(20)2,1,1) = %
317 — 11

B(z1M(21)?,1,1/M(z)) = 7

The other appearing function will have a non-zero coefficient at the v/1 — 12z—term. Note
also that we have

\/1- %ZM( )2 =31 — 122 — 2\/5(1 —122) + O((1 — 122)%/?),

Hence we get

A, (zM(2)%1,1) =3 -3V1 — 122+ - --

Ay (zM(2)%1,1) = 5 S\/ — 12z +-
Be (M (21,11 /M () = L= )72(5 - \/ﬁ) _(1+VI7) 51;5 V) iy

3/2
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and so (41) follows.

>From (41) it directly follows that

5— V17
" Eo(2) = ———=n"3212" - (1 1
[2"] Ea(2) N (1+0(1/n))
By dividing that by M, = [2"|M(z) = (2//m)n=5/?12" - (1 + O(1/n)) the final result
follows. <
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A Proof of Lemma 7

A direct description of the limit M, that uses a generalization of the Bouttier, Di Francesco
and Guitter bijection [5] was given in [19, Thm. 4.1]. Although the structure of My, may be
studied in this way, it will be easier to show that M., has the desired shape via a construction
related to limits of the 2-connected core within M,,.

Let B(M,,) C M,, denote the largest (meaning, having a maximal number of edges)
2-connected block in the map M,,. Typically B(M,,) is uniquely determined, as the number
¢(n) of corners of B(M,,) is known to have order 2n/3, and the number of corners in the
second largest block has order n?/3.

Consider the random planar map M,, constructed from the core C,, := B(M,,) by attaching
for each integer 1 < ¢ < ¢(n) an independent copy M(i) of M at the ith corner of C,. We use
the notation C,, instead of B(M,,) from now on to emphasize that we consider C,, always as
a part of M,, (as opposed to M,,).

Clearly, the two models M,, and M,, are not identically distributed. For example, the
number of edges in M,, is a random quantity that fluctuates around n. However, analogously
as in the proof of [18, Lem. 9.2], local convergence of M,, is equivalent to local convergence
of M,,, implying that M is also the local limit of M,, with respect to a uniformly selected
vertex u,,.

The random 2-connected planar map B,, with n edges was shown to admit a local limit
B that describes the asymptotic vicinity of a typical corner (equivalently, the root-edge of
B..), see [18, Thm. 1.3]. Arguing entirely analogously as in [8], it follows that there is a also
a local limit B, that describes the asymptotic vicinity of a typical vertex.

The number of vertices of M,, has order /2, and the number of vertices in C,, is known
to have order n/6. Let uE denote the result of conditioning the random vertex u,, to belong
to C,. The probability for this to happen tends to 1/3. As uf is uniformly distributed
among all vertices of C,,, it follows that (C,,,u5) 4, B in the local topology. This implies
that (M,,,uP) converges in distribution towards the result M2 of attaching an independent
copy of M to each corner of B,,. The limit ME has the desired shape.

Let wuf, denote the result of conditioning the random vertex wu, to lie outside of C,.

It remains to show that the limit MS of (M,,u) has the desired shape as well. Let

1 <y, < ¢(n) denote the index of the corner where the component containing v, is attached.

It is important to note that given the maps M(1),...,M(c(n)), the random integer 4,, need
not be uniform, as it is more likely to correspond to a map with an above average number of
vertices. This well-known waiting time paradox implies that asymptotically the component
containing uf, follows a size-biased distribution M®. That is, M*® is a random finite planar
map with a marked non-root vertex, such that for any planar map M with a marked non-root
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vertex v it holds that
P(M*® = (M,v)) =P(M = M)/(E[v(M)] - 1), (42)

with v(M) denoting the number of vertices in the Boltzmann planar map M.

In detail: Given the random number ¢(n), let ¢ be uniformly selected among the integers
from 1 to ¢(n). For each 1 < i < ¢(n) with i # ¥ let M(i) denote an independent copy of
M, and let M(i*) denote an independent copy of M®. Likewise, for each 1 < i < ¢(n) with
i #in set Mx (1) = M(7), and let M*(4,,) = (M(ip,), uS). Analogously as in the proof of [18,
Lem. 9.2], it follows that

Q=

(M(i))1<i<c(n)- (43)

(M*(@))1<i<c(n)

This entails that the core C,, rooted at the corner with index 4, admits B (and not By,)
as local limit. Moreover, the local limit MS, of M,, rooted at uS may be constructed by
attaching an independent copy of M to each corner of é, except for the root-corner of é,
which receives an independent copy of M®. The marked vertex of the limit object M¢, is
then given by the marked vertex of this component.

To proceed, we need information on the shape of M®. Consider the ordinary generating
functions M (v, w) and A(v,w) of planar maps and 2-connected planar maps, with v marking
corners, and w marking non-root vertices. The block-decomposition yields

Mv,w) = A(vM (v, w),w). (44)

That is, a planar map consists of a uniquely determined block containing the root-edge,
with uniquely determined components attached to each of its corners. Let us call this block
the root block. For the trivial map consisting of a single vertex and no edges, this block is
identical to the trivial map, with nothing attached to it as it has no corners.

Marking a non-root vertex (and no longer counting it) corresponds to taking the partial
derivative with respect to w. It follows from (44) that

%—]\u{(v,w) = g—i(vM(v,w),w) + g—f(vM(v,w),w)v%(v,w). (45)
The combinatorial interpretation is that either the marked non-root vertex is part of the root
block (accounting for the first summand), or there is a uniquely determined corner of the
root block such that the component attached to this corner contains it. This is a recursive
decomposition, as in the second case we could proceed with this component, considering
whether the marked vertex belongs to its root block or not. We may do so a finite number
of times, until it finally happens that the marked vertex belong to the root-block of the
component under consideration. That is, if we follow this decomposition until encountering
the marked non-root vertex, we have to pass through a uniquely determined sequence of
blocks, always proceeding along uniquely determined (and hence marked) corners, until
arriving at a block with a marked non-root vertex. On a generating function level, this is
expressed by

oM 1 0A

%(v,w) = —(vM (v, w), w). (46)

— 24 (M (v, w), w)v Ow

This allows us to apply Boltzmann principles, yielding that the random map M® may be
sampled in two steps, that may be described as follows: First, generate this sequence of
blocks by linking a geometrically distributed random number N of random independent



520

521

522

523

524

525

526

527

528

529

530

531

532

533

534

535

536

537

538

539

540

541

542

543

544

545

546

547

548

549

550

551

552

553

554

555

556

557

558

M. Drmota, M. Noy, and B. Stufler

Boltzmann distributed blocks BY,. .., B% with marked corners into a chain, and attach an
extra random Boltzmann distributed block B® with a marked non-root vertex to the end of
the chain. The random number N has generating function

0A
E[UN] T W(ZIM(2171)71)Z1

= ) 47
1 —u%—’s(le(zhl),l)zl (47)

The corner-rooted blocks are independent copies of a Boltzmann distributed block B°, whose
number of corners ¢(B°) has generating function

E[uc(8)] 94 (uzy M(21,1),1)

%(ZlM(Zl, 1)7 1) '

(48)

The distribution of B° is fully characterized by the fact that, when conditioning on the
number of corners, B® is conditionally uniformly distributed among the corner-rooted blocks
with that number of corners. The distribution of B® is defined analogously. If we attach a
block B to the marked corner ¢ of some block B, we say the resulting corner “to the right”
of B corresponds to c¢. Hence the map obtained by linking (BY,...,B%,B*) has precisely N
corners that correspond marked corners. We call these corners closed, and all other corners
open. The second and final step in the sampling procedure of M*® is to attach an independent
copy of M to each open corner of the map corresponding to (BY, ..., B3, B*®). Note that since
the marked vertex of B® is a non-root vertex, all corners incident to the marked vertex are
open . Consequently, the limit MS_ has the desired shape, and the proof is complete.

B Proof of Lemma 8

B.1 More on generating functions of 2-connected planar maps

First we introduce (formally) a generating function that takes care of all vertex degrees in
2-connected planar maps (including the one-edge map and the one-edge loop)

A(Z;wl,U)Q,’lU3,w4, e 7“))

where wy, k > 1, corresponds to vertices of degree k and we also take the root vertex into
account. As usual, u corresponds to the root degree.

Similarly we introduce a variant of this generation function that takes care of all vertex
degrees in 2-connected planar maps (without the one-edge map and one-edge loop) and does
not take the root vertex into account:

B(Z;w27w3aw47"';u)'

We recall that A(z,z,1) corresponds to 2-connected maps (including the one-edge map
and the one-edge loop), where z takes non-root faces into account. By adding the factor x
we also include the root face and by duality zA(z, z,1) is also the generating function, where
x corresponds to vertices.

It seems to be impossible to work directly with A(z;wy, wa,ws, ...) or with B(z; wa, w3, wy, . . . ;

however, we have the following easy relations:

Az zv,z0?, 203, u) = 2 A(202, 2, u) (49)
and
B(z;av, 2%, 203, .. s u) = B(2v?, 2, u/v) (50)
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This follows from the fact that every vertex of degree k corresponds to k half-edges. So
summing up these half-edges we get twice the number of edges. In particular by taking
derivatives with respect to x and v it follows that

ZZM (z;0,0%,0%, .. )oF = A(z0%,1,1) + Ay (20%,1,1)

k>1

and

Z kA, (20,0203, 0P~ = 2204, (20,1, 1).
k>1

We also mention that

B(z;0% 03, ...,1) = A(z; 0,02, ..., 1/0) — 20 — 2
= A(z0?)1, 1/v)—zv—z
= B(z0?,1,1/v)

as it should be according to (50).
It turns out that we will also have to deal with the sum

ZZM (z;v,vz,vs, o)

E>1
which is slightly more difficult to understand.

» Lemma 12. Let ui(z) denote the function uy(z) = 1/(1 — V(z,1), where V(z,2) (and
U(z,x)) is given by (8). Then we have

Zzwk(z;u,zﬂ,v?’, .. ) =2zv+ 2+ B(Z’UQ, 1, 1/’[})
k>1

ul(27)2)3(2112717/11)/1)1:(25;1))271#1(21)2))/” +ZUU1(ZU2)
1_ uq (2v2)B(2v2,1,1/v)— B(2v?,1,uq (2v?)) /v
1/v—wuq(2v2)

+ zv

— zvuy (20?)

Note that some simplifications in this representations are possible. For example we have
B(2v?%,1,u1(20%)) = V (202, 1)2

Proof. We note that the derivative with respect to wy marks a vertex of degree k and
discounts it. By substituting wy by v* we, thus, see that the resulting exponent of v is twice
the number of edges minus the degree of the marked vertex. Hence we have to cover the
situation, where we mark a vertex and keep track of the degree of the marked vertex.

Let B*(z,z,u,w) be the generating function of vertex marked 2-connected planar maps,
where the marked vertex is different from the root and where u takes care of the root degree
and w on the degree of the pointed vertex. By duality this is also the generating function of
face marked 2-connected planar maps, where u takes care of the root face valency and w of
the valency of the marked face (that is different from the root face). Then we have

Zﬂwk(z;v,vz,vs, ) =2zv4 2z + B(20%,1,1/v) + B*(2v%,1,1,1/v). (51)
k>1

The term 2zv corresponds to the one-edge map, the term z to the one-edge loop, the term
B(zv?,1/v) to the case, where the root vertex is marked and the third term B®(zv% 1,1,1/v)
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to the case, where a vertex different from the root is marked. Note that the substitution
u=1/v (or w = 1/v) discounts the degree of the marked vertex in the exponent of v as
needed.

Thus, it remains to get an expression for B*(z, 1,u,w). For this purpose we start with
the generating function B(z,1,u) and determine first the generating function B(z, z, u, w)
(for z = 1), where the additional variable w takes care of the valency of the second face
incident to the root edge. By using the same construction as above we have

uB(z,1,w)—wB(z,1,u) + zuw
D, _ w—u
B(Z’ 17’11,,’(1)) - zuwl _ uB(z,l,w)—wB(z,1,u) u '
w—u w

This gives (by again applying this construction)

uB®(z,1,1,w)—B®(2,1,u,w)
B*(z,1,u,w) = B(z,1,u,w) + zu 1w 5
<1 _ uB(z,1,1)-B(z2,1,u) )
D TE— A

1—u

This equation can be solved with the help of the kernel method. By rewriting it to

1
B*(z,1l,u,w) | 1+ 1zu 5
—u (1 _ uB(z,1,1l):uB(z,1,u) _ Zu)
2B*(2,1,1 1
= B(z,1,u,w) + zu 1(2’ 1, w) 5
—u (1 . uB(z,l,ll):uB(z,l,u) o zu)
Let uq(z) be defined by the equation
zuy(z 1
14- 1(()) =0 (52)
—u(z (1 _ u1(z)B(z,}fL:(figz,l,ul(z)) _ Zul(z))
Then it follows that
2uq(2)2B*(2,1,1,w 1
Bt (z)w) + 2 )1—u( (2) | (2)B(:11) =Bzl () =0
! (1 — 2’17_“1(2)2’ e zm(z))
or
B(z,1
B*(z,1,1,w) = w (53)
up(z)
w1 (2)B(z,1,w)—wB(z,1,u1(z))
o o= (2) + zwuq(2) '
1— u1(z)B(z,lszjgligj(z,l,ul(z)) — 2wuy (Z)

By using (7) and (8) it is a nice (but tedious) exercise to show that uq(z) =1/(1 — V(z,1).
Note that ui(z) satisfies the cubic equation u;(z) = 1 + zu1(z)3. Thus, u;(2) is also the
generating function of ternary rooted trees. |

B.2 Cut Vertices in Random Planar Maps

Let My(z,y) denote the generating function of planar maps with at least one edge, where
the root vertex is not a cut point and where z takes care of the number of edges and y of the
number of cut-points (that are then different from the root vertex).
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Cut Vertices in Random Planar Maps

Next let M,.(z,y) denote the generating function of (all) planar maps, where z takes care
of the number of edges and y of the number of non-root cut-points.

Finally let M,(z,y) denote the generating function of (all) planar maps, where z takes
care of the number of edges and y of the number of (all) cut-points.

Obviously we have the following relation between these three generating functions:

Mo(z,y) = yM,(2,y) — (y — 1)(1 + Mo(z,y)). (54)
Note that M,(z,1) = M,.(z,1) = M (z).
Furthermore we set

_ OM,(z,y)
= 5t

_ OM,(z,y)

E,.(z) and FE.(z)= 9y

y=1 y=1

Clearly, the generating function F,(z) is related to the expected number E[C,,] of cutpoints:
Eq(z) =Y M,E[Cy]2".
n>0

Our first main goal is to obtain relations for F,(z) which will enable us to obtain asymptotics
for E[C,,].
By differentiating (54) with respect y and setting y = 1 we obtain

E.(2) = E.(2) + M(2) — 1 — My(z,1).
With the help of the above notions we obtain the following (formal relation):
Ma(z,y) =1+ A (zyMy(2,y) =y + LyM(2.y)° =y +1,...31). (55)

The right hand side is based on the block-decompostion (similarly to (9)) and takes care,
whether the vertices of the block that contains the root edge become cut-vertices or not.
Similarly we obtain

Mo(z,y) = B (z;yMy(2,9)> =y + LyM,(2,9)> =y + 1,.. ;1) + 2(yM,(2,y) —y+ 1) + 2.

(56)
In particular if we set y = 1 we obtain
Mo(z,1) = B (z; M (2)*, M(2)*,...;1) = B(z2M(2)*,1,1/M(z)) + zM () + 2.
This now gives
Eu(2) = E.(2) + M(2) =1 — B(zM(2)*,1,1/M(2)) — 2M(2) — . (57)

By differentiating (55) with respect to y and setting y = 1 we, thus, obtain
Ea(2) =Y Auw, (2 M(2), M(2)*,...;1)
k>1
x (M(2)F — 14+ EkM(2)" ' E,(2))

= Zzwk (23 M(2), M(2)*,...) M(z)k
k>1

=Y A (5 M(2), M), )
k>1
+Ep(2) Y kAu, (2 M(2), M(2)%,...) M(2)"".
k>1
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Note that

ZZ“,,C (z; M (2), M(z)2, .. )M(Z)k = A(zM(z)z, 1,1)+ Am(ZM(Z)z, 1,1),
k>1

> kA, (7 M(2), M(2)%,.. )M (2)F7" = 2:M (2) A, (2M (2)?, 1, 1),
whorens

D A, (5 M(2), M(2)?,..)

f;zM(z) + 24+ B(zM(2)%,1,1/M(2)) + B* (M (2)?,1,1,1/M(2))

=22M(2) + 2+ B(zM(2)%,1,1/M(2))

u1(ZM(Z)2)B(ZJW(Z)2’1711\4[J¥[Z()Z_)L:(B;g\j]2i§§§2’17u1 (zM(z)Q))/M/Z) + ZM(Z)U1 (ZM(Z)Z)
e e EeTEMETEY

+ 2M(2)

This finally leads to the explicit formula for E,(z):
1

Bal2) = T ) A M) 1) (58)
x |A(zM(2)%,1,1) + Az (M (2)?,1,1)
—22M(z) — 2 — B(2M(2)?,1,1/M(z)) — B*(zM(2)*,1,1,1/M(z))
+22M(2)A.(2M(2)%,1,1) (B(zM(2)?,1,1/M(2)) — M(2) + z2M(2) + 2 + 1) |,
where

B*(zM(2)%,1,1,1/M(z2))

ut (zM(2)%)B(zM (2)%,1,1/M(2))—B(2M (2)?,1,u1 (M (2)?)) /M /z
LM BEM ) LMD~ BEM (G Lo GMENML) | 0 (Yo (M (2)?)

= 2zM(z)

uy(zM(z)2 zM(2)2,1, 2))—B(zM(2)2,1,u1 (2 M (2)? z
|~ SCHGRBGI G L) - B L GHCEVME A () (-M(2)?)

C Proof of Lemma 9

Set

B 1)-B
QO(Za$>Z) = “ (Z7x, 1) <Z7x)u> + zu
— U

Then (6) rewrites to

QO(Za Z‘,U)
1—Qolz,z,u)

Hence, by taking the derivative with respect to = (and then setting = 1) we obtain

B(z,z,u) = zzu

uB;(2,1,1)—B,(z,1,u
Qolz, 1wy, e
1—Qo(z,1,u) (1—-Qo(z,1,u))?

B,(z,1,u) = zu

or

Bw<Z,1,U> <1+ . ) - ZUQO(Z717U) ZUQBﬁ(Zle)

(1 —u)(1—Qo(z,1,u)2) 1—-Qo(z,1,u) (1 —u)(1l—Qo(z1,u))?

23:19
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Cut Vertices in Random Planar Maps

If we replace u by uq(z) then by (52) the left hand side vanished and, thus, the right hand
side, too. >From that we obtain the explicit representation (36) for B,(z,1,1). We just note
that

Q(2) = Qo(z,1,u1(2))

since — by (7) and by u;(2) = 1/(1 — V(z,1)) - B(z,1,u1(2)) = V(z,1)2.
Similarly we obtain a representation for B,(z,1,1). Instead of taking the derivative with
respect to « we take the derivative with respect to z and get

uB:(2,1,1)~B:(2,1,u)

_ Qo(Z,:l,U) 1—u +u
B.(z,1,u) = UL Qo(o1,1) + zu T NERRT)E
or
zu uQo(z,1,u) zu? B.(z,1,1)
Bz 1,u) (” 1-u( —Qo(z,l,u)2> "1 QosLu)  (1—QolsLu)? ( 1—u

Again by replacing u by uq(z) the vanishing right hand side leads to (37), the proposed
explicit representation for B,(z,1,1).

D Proof of Theorem 2

D.1 Outerplanar maps with n vertices

As illustrated in Figure 3, any outerplanar map O with n vertices corresponds bijectively to
a planted plane tree T'(O) with n vertices and a family (8(v))yer (o) of ordered sequences of
dissections of polygons such that the the outdegree of a vertex v € T(O) agrees with the
number of non-root vertices in the sequence B(v). Details on this decomposition may be
found in [17, Sec. 2].

Figure 3 The decomposition of simple outerplanar rooted maps into decorated trees.?

The root-vertex of O corresponds to the root-vertex of T(0). Any non-root vertex in
O is a cut-vertex if and only if it is not a leaf of T(0). That is, the number Cut(O) of cut
vertices in O and the number L(T'(O)) of leaves in T(O) are related by

Cut(O) = (TL - 1) - L(T(O)) + Lioot of O is a cutvertex- (59)

2 Source of image: [17, Fig. 2].
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If O, is the uniform outerplanar map with n vertices, then 7, := T(0,,) is a simply

generated tree, obtained from conditioning a critical Galton—Watson tree on having n vertices.

The fact that outerplanar maps are subcritical in the sense of (12) ensures that the offspring
distribution £ of the Galton—Watson tree may be chosen to satisfy E[¢] = 1 and have finite
exponential moments. By standard branching processes results (see for example [12]) it holds
that the number of leaves of 7,, satisfies a normal central limit theorem

L(%\)/% Po i>N(O,72), (60)

po:=P(E¢=0) and  *:=po—pj(1+1/VI)). (61)
By Equation (59) it follows that

Cut(0,,) — n(1l —po)
\/ﬁ

L5 N(0,~2). (62)

Equation (11) enables us to determine the offspring distribution & explicitly (see [17, Sec.

4.2.1]), and show that
Bl =1, V=18, P=0)=3/1

Thus

W —4, N(0,5/32). (63)

D.2 Bipartite outerplanar maps with n vertices

An outerplanar map is bipartite if and only if all its blocks are. Hence the bijection in
Figure 3 restricts to a bijection between bipartite outerplanar maps and plane trees decorated
by ordered sequences of bipartite dissections. In particular, the uniform random bipartite
planar map OPP may be generated by decorating a simply generated tree 7,P| obtained by
conditioning some £PP-Galton-Watson tree.

As illustrated in Figure 4, any dissection may be decomposed into a root-edge and a
series composition of other dissections.

Figure 4 The decomposition of edge-rooted dissections of polygons.?

3 Source of image: [17, Fig. 4].
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735 Such a dissection is bipartite, if and only if all of its parts are bipartite and the number
76 of parts is uneven. This allows us to explicitly determine the offspring distribution PP,
= yielding (see [17, Sec. 4.2.2])

mo EEPP]=1, VPP =9(V3-1),  PEP=0)=(3-V3)/2
7 Equation 62 holds analogously for OP' and ¢P'P yielding

o Sutor®) _\75(_1 VD2 4 no, (174 11vE)12) (64)
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