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Beginning of the Story

Inzventiones
mathematicae

(© by Springer-Verlag 1979

Inventiones math. 53, 193 —225 (1979)

Plane Partitions (I1I): The Weak Macdonald Conjecture

George E. Andrews*
The Pennsylvania State University, University Park, Pennsylvania 16802, US.A.

Dedicated to the memory of Alfred Young and F.J.W. Whipple

Determinant that counts descending plane partitions:

. i _9
D070(n) = det <5i’j + (M T +J >) 5

1<i,j<n j—1

where 0; ; denotes the Kronecker delta function.
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Andrews's Result
Theorem. We have

Doo(n —QHROO

in other words Ry o(n) = Doo(n+ 1)/Dgo(n), where

(n), (5 +n+3)

n—1

Roo(2n) =

(n), (5+n-3),,

and where (a),, denotes the Pochhammer symbol

Rop(2n—1) =

(@)p:==a-(a+1)---(a+n—1).
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George Andrews (1980):
Macdonald’s conjecture and
descending plane partitions




Andrews's Conjecture (1980)

Let D 1(n) denote Andrews's interesting-looking determinant:

. i _9
DLl(n) = det <(5i’j + <M o T;J >> .

1<i,j<n

Conjecture. The following holds:

(5+2n+3), , (5+ n)L(nJrl)/QJ
(n), (-5 —2n+ %)L(nq)m
_ogn (5+2n+3), , (5+ n)[(n+1)/2j
(”)n (5+1%]+ %)I_(n—l)/ZJ
(,LL + Qn)n (% + 2n + %)
R ONCETESY

D1 1(2n)
D171 (2n — 1)

_ (_1)(n71)(n72)/2 on

n—1

n—1
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— Proven by us in 2013.
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w+1

(k+1)(p+2)

B+ D +2)(n+3) (1 + 14)

73 (i D+ 2) (1 +3) (1 +4) (1 + 9) (1 + 14)
som (T D +2)(n+3) (e +4) (4 5)(1 +9)
x (U3 + 45u% + 7221 + 3432)

= simio (1 + D) (1 +2) (1 + 3) (i + 4) (1 + 5) (1 + 6)

X (1 + 8) (1 + 13) (1 + 15) (u? + 452 + 7221 + 3432)

= sk (14 1) 000 (1 + 34) (43 + A7 + 954y + 5928)

—=Tsansoago (1 + 1) 000 (1 + 34) (1 + 47p? + 954 + 5928)

ssTasssossaoa00 (4 + 1) (1 + 2) 000 (u + 21)?
x (8 + 142° + 8505 + 27710043 + 525340442 + 52937808

= 3344930808%9104000000 (u+1)(p+2) ooo (p+ 25)(p + 27)

x (8 4 142p° + 8505 + 27710043 + 525340442 4 52937808
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Our Conjecture
We found a beautiful formula for Andrews's determinant D; ;(n).
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Our Conjecture

... further let ...
E(n)Fy(n), if n is even,
— 3(n=5)
F(n)= 2
E(m)Fi(n) ] (u+2i+2n—1), ifnisodd,

=1
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Our Conjecture

... further let ...
E(n)Fy(n), if n is even,
F(n) = 3(n=5)
E(m)Fi(n) ] (u+2i+2n—1), ifnisodd,

=1

T(k) = 55296k5 + 41472(p — 1)k5 + 384(30p> — 664 + 53)k*
+96(p — 1)(15pu% — 42 + 61)k3
+ 4(19p* — 12243 + 4194 — 544p + 72)k?
+ (g — 1) (p* — 1443 + 1012 — 160 — 84)k
+2(p=3)(p—2)(p—1)(p+1),
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Our Conjecture

...and let ...

i
L

Si(n) = (26k(/‘ + 8k —1) (%)zk—l (301 +5)) s

B
Il
—

< (3n+4k+2)), , (G(n+4k+2), o T(k))
/((%)! (3(n+ 6k — 3))3k+4>’

Sa(n) = (26k(ﬂ+8k+3) (%)gk (%(M+5))2k—2

i
L

e
Il
—

X (3 + 4k + ),y (Bt 4k +4)),, 0 T(k+ 1))

/((% + D! (5(p+ 6k + 1))3k+5)’
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Our Conjecture

(%(M +6n — 3))371—2
(%(M+5))2n73

% ((;<M + 2))2n—2 + M(N — 1) Sl(n)> ’

Pl (n) — 2317,71

(1 +3)? 2
(3(p+6n+1)),
(%(,u-l- 5))2n72
. ((u +14) (5 +9)y, 5 plu— 1)5‘2(n>> )

Py (n) = 93n—1

(h+7) (1 +9) 2
Pi(3(n+1)), ifnisodd,
Gln) = {Pg(é) , if n is even.

Then for every positive integer n we have
Dii(n) =C(n)F(n)G(|3(n+1)]).
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Generalization

Definition: For n,s,t € Z, n > 1, and p an indeterminate, we
define D ;(n) to be the following (n x n)-determinant:

Dss(n) = det (@J+<“+ij_2>>

s<i<s+n 7
t<j<t+n

= det <5i+s—1,j+t—1+<

1<i,5<n

pitjt+s+t—4a
jHt—1
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Generalization

Definition: For n,s,t € Z, n > 1, and p an indeterminate, we
define D ;(n) to be the following (n x n)-determinant:

Lo
D&t(n) = det <5i,j + <'u ! + J ))

sgli<s+n j
t<j<t+n
ptitjt+s+t—4
= det (dirs—1jtri—
lgi,ejgn < i+s—1,j+t—1 + < ] +t—1

Known special cases:
» closed form for Dy o(n) (Andrews 1979)
» closed form for Dy 1(2n)/D1,1(2n — 1) (Andrews 1980)
» monstrous conjecture for Dj 1(n) (K-T 2013)
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Desnanot-Jacobi-Carroll Identity (DJC)

Theorem. Let (m”)z be an infinite sequence and denote by

JEZ
M, +(n) the determinant of the (n x n)-matrix whose upper left
entry is m, ¢, more precisely the matrix (mivj)s<i<s+n r<jctin:
Then: o

M t(n)Msi141(n —2) =
M;i(n — 1D)Msy1441(n — 1) = Msi14(n — 1) Mg g41(n — 1).
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Desnanot-Jacobi-Carroll Identity (DJC)

Theorem. Let (m”)Z be an infinite sequence and denote by

7]6Z
M;¢(n) the determinant of the (n x n)-matrix whose upper left
entry is m ¢, more precisely the matrix (m; ;)
Then:

s<i<s+n, t<y<t+n’

Msi(n)Msi1t41(n—2) =
Ms,t(n - 1)Ms+1,t+1(n - 1) - M9+1,t(n - 1)Ms,t+1(n - 1)-

Schematically:

11/ 37



DJC for Dlgl(n)

By (DJC) we obtain a recurrence equation for D; 1(n):

D070(n + 1)D171(n — 1) = D070(n)D171(n) — Dlyo(n)DOJ(n).

12 /37



DJC for Dlgl(n)

HE B E NN
By (DJC) we obtain a recurrence equation for D; 1(n):

DQQ(TL + 1)D171(n — 1) = D070(n)D171(n) — Dlyo(n)DOJ(n).

We rewrite it slightly:

~ Dop(n+1) - D1(n)Do,1(n)
Dia(m) = Dop(n) Draln=1)+ Do (n)
= R()’()(TL)

— Hence we need to know D; o(n) and Dy 1(n).
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DJC for Dlgl(n)

HE B E NN
By (DJC) we obtain a recurrence equation for D; 1(n):

DQQ(TL + 1)D171(n — 1) = D070(n)D171(n) — Dlyo(n)DOJ(n).

We rewrite it slightly:

~ Dop(n+1) - D1 0(n)Do(n)
Dia(m) = Dop(n) Draln=1)+ Do (n)
= R()’()(TL)

— Hence we need to know D; o(n) and Dy 1(n).

Question: What is the combinatorial interpretation of the general

determinant D, ¢(n)?
12 /37



Lindstrom-Gessel-Viennot Lemma

Let G be a directed acyclic graph and consider base vertices
A ={ay,...,a,} and destination vertices B = {b1,...,b,}.
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Lindstrom-Gessel-Viennot Lemma

Let G be a directed acyclic graph and consider base vertices
A ={ay,...,a,} and destination vertices B = {b1,...,b,}.
For each path P, let w(P) be the product of its edge weights. Let

e(a,b) = Z w(P) and

P:a—b
e(a1,by1) e(ai,ba) -+ e(a,by)
e(az,b1) e(az,b2) -+ e(az,bn)
M =
e(an,b1) e(an,ba) -+ e(an,by)

Then the determinant of M is the signed sum over all n-tuples
P = (P,...,P,) of non-intersecting paths from A to B:

n

det(M) = > sign(o(P)) [ [w(P).

(P1,....P,): A>B i=1

where o denotes a permutation that is applied to B.
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Lindstrom-Gessel-Viennot Lemma

Application: In our context, the lemma implies the following.

Look at the determinant without the Kronecker-Delta:

pti+jit+s+t—4
jHt—1 '

.
It counts n-tuples of non-intersecting paths in the lattice N?:
» The starting points are (0,¢),(0,t+1),...,(0,t+n —1).
» The end points are (u+s—2,0),...,(u+s+n—3,0).
» The allowed steps are (1,0) and (0, —1).
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Non-intersecting Lattice Paths

n+t-1

t+1

H+s-2 U+n+s-3

For 1 < 4,7 < n the number of paths from (0,t +j — 1) to

J I
(w+s+i—3,0) is given by (“+’ji;r_8;rt_4), which is precisely the
(i, 7)-entry of our matrix.
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Lattice Paths — Rhombus Tilings

n+t-1

t+1 w———w
t e

u+s-2 u+n+s-3
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Lattice Paths — Rhombus Tilings
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Determinant with Kronecker-Delta
From the Laplace expansion one immediately sees that

byj bojri+1 | =

bi;  bijt1
baj boji1+1 | 4

baj—1 bzjr1+1 .- '

By applying this procedure recursively, one obtains
Dy 4(n) = > (=D det (M, ) (s=1),
IC{1,...,n—s+t}

where Mf denotes the matrix that is obtained by deleting all rows
with indices in I and all columns with indices in J from the matrix

<<M+i+j+s+t—4)>
]+t*1 léi,jén' 17 / 37



Kronecker-Deltas on the Main Diagonal

General formula:

Dee(n)= > (=DM det(Mf, ) (s>t
Ig{l,...,nfert}

Special case: If s =t we obtain

Dg s(n) = Z det(MII),

I<{1,...,n}

i.e., Dgs(n) is the sum of principal minors of the binomial matrix.
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Kronecker-Deltas on the Main Diagonal

General formula:

Dys(n)= Y (=0E M det(M],, ) (s=1)
Ig{l,...,nfert}

Special case: If s =t we obtain

Dg s(n) = Z det(MII),

12{177,”}
i.e., Dgs(n) is the sum of principal minors of the binomial matrix.

Hence: D, 4(n) counts all k-tuples of non-intersecting lattice
paths, where k runs from 0 to n, and where the start and end
points are given by the same k-subset.
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Kronecker-Deltas on the Main Diagonal

NN o

TR .
w w & X
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Kronecker-Deltas on the Main Diagonal

:

s
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Kronecker-Deltas on the Main Diagonal
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Kronecker-Deltas on the Main Diagonal
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Rhombus Tilings

Finding: The determinant D, (n) counts
» rhombus tilings
» of a hexagon with a funny-shaped hole (“holey hexagon™)
> that are cyclically symmetric.

» The hole has the shape of a triangle (of size u — 2) with
“boundary lines” (of length s) sticking out of its corners.
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Rhombus Tilings

Finding: The determinant D, (n) counts
» rhombus tilings
» of a hexagon with a funny-shaped hole (“holey hexagon™)
> that are cyclically symmetric.

» The hole has the shape of a triangle (of size u — 2) with
“boundary lines” (of length s) sticking out of its corners.

Remark: This combinatorial interpretation is due to Krattenthaler
and Ciucu (at least for s = 0).

Example: For s=t =1, n =2, and u = 3 we obtain

4 6

D1a@)],5 = '4 11

.
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Off-Diagonal Kronecker-Deltas

Now let’s look at the situation s # t.

General formula:

Dy 4(n) = > (=)E et (M)
IC{1,...,n+s—t}
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Off-Diagonal Kronecker-Deltas

Now let’s look at the situation s # t.

General formula:

Dy 4(n) = > (—DE det (M) (£ )
IC{1,...,n+s—t}

Remark: If s —t is odd, we perform a weighted count with
weights +1 and —1, according to the length of the tuples of paths.
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INONININININININGY
\VAVAVAVAVAVAVAVA

Off-Diagonal Kronecker-Deltas

— Noll o)
TR
n +w & 3
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Off-Diagonal Kronecker-Deltas

e

:
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Off-Diagonal Kronecker-Deltas

23 /37



s=1
t=3
n=~06

Off-Diagonal Kronecker-Deltas
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s=1
t=3
n=~06

Off-Diagonal Kronecker-Deltas
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Off-Diagonal Kronecker-Deltas

Example: Shapes for different choices of the parameters

INONINININININ I NNINININNN/N
\VAVAVAVAVAVAVAY  VAVAVAVAYAVAYAY

INONINONN
INONONONINES
JAVAVAVAVAVAVAY
VAVAVAVAVAVAY VA

VAVAVAVAVAYAY

VAVAVAVAVAVAVAVAVAY
VAVAVAVAVAYS

\VAVAVAVAVAVAVAVAY

s=—-1,t=2,n=6,u=6
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Back to Dy 1(n)
Recall: We wanted to evaluate D ;(n) using (DJC):

. DO,O(n + 1) n_ Dl,o(n)D071(n)
Di1(n) = 7D0,0(n) Dy 1 ( 1)+ —Do,o(n)
—_———
= RQ@(TL)
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Problem: We need to evaluate some other (simpler) determinants.

For example, we can show that D; o(2n) = 0 = Dy 1(2n) for all n.
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Back to Dy 1(n)
Recall: We wanted to evaluate D ;(n) using (DJC):

. DO,O(n + 1) n_ Dl,o(n)D071(n)
Dy 1(n) = “Doo(n) Dii(n—1)+ ~ Dooln)
—_———
= Rop(n)

Problem: We need to evaluate some other (simpler) determinants.

For example, we can show that D; o(2n) = 0 = Dy 1(2n) for all n.

v

Compute the (nontrivial) nullspace of Dy 1(2n) for n < 15.
It has always dim. 1: ker(Do1(2n)) = (c,) for ¢, € Q(u)*".

Normalize each generator ¢, (last component = 1).

v

v

v

“Guess” recurrence equations for the bivariate sequence ¢, ;.

v

Use the holonomic systems approach (Zeilberger) to prove
that Dy 1(2n) - ¢, = 0 for all n.
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The HOLONOMIC ANSATZ II.
Automatic DISCOVERY(!) and PROOF(!!)
of Holonomic Determinant Evaluations
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The HOLONOMIC ANSATZ II.
Automatic DISCOVERY(!) and PROOF(!!)
of Holonomic Determinant Evaluations
(D. Zeilberger, Annals of Combinatorics 11:241-247, 2007)
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The HOLONOMIC ANSATZ II.
Automatic DISCOVERY(!) and PROOF(!!)
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Determinant Evaluation: Proof by Induction

Problem: Prove that det A,, = det a;; = b, foralln € N.
1<i,j<n
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Base case: verify that a; 1 = b;.
Induction hypothesis: assume that det A,_1 = b,_1 # 0.

Induction step: the assumption implies that the linear system

a1l v G1p—1 a1n Cn,1 0
n—-1,1 " QAn—-1n—-1 GQn—1n Cnn—1 0
0 cee 0 1 Cn,n 1

has a unique solution, namely ¢, ; = (=1)""/ M,, ; /M ,,.

Now use ¢, ; to do Laplace expansion of A w.r.t. the last row:

det 4,, = Z( 1) M, jOnj = ZMnncn‘,aw

=1 = et Any
The induction step is completed by proving that this is equal to b,,.
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Recipe for the Holonomic Ansatz
Problem: Given a; j and b, # 0. Show that det (a; ;)1<i j<n = bn.

Method: “Pull out of the hat” a function ¢, ; and prove

Cnn =1 (n>1),

n
ch,jai,j =0 (1 <1 < n),
j=1

n
b

chdan,j = b n (n = 1).

=1 n—1

Then det (a; j)1<i j<n = bn holds.
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The Magician’s Trick

Problem: One cannot expect to be able to compute ¢, ; explicitly
(at least not for symbolic n)

30 /37



The Magician’s Trick

Problem: One cannot expect to be able to compute ¢, ; explicitly
(at least not for symbolic n)

Question: How can we define a candidate for the function ¢, ;?

30/ 37



The Magician’s Trick

Problem: One cannot expect to be able to compute ¢, ; explicitly
(at least not for symbolic n)

Question: How can we define a candidate for the function ¢, ;?

Solution:

» Hope that ¢, ; is holonomic (may be the case or not).

30 /37



The Magician’s Trick

Problem: One cannot expect to be able to compute ¢, ; explicitly
(at least not for symbolic n)

Question: How can we define a candidate for the function ¢, ;?

Solution:
» Hope that ¢, ; is holonomic (may be the case or not).

» Work with an implicit (recursive) definition of ¢, ;.

30 /37



The Magician’s Trick

Problem: One cannot expect to be able to compute ¢, ; explicitly
(at least not for symbolic n)

Question: How can we define a candidate for the function ¢, ;?

Solution:
» Hope that ¢, ; is holonomic (may be the case or not).
» Work with an implicit (recursive) definition of ¢, ;.

» The values of ¢, ;j can be computed for concrete n,j € N.

30 /37



The Magician’s Trick

Problem: One cannot expect to be able to compute ¢, ; explicitly
(at least not for symbolic n)

Question: How can we define a candidate for the function ¢, ;?

Solution:
» Hope that ¢, ; is holonomic (may be the case or not).
» Work with an implicit (recursive) definition of ¢, ;.
» The values of ¢, ;j can be computed for concrete n,j € N.

» If recurrences exist they can be guessed automatically

30 /37



The Magician’s Trick

Problem: One cannot expect to be able to compute ¢, ; explicitly
(at least not for symbolic n)

Question: How can we define a candidate for the function ¢, ;?

Solution:
» Hope that ¢, ; is holonomic (may be the case or not).
» Work with an implicit (recursive) definition of ¢, ;.
» The values of ¢, ;j can be computed for concrete n,j € N.

» If recurrences exist they can be guessed automatically

Example: For Dy (2n) we obtain the following holonomic system
of recurrence relations for ¢, ;.
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{(G+p+2n—3)(2u5° +8n5°® — 25° 4+ 3u?j° — 48n°5® — 125° — 24n;5° 4+ 95° +
w35t +48n35t — 1125 — 84un?5* 4 204n25* + 21u5* — 20p%nj* + 38unj?t —
10nj% — 115% +216n*5% — 2u> 5% 4 312un>® — 408n°5° + 7u%5% + 28un25> +
122um?5% — 198n25% — 2u5® — 9pu®ng® + 68ung® — 113unj® + 78nj° — 353 —
864n°52 — 756un*j% + 432n152% — 1352 — 112u%n35% — 308un352 4+ 600n352 +
11252 — 3pn?5? — 66u°n25% + 189un?j® — 168n252 — 23uj2 — 2u'nj> +

15p3n5% — 28u%nj? + 33unj? — 34nj2 + 1352 + 864n°5 + 432un’j + 432n°;j —
144p%n*j + 1116un*j — 1104n*5 + 2135 — 8813135 + 384u%n®j — 392un3j —
36n5 — 10p2j — 14p*n?j +45un?5 +40p>n?j — 317un?5 + 270025 + 14pj —
wong +3ptng + 17u3ng — 89u’nj + 112unj — 42nj — 65 4+ 432un’ — 864n8 +
4321°n® —1080un® +432n° +1443n* — 32412 n* — 156 un* +456n* +20u n> —
1810 — 220p%n® 4 470pn® — 204n® + p®n? 4 3u'n? — 374502 + 5702 +
36un? —60n2 4 2un — 18u>n 4 54u%n — 62un+24n)cn,; — (5 + 1 —3) (25 + pu —
3)(j —2n+1)(p+4n —1)(5* +2u5° — 65° 4+ p°j* — 12n25% — 9uj® — 6punj® +
6152 + 1352 — 3u?j — 12un?j + 36025 + 13uj — 6png + 24unj — 18nj — 125 +
207 — 2p2n? + 20un? — 24n® — 6p — pin 4 11pn — 22un + 12n + 4)cn j+1 +
2(2j+p—2)n(2n+1)(—j+2n+1)(—j+2n+2)(j+p+2n—1)(p+4n—3)(u+
4n—1)cns1, —(F+1)(2)+p) (5 —2n) (G 4 p+2n—3)en ; + (45% +8pj° —85° +
5p° % —8n?5% =5 —dpng® +12n5% — 852 + 1 j+ 2% j —8un?j+8n’j — 155 —
4p’ng + 16ung — 12nj + 125 + 1 — 3u® — 2u°n + 16n2 — 2u — p3n + 3u’n+
8un—24n+8)cn jy1— (J+1—2)(2j+p—2)(G —2n+2)(j+p+2n—1)cn j12}
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Back to Dy 1(n)

Using Zeilberger's method, we obtain product formulas for the
missing determinants.

DLQ (n)D(]’l (n)
Doo(n)

Since Dy 1(n) = D1,9(n) = 0 for even n, the recurrence simplifies:

D171(n) = R070(n)D171(1’L — 1) +

Dl,l(n) = ROVO(n)DlJ(TL — 1) (n even).

For odd n we obtain D; ;(n) =

(I,22 Rro()) (1,21 Roa()
21_[7}_1 Ro0(4)
(n—1)/2

Ri0(j)Ro,1(4)
H Roo(2j — 1)Ro,0(27)

= Royo(n)Dljl(n — 1) + (,U, — 1)

= Roo(n)D1,1(n —1)
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Main Result

Theorem. Let i be an indeterminate and let p; be defined as
po(a,b) = a and pi(a,b) = b for k > 0. If n is an odd positive
integer then

(n+1)/2

Dt =3 (02, s ) g

P k-1 2(5+k-3),_,

L (p+2j+1) , (5+2j+13)

X . Jfl . ]71
U=
(D2 (o) (42— 4). (5+2+3),,
. . . 2
j=k (j)j (7 + 1)j+1 (5+5+ %)j

If n is an even positive integer then. .. [similar formula]
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one-dimensional families of Dj ;(n).

More Results
We can give closed-form evaluations of some infinite

t\s|---—-3-2-10 1 2 3 4 5 6 -

6 DAC

5 FBE

4 DAC

3 FBE

2 DAC

1 FBECETCEC:

0 DABABABA-:

-1 A0 O0O0O0OO O0O-

—2 A0 O0O0O0OOGO OGO O0O-
000O0O0OTO O OO-

e
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Example of an Infinite Family (A)
Family A: can be reduced to the base case Dy o(n):

D2T,0(n) = DO,O(n B 2r)‘u—>,u+67"
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Example of an Infinite Family (B)

Family B: If n > 2r is an even number, then Dy, _1¢(n) = 0.
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0.

Example of an Infinite Family (B)

Family B: If n > 2r is an even number, then Dy, _1¢(n)

\

AVAVAVAGAVAVAY

7
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INONINININESTNANNIN/N/N/N/
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