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Abstract

In the presert paper we prove that the polynomial quadratic triangular Bezier sur-
facesare LN-surfaces. We demonstrate how to reparameterizethe surfacessuc that
the normals obtain linear coordinate functions. The closerelation to quadratic Cre-
mona transformations is elucidated. These reparameterizations can be e ectiv ely
usedfor the computation of corvolution surfaces.
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1 Intro duction

Quadratic triangular Bezier surfacesare a well explored area, and many textbooks on

CAGD, e.g.[6, 8] are covering this topic. Thus one may wonder what elsecan be said
about them? Surprisingly, in connectionwith the computation of corvolution surfaces
it has beenproved recertly in [12] that the convolution surfacesof quadratic triangular

Beziersurfacesand any arbitrary rational surfaceare always rational. This result is quite

surprising, since the rationality condition for the corvolution surfacesis rather strong.

One direct consequences that the o set surfacesof quadratic triangular Bezier surfaces
are rational surfaces.Unfortunately [12] doesnot disclosethe geometric properties being
responsiblefor the rationality of the corvolution surfaces.

Earlier it has beenproved in [23 that the cornvolution surfaceof an LN-surface and an
arbitrary rational surfaceis always rational. LN-surfaceshave beenintroducedin [9] and
denote a special classof surfaceswhosenormal vectors admit a linear parameterization
depending on the surfaceparameters.



The main cortribution of this article is to prove that quadratic triangular Bezier surfaces
are LN-surfaces This brings the result of [12] in connectionto what has been proved
in [23. This property is not immediately seenfrom the standard parameterization, but

geometric considerationsconcerningthe structure of the family of their tangert planes
leadto reparameterizationsproving this fact. Thesespecial parameterizationssimplify the

computation of convolution surfaces.

The notion of corvolution surfaceappearsin computer graphicsand geometric modeling
[3, 17, 26] but alsoin connectionwith rational surfaces[13, 14, 16]. In addition, there is
a closerelation to Minkowski sums of surfaces. In order to avoid misunderstandingswe
de ne the convolution surface of two surfacesF and G in Euclideanthree-spaceR?® as

F?2G=1ff+gjf2 F;g2 G;ng kngg; (2)

where f(u;v) and g(s;t) are the respective parameterizationsand ng and ng are the
respective normal vectors of f and g. Geometrically speaking one forms the sumf + ¢
of vectors for those points whosenormal vectors are parallel. Considering G as family
of translations, the convolution surfaceF ? G is the envelope of F under the translations
de ned by vectorsg. In generalwe cannot expect that F and G are parameterizedin a
way that their normal vectorsng = f,;, f, andng = g, g, areparallel. Typically it is
necessaryto reparameterizeone of the input surfacessay G.

Assumethat f(u;v) and g(s;t) arerational parameterizations. The questionarisesin which
casesthe corvolution surfaceF ? G again admits a rational parameterization. It turned
out in [18] and [23] that F ? G is rationally parameterizedif F is a paraboloid or more
generalan LN-surfaceand G is any rational surface. Earlier it wasshown in [16] that two
rational skew ruled surfacesF and G always yield a rational corvolution surfaceF ? G.
Theseresults already indicate that the rationality of the cornvolution surfaceis in close
relation to the structure of the families of tangert planesof F and G.

This topic is related to the questionwhich rational surfacespossessational o set surfaces
Surfaceswith rational o sets are called PN-surfaces and their unit normal vectors are a
rational parameterizationof the Euclideanunit sphereS2. An explicit construction of these
surfaceshasbeengiven in [20] and se\eral surprising examplesare given in [19]. Rational
o sets of LN-surfacesare discussedin [10]. An approad using classicalgeometriesfor
NURBS curvesand surfacesis presened in [21].

The paper is organizedas follows: Section 2 explains some geometric properties of LN-
surfacesquadratic triangular Beziersurfacesthe VeronesesurfaceV.? and its projections.
In Section 3 we discussthe dual represetation of quadratic triangular Bezier surfaces
and the computation of basepoints is explainedtoo. After that planar quadratic Cremona
transformationsfollow in Section4, which arethe key to the reparameterization.In Section
5 we give a proof of the LN-property of quadratic triangular Beziersurfaces.A syrthetic
proof of this property can already be found in Section2.4. Section6 cortains examplesof
the reparameterizationand of the corvolution surfaceof two quadratic triangular Bezier
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surfaces.Finally we concludein Section8.

2 Geometric background

Points in R® are represeted by their coordinate vectors x = (x;y;z). The projective
closure of R?® is denoted by P?® and points in P® are identied with their homaen®us
coordinate vectors

XR = (Xo; X1;X2;X3)R = (Xo : X1 : X2 : X3); with x 6 o:

Choosing the plane at innit y ! as xo = 0, the interchange between homogeneousand
Cartesian coordinates for points in R? is realizedby
X1 X2 X3
X=—; == z= — 2
' VT % Xo 2)
Similarly we use(u;v) asane coordinatesin the parameter plane R? and (Up : U1 : U,)
as homogeneousoordinates in the projective closure P? of R?. The analogousrelation
betweena ne and homogeneouparametersreads
Uz uz
u= —:; v= —=: 3
™ ™ (3)
Moreover, we have to considerthe dual projective spaceP?’, whosepoints are iderti ed
with the family of planesin P3. Let ey + e;x + ey + €3z = 0 be the equation of a planeE.
The homogeneousoordinate vector Re = R(eg; €1; €; €3) isidentied with E. If especially
E : h+ ux+ vy+ z = 0is given as graph of a linear function, we may usethe ane
coordinates (h; u; v) of E too.

2.1 LN-surfaces

A rational surfaceS is called an LN-surface if there exists a rational parameterization
s(u; v) sud that a normal vector eld n(u;v) of S can be linearly parameterizedas

n(u;v) = pu+ qv+ r; (4)

wherep, q, and r are vectorsin R3. Dependingon the rank of M := (p;q;r) we have to
distinguish the following cases:If rk M = 1, S is a part of a planeand if rk M = 2 the
unit normalsng = n=knk of S are cortained in a great circle on the Euclideanunit sphere
S2. This implies that S is cortained in a cylinder.

In the following we assumerk M = 3. This implies that the unit normal vectorsof S pa-
rameterizea two-dimensionalsubsetof S?. A suitable changeof parametersor equivalertly
the appropriate choice of a coordinate systemin the parameter plane yields

p=(400)"; g=(0;L0)"; r=(0;01)";
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and the normal vector simpli es to n(u;v) = (u;v;1)". Thus the tangert planesT (u; V)
of an LN-surfaceallow the quite simple represetation

T(u;v): h(u;v) + ux+vy+ z=0; (5)

where h(u; v) is a rational function (support function of T). With respect to the chosen
coordinate system,the tangert planesT (u;v) are graphsof linear functions over the [x; y]-
plane. The represetation (5) allowsto treat (u; v; h(u;v)) asa ne coordinatesof T. Using
(U;V; W) as coordinate functions of planes,the dual a ne equation of an LN-surfaceS is
W = h(U;V). This represetation sas that LN-surfacesare graphs of rational functions
in anane part of dual projective spaceP?’.

Assumethat S is of classn, i.e. the number of tangert planesof S passingthrough a
genericline is n. Then the numerator a and denominator b of h are polynomials of degree
nandn m, with m 1, respectively. We changefrom a ne coordinates U;V;W to
homogeneouscoordinates Yp; Y1; Y2; Y3 by letting U = Y;=Y3, V = Yo=Yz, W = Yp=Ys.
Inserting this into W = h(U;V) = a(U;V)=U;V) and multiplying with Y3' leadsto the
homogeneoupolynomial equation

S YoYs" P h(Y1;Yo;Ya) a(Yy; Yz Ys) = O (6)

One might call (6) the dual equation of S. Considerthe polynomial in (6) sorted with
respect to powers of Yo. All n  2-th partial derivatives with respect to Yp;:::; Y3 are
vanishingat (1; 0; 0; 0). This says that the planeat innit y ! = R(1;0; 0; 0) with equation
Xo = Oisann 1-fold planeof S.

This property hasthe following important consequenceFor any vectorn = (u;v; 1) there
existsa uniquetangert planeT (u; v) of S having n asnormal vector and there existsexactly
onepoint of cortact of Sand T. In other words: for any planeE : z = ax+ by+ cin R there
exists exactly onetangert plane T of S with E k T and a unique point of cortact. This
unique-tangent-plane-pperty is the reasonfor the rationality of the corvolution surfaces
with any arbitrary rational surfacewhich hasbeenprovedin [23]. We sa& that a surfaceS
satis es the LN-property (4) if the tangert planesT (u; V) of S admit a represetation (5).

We summarizetheseresults:

Lemma 1 The family of tangent planes T (u;v) of an LN-surface S can be represente
in plane coordinates by the graph (u;v; h(u;v)) of a rational function h. The plane at
innity isann 1-fold tangentplaneof S and this property (6) characterizesLN-surfaces.
Conversely,the graph of a rational function representsthe tangent planes (5) of an LN-
surfaee. The convolution surfaces S ? F of an LN-surface S and any arbitrary rational
surface F are rational.

A particular parametric represetation s(u;v) of a surfaceS may not shaw the LN-property
directly. An appropriate reparameterizationmay be necessary Admissible reparameteri-
zations are so called Cremonatransformationswhich will be explainedin Section4.
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2.2 Quadratic triangular Bezier surfaces

Let u = (up : u; : Uy) be homogeneousoordinatesin the projective plane P?. A surfaceQ
in projective 3-spaceP® admitting a parameterization of the form

q(U)R = (p(u);:::; B(U)R,; (7)

wheregq (u) are homogeneousjuadratic polynomials, is calleda quadiatically parameterize-
able surface. Theseso-calledSteiner surfaesform a remarkable classof rational surfaces
of order four and classthree which have attracted the interest of mathematiciansin the
past[11, 15, 27, 28, 29, 3(] and alsonowadays [1, 2, 4, 5, 22, 25].

By letting ¢p(u) = uj oneobtains the family of polynomial quadratically parameterizeable
surfaces.Dividing q; &p; s by ¢ and changingfrom homogeneougparameters(ug : Uy : Uy)

to ane coordinates (u; V) by (2), the represeration (7) becomeghe familiar parameter-
ization

1 1
s(u;v) = Eau2+ buv + ECV2+ du+ ev+ f: (8)

The vectorsa, b, ¢, d, e, and f in R® comprisethe coe cien ts of the polynomialsg. In
generalthesesurfacescontain a two-parameterfamily of parabolas (curves of degreetwo)
correspnding to the lines in the [u; v]-plane. An example of this kind of surfacecan be
seenin Fig. 1.

Figure 1. Quadratically parameterizedSteiner surfacewith three double lines concurrer
in the triple point and conicstouching at the pinch points.



These surfacesare frequertly called quadiatic Bezier triangles and admit quadratic pa-
rameterizationsin terms of barycertric coordinateswith respect to a triangle in the a ne
parameter plane R? [8].

2.3 Veronese variety

The surfaces(8) can be parameterizedover the a ne plane aswell as over the projective
plane. For the momert let S be parameterizedover the projective plane with coordinates
(uo : uz : up). We considerthe quadmatic mapping

(Up: Ug:up) 2 P27! (Ud:Upuy : UgUy : UF :UgUy @ uj) 2 P, 9)

called Veronesemapping The right hand side of (9) is a parameterizationof the Veronese
variety V2, see[2, 24]. It is an enbedding of the projective plane P? as a regular surface
in P°. It is immediately seenthat the lines of P> are mapped to the two-parameterfamily

of conicson V2. Any two di erent conicsin V;? intersectin exactly onepoint just like any

two di erent linesin P? do. As shavn in [1, 5], all quadratically parameterizeablesurfaces
(7) are obtained as projections of the VeronesesurfaceV.2.

2.4 Pro jections of the Veronese variety

We restrict oursehesto the polynomial case(8). In order to explain how to obtain the
parameterization s(u; v) as projection of V.2, we homogenize(8) accordingto (2). This

results in the parameterization s(up; u;; uy). The projection : P° ! P® which yields
(V2) = Sis realizedby
n 2 # " #
u 100000
° = [u3; Uouy; Uolz; UZ; UsU; U3]T;  (10)
s(Up; Uq; Up) f deabc

wherea;:::;f;s 2 R3 are column vectors. The surfaces(10) carry a two-parameterfamily
of conics. Someof thesesurfaces(b = (0; 0; 0)) can be generatedby translating parabolas
along eat other [28], others only allow more complicated kinematic generations[29].

Let! : X = Obethe planeat in nit y in the projective extensionP? of R® and let c = S\ !
bethe curveat in nit y of S. From the projection (10) it followsthat cis obtainedby ug = 0.
This implies that c is a double curve parameterizedby

(au? + 2bugu, + cu))R 2 !:

Here (u; : uy) is consideredas homogeneougparameter on c. For linearly independert
vectorsa, b, and c one obtains conics,otherwisec is degenerate.



This provesagainthat ! is atangert plane of multiplicit y two. Sincetriangular quadratic
Bezier surfacesare of classthree, the dual equation of S looks like (6). The geometric
meaning is the following: Let g 2 P® be a line in generalposition to S. Algebraically
courting, there exist three tangert planes of S passingthrough g. Thus for any line
h 2 ! in generalposition there is exactly one tangert plane T 6 ! passingthrough h.
Thesesyrthetic geometricconsiderationsalready prove the LN-property of the triangular
guadratic Beziersurfaces.

Corollary 2 Quadratic triangular Bezier surfaces are LN-surfaces.

Although theseideas do not lead immediately to LN-parameterizations, their existence
is shovn. We will presen a more constructive proof of the LN-property of triangular
guadratic Bezier surfaces. Therefore we investigate the normal vectors assaiated to the
parameterization(8) and show explicitly that there exist reparameterizationsof S in order
to obtain linearly parameterizednormal vectors.

3 Dual representation of triangular quadratic Bezier
surfaces

To prove the LN-property of a triangular quadratic BeziersurfaceS we have to investigate
the structure of the family of tangert planes. Using the a ne parameterization (8) the
partial derivativesof s with respectto u and v are

Suy(u;v) = au+ bv+d; s,(u;v)=bu+cv+ e (11)
The tangert planesT (u;v) of S are given by
T(u;v): (x s(u;v)T (su sy)(u;v) = 0; (12)

with support function h = def(s;s,;sy) and normal vectors,, s.,. The partial deriva-
tivess, and s, dene ane mappingsin the [u;Vv]-plane. These mappings can be ex-
tended to projective mappingsp;q: P? ! P2. De ning the matricesP := (d;a;b) and
Q := (e;b;c), the projective mappingsread

p: uUR7! (PUu)R; q: uR7! (Qu)R; with u = (ug;uy; up): (13)

Let u’R be a point in P?. If rk (Pu?;Qu?) = 1, then n(u?) = (0;0;0)" and t(u?) =
(0; 0; 0; 0) holds. Thus we say that the parameterizationt(u) of the tangert planesT (or
the parameterizationn(u) of the normal vector) hasa basepoint at u’R if and only if the
vectorsPu and Qu are linearly dependert.



Excluding planar and cylindrical surfacesS we can assumethat the matrices P and Q
from (13) are not scalar multiples of ead other and that rk P 2 aswell asrk Q 2.
Basepoints allow degreereductions of parameterizations. Thus it is the key point of the
reparameterizationto detectthe basepoints u’R of the parameterizationt (u) of the family
of tangert planes.

3.1 Computation of the base points

Let S be a triangular quadratic Bezier surface parameterizedby (8) and let p and g be
the projective mappingsde ned by (13). The computation of the basepoints of the dual
parameterizationdistinguishesbetweenthe following casesdepending on the ranks of the
matricesP and Q.

Y1 Yo
a=imp
A
p (Y1) p X(Y2)
Xl XZ
q ‘(a)

Figure 2. Construction of base points: the caserk P = 2, rk Q = 3 (left); the case
rk P = rk Q = 2 (right).

rk P=3 and rk Q=3 : If both mappingsp and q are regular, the xed points of q p
are the basepoints of the parameterization. Their homogeneougoordinatesare the
eigervectors of the matrix Q P. We obtain either three di erent real basepoints,
or onereal basepoint together with a pair of conjugate complexbasepoints, or two
real basepoints, or onereal basepoint.

rk P = 2and rk Q= 3 : Obviously the point A = aR with a = kerP is a basepoint.
Let a be the line de ned by imp  P? and let further be q !(a) its pre-imagewith
respectto g. The restriction of qto g (a) is a projective mapping and there is either
one point X, or there are two (real or a pair of conjugate complex) points X; and
X, both cortained in q (a) with p(X;) = g(X;) = Vi, seeFig. 2.



Note that g '(a) may passthrough A. Finally we obtain either three real base
points, or onereal basepoint, or a pair of conjugate complex basepoints, two real
basepoints, or onereal basepoint.

If rk P = 3andrk Q = 2 we interchangeu and v in the parameterization of s and
obtain the situation rk P = 2 and rk Q = 3.

rk P =2 rkQ= 2 : The points A and B determinedby ker P and ker Q respectively, are
basepoints. Let a and b be linesde ned by im p and im g and let further D = a\ b,
seeFig. 2. There exist berlinesx = p (D) andy= g }(D) andC = x\ yisa
basepoint of the construction. SinceC = A or C = B is possibleand even A = B
might happen we obtain three, two or onereal basepoints.

4 Quadratic Cremona transformations

In order to reparameterizethe family of tangert planeswe study quadratic Cremonatrans-
formations in the projective plane P2. Assumeu = (Up : Uy : Uy) are homogeneousoor-
dinates of points U in the projective plane P2. A mapping' : P?>! P2 with U 7! V
is called a quadratic Cremonatransformation if the homogeneousoordinatesvR of the
imagepoints V can be expressedn the form

VR = (op(u) : qu(u) : g(u)) (14)

where ¢ are homogeneougjuadratic polynomials and additionally the inverse' 1 is of
the sameform. Becauseof the latter property Cremonatransformations are often called
birational.

Here we remark that g cannot be prescribed independerily. They have to satisfy certain
relations in order de ne a birational transformation, see[7]. It is obvious that g are the
equationsof conicsin P?. From the theory of Cremonatransformationswe know that these
three conicshave to have three points in common. These points are called fundamental
points of the transformation and de ne their exceptional set. Sometimesit occurs that
two or all three of the basepoints coincide. This givesrise to a projective classi cation of
guadratic planar Cremonatransformations.

In the following we give a brief overviewon certain setsof conics,namelypencilsand nets, in
the projective planein orderto understandthe geometrybehind Cremonatransformations.

4.1 Conics

It is well known that a conic k (or more generally speaking: a curve of degreetwo) can
be de ned asthe set of points X with homogeneousoordinate vectorsxR = (Xg; X1; X2)R



satisfying a homogeneousjuadratic polynomial equation
k: xTKx = 0; (15)

whereK isasymmetric3 3-matrix with real ertries. In orderto avoid lengthy discussions
we view those subsetsof P? de ned by singular matrices K also as conicsand call them

singular. This includes pairs of lines (real onesor a pair of conjugate complex ones)or

a single double line, depending on the normal form of K. If rk K = 3 and K is positive

de nite the curve k is empty (in the real projective plane).

4.2 Pencils of conics

Let k and | be two curves of degreetwo given by the respective equationsk : xTKx = 0
and|: x"Lx = 0. The curvesare assumedo be distinct which is guararteedif K 6 L .
We call the set P of conics(including singular ones)de ned by the linear conmbination

P:x(K +L)x=0 (16)

a pencil of conics. The pencil P can be spannedby any two di erent conicsin it. The
singular conicscortained in P which correspnd to the solutions( : ) of the homogeneous
cubic equationdet{ K + L ) = 0 canalsosene asbaseconics.

There are v e types of pencils of conics depending on the number of common points
and/or commontangerts of the conicsin the pencil. Note that we do not carewhether an
intersection point of two conicsis a real or a complexone.

Figure 3: Pencilsof conicsl: rst, second,and third kind.

Four common points: Two conicsk and | and thus all conicsin the pencil sharethe
points A, B, C, and D. Thesepoints form a quadrangleby obvious reasons. The
pencil P cortains three di erent singular conics,i.e. three pairs of lines (AB;CD),
(AC;BD), (AD;BC), seeFig. 3.
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Tw o points and one line element: ' Any two di erent conicsk and | in P intersectat
the points A, B, and C while touching at A the commontangert T,o. This pencil
cortains two singular conics: the pairs of lines (BC; Ta) and (AB ; AC), seeFig. 3.

Tw o line elements: Any two conicsk and | in P sharethe line elemens (A; To) and
(B;Tg), i.e. any two conicsof P touch at A the line T,, analogoulsyat B the line
Tg. The singular conicsin this pencil are the doubleline AB and the pair (Ta; Tg)
of lines, seeFig. 3.

Point and osculating element: Any two conicsof the pencil arein cortact of order two
at the point A. Thusthey sharethe line elemen (A; To) and a further point B 6 A.
The pair (AB ; T,) of linesis the only singular conicin the pencil, seeFig. 4.

When viewing A as the intersection of two conicsk and | in P, it is of multiplicit y
three. The conicsk and | are saidto osculateeach other at A.

Hyp erosculating element: Any two conicsin the pencil arein cortact of order three at
the line elemen (A; Ta). The only singular conicin the pencil is the doubleline T,
seeFig. 4.

Consideredas a point of intersection of any two conicsin this pencil, the point A is
of multiplicit y four. Any two conicsin the pencil are saidto hyperosculateeach other
at A.

Ta

Figure 4: Pencils of conics2: fourth and fth kind

We call a pencil of concisof the rst, second, third, fourth, or fth kind accordingto its
placein our list.

Lwe call the pair consisting of a point P and an incident line L a line elementand denoteit by (P;L).
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4.3 Nets of conics

By removing onecondition (one point) from the determining elemers of a pencil of conics
oneobtains a net of conics. For any quadratic Cremonatransformation' : P2! P? there
existsan asseiated net of conics. The fundamenal setof the net are the basepoints of ' ,
whereall the conicsof the net are passingthrough.

Conics through three points: Welet A= (1:0:0),B=(0:1:0andC=(0:0:1)
be the three basepoints the net of conics. It is spannedby the three pairs of lines
X1Xo = 0, XoXg = 0, and XgXx; = 0. Thus the generalconic c of the net has the
equation XiX,+ XxXo+ XoX; = O,where( : : )6 (0:0:0). The Cremona
transformation ' with this fundamertal setand its inverseare given by

o (Xo: Xy iX2) 7V (XQ i xY i x9) = (X2 i XoXa © XoX1); (17)
ol (xS xY X)) T (o xg i x2) = (X3xS 1 xIx 1 xIxD):

The net of conicsappearinghereis obtainedfrom a pencilof the rst kind by removing
one basepoint.

Conics through one point and one line element. We choosethe line elemen A =
(1:0:0)anda: x, = 0andthe additional point B = (0:0: 1). The netis spanned
by the curvesx;x,; = 0, XoXz; = 0, and x{ = 0. The genericequation of a curve of
the netis XiX,+ XoXo+ x2=0,where( : : )6 (0:0:0). The thusde ned
Cremonatransformation and its inverseare given by

(Xo : X1 :X2) 70 (X3 : X9 1 X9) = (X1x2 : XoX2 @ X3); (18)
b (xQ XY xD) T (Xo i xg i x2) = (x9%S : x9xT 1 xB):

The net of conicsasseiated with this type of Cremonatransformation is obtained
from a pencil of the secondkind by removing onebasepoint di erent from the point
of cortact.

Osculating element: Considerthe conick : x3 XX, = 0andthe point A= (1:0:0).
The net is formed by all curves c of degreetwo osculating k at A. It is spanned
by k and the pair of lines with equationsx;x, = 0 and x5 = 0. The Cremona
transformation and its inverseare given by

(Xo : X1 :X2) 70 (X3 :x9:x9) = (Xax2: X3 XoX2 @ X3); (19)
Lo (xQ:xPix9) 71 (xo i x1ix2) = (x& x99 1 x3xT 1 xP):

The assaiated net of conicsis obtained from the pencil of conicsof the fourth kind
by removing the basepoint di erent from the point of osculation.
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The pencilsof thrid an fth kind do not lead to baseconicsof quadratic Cremonatrans-
formations. Remaoving one basepoint removesall of them in caseof a pencil of fth kind.
It leavesonly two basepoints or a line elemen in the caseof a pencil of third kind and
the set of conicsthrough this elemerts is a three-parametricone.

A Cremonatransformation ' maps a line g in generalposition to a conic' (g) passing
through the basepoints. Any conic c in generalposition is mapped to a rational curve
' (c) of degreefour. The conicsof the assaiated net passthrough the basepoints and are
thus mapped to straight lines. This will help to reparameterizethe tangert planesof a
guadratically parameterizeablesurfacewhen proving the LN-property.

5 Proving the LN-prop erty

Given a quadratic triangular Bezier surfaceS with polynomial parameterization (8) we
shaw that S satis es the LN-property. This meansthat the tangert planesT (u;v) admit
a represemation (5). The proof is splitted into two parts: At rst letn = s, Sy
be a normal vector eld of s. We shav that the conicsn;(u;v) = 0 determinedby n's
coordinate functions de ne a net of conics. Secondwe give a practical reparameterization
method which is illustrated at hand of examplesin Sec.6.

Theorem 3 The conicsni(u;v) = 0, i = 1;2;3 form a net.

Proof: AssumesS is parameterizedby s from (8). The normal vector n(u;v) reads

n(u;v) = (@ b)u®+ (a cuv+ (b c)v?

+(a e+d bu+(b e+d cv+d e (20)

The coordinate functions of n de ne conicsni(u;v) = 0 in the [u;v]-plane. We show
that these conicsform a net. Considertwo conicsny(u;v) = 0 and n,(u;v) = 0. The
u-coordinates of their intersectionpoints are the zerosof the resultart Regni;n,;Vv) of n;
and n, with respect to v. We prove that the resultants Regni; n;;Vv), Regn,; ns;Vv), and
Regn; n3; V) with respect to v sharea cubic factor p(u) and thus there are three common
points (algebraically courted) of the conicsn; = 0. The resultarts are

Regni;no;v) = (ses  cads+ (BB ascs)u)p(u); (21)
Regny; na;v) = (her  di + (B agcy)u)p(u); (22)
Regni;ns;v) = (e, e+ (B axc)u)p(u): (23)

The zerosof p(u) determinethe fundamertal setof a net which are the basepoints of the
correspnding Cremonatransformation. The u-coordinates of three intersection points of
any pair of the conicsn;(u;v) are iderntical. Thus three common points of any pair of
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conics are cortained in the third and so the conics have three common points. Analo-
gouslyy_\;e could have donethis for the v-coordinates. The coe cien ts of the polynomial
p(u) = ;Gu' arelisted below.

In addendumwe give the coe cien ts of the cubic polynomial p(u):

c; = det(a;b;c)?;
¢, = det(a;b;c)(2det(b;c;d) det(a;c;e));
c. = def(a;b;c)det(c;d;e) + det(a;b;e)det(b; c; e) + det(b; c;d)?
+( bhees+ ez zee, ke  Cdies+ czdiey)det(a; b;c)
+ccesdet(a; b;d)  bibkze,det(a;c;e) det(a;c;d)det(b;c;e)
+H(bicse, bCer + bzcoer)det(a;bie) + ( bcies + bpercs  bscoep)det(a; c;d)
+( 22016, @036 + agCer)det(b;c;d) + (e ashyer + ashiey)det(b; c;e);
co = det(b;c;d)det(c;d;e) det(b;c;e)det(b;d;e)
H(bees bee; bee)detb;c;d)+ ( bdse, + bdse, + bydiey)det(b;c;e)
+t(bce, bpcser  bscier)det(b;d;e) + bbzedet(c;d; e):

Theorem 4 The quadatic triangular Bezier surfacesare LN surfaces.

Proof: Assumethat S is given by the parameterization (8). We have to prove that the
tangert planesof S admit the represetation (5). The partial derivativess., and s,
accordingto (11) de ne projective mappingsp and g given by (13). The basepoints of
the parameterizationn(u; v) of the normal vector eld are uniquely determinedby p and g
and computedaccordingto Sec.3.1. The con guration of the basepoints de nes the type
of net of conicsdeterminedby n;(u;v) = 0.

Depending on the type of net of conicsone can perform a coordinate transformation in
order to apply the normal form of the appropriate Cremonatransformation from Sec.4.3
This transformsthe net of conicsto the two-parameterfamily of straight lines of P2. Thus
the normals of S becomelinearly parameterizedand this completesthe proof of the LN-

property.

It would have beensu cient to prove the LN-property for the a ne normal forms given
in [22]. The parameterizations (u?> + v2;u;v) and (uv;u;v) descrite paraboloids, fur-
ther (u?;u;v), (U?v? u), and (u? uv;u) are patches on parabolic cylinders and nally
(u?;v2; uv) is a cone. Sincethe LN-property of thesequadricsis obvious we focus on the
nine remaining surfaceclassesf degreethree and four. Table 1 shows the nine types of
a ne normal forms of quadratic triangular Beziersurfacesof degree> 2 accordingto [22].
We list the parameterization, the type of Cremonatransformation, the a ne form of the
reparameterization,and nally the homogeneougquationin dual coordinatesproving that
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thesesurfacespossess : Xo = 0 astangert plane of multiplicit y two, compareSec.2.4.
Line three and four of table 1 represen two ruled surfacesof order three: The Whitney
umbrella, an a ne versionof Pludker's conoid and the Cayley surface,respectively.

Table 1: Ane normal forms, type of Cremona transformation and dual equation of
guadratic triangular Beziersurfaces.

Parameterization Type | Transformation Dual homogeneougquation
1| f= (u%v3u+v) 1 U= 5, v= 5 AYoY1Y, Y2(Y1+ YY) =0
2| f= (UVvi+ uv) 2 U= o, v= 4YoY1Y: Y2 YiYZ=0
3| f= (u%uv;v) 2 u= L v=2% YoYZ2+ YiYZ2=0
4| f= (u?2+ v;uv;u) 3 u= 2, v= 2552 t YoYZ2+ Y2E YiYoY3=0
5f=(u® vZuv;u) 1 U= 2555, V= oois | Yo(Y2+ 4Y7)  Y1YZ=10
6| f= (u%vZuv+ u) 2 U= 22, v= = | Yo(dYV1Y2 YZ) Y.¥Z=0
7|f=(u3viuv+u+v) |1 u= 2L v= 22 1Y(4VLY,  YE) + Y3

Y32(Y]_ + Yz) =0

f= (u%Vv2+ u;uv) 3 u= ;2 v= o [ Yo@dYiY: YA+ YS=0

9|f=(uUkvi+uuv V) |2 u= 128 v= U5 Iyaaviy, YY) Y
YZ(Y1+ Y2) = 0

6 Examples

In this section we demonstrate the reparameterization method at hand of three exam-
plesof the a ne normal forms given in [22] correspnding to di erent typesof Cremona
transformations.

1. Let s = (u%v%u+ v)T, which is the the ane normal form 1 from table 1. An
exampleis showvn in Fig. 5. This surfacecanbe obtained by translating the parabolas
(uZ;,0;u)™ and (0;v%;v)" alongead other. It is oneof the surfacesmertioned in [28].
We nd the normal vector n = ( 2v; 2u;4uv)’, or (depending on homogeneous
parameters)n = ( 2ugU, 2UpUs;4uU.Uy)". The assiated projective mappingsp
and g from (13) are both singular: rk P = rk Q = 2. The correspnding Cremona
transformation is of type 1 and reads

D U= 2u%ud; up = uWlud; up= udud:
With this reparameterizationthe normal n changesto (u?;ud; ud)™ after cancellation
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Figure 5: Quadratically parameterizedsurfaces:A ne normal forms 1 and 2.

of the factor 4ududud. In terms of ane coordinatesu and v the Cremonatransfor-
mation ' is

1 1

lu= o v=E 24

2s 2t (24)
andyieldsthe a ne parameterizationof the normal vectorn = (s;t; 1)T. Hereandin
the following we let u§=u3 = s and u3=u = t. This leadsto the LN-parameterization
s and the represemation of S's tangert planesby

1

s(sit) = 4s2t?

+t
(t%:s% 2st(s+t)T: T(s:t): 84? +sx+ty+z=0;

Sowe nd the dual equation of the surfaceS as4YyYiY,  YZ(Yi+ Yz) = 0.

. Let S be parameterizedby s = (u?;v?+ u;Vv)", ane normal form 2 from table 1,
which can be obtained by translating the parabolas (u?; u;0)" and (0;v?;v)" along
eah other, see[28. An exampleis shovn in Fig. 5. Its normal vector is n =
(1; 2u;4uv)’ and the homogeneousersionis (U3; 2uous;4usu,)". The basepoints
aregivenby ker Q and ker P, respectively. Sincethere existsno additional basepoint,
the suitable Cremonatransformation is of type 2 and reads

D up = 4udud; up = 2uF; up = 2udul:

The normal changesto (u$;ud; ud)" if we remove the dispensablefactor 16uu;. In
terms of ane parameters' reads

1
= > (25)



v

and yields the a ne LN-parameterizations of S and its tangert planesT

3

s(s;t) = (t*:s(s 2t%); 25%)T: T(s;t): S* U o+ ty+z=0:

45212

The dual equation of the surfacereads4YyY.Y, YS  Y2Yy = 0.

. Let S be parameterizedby s= (u?,v?>+ u;uv)’ (ane normal form 8). An example

is displayed in Fig. 6. Its normal vector is either n = (u  2v% 2u?4uv)’ or
(Uuou;  2u3; 2u?;4uyu,)™. There is only one basepoint determined by ker Q and
the suitable Cremonatransformation of type 3 is

" rup=ul 4udud; up= 20%; up = udud:
An ane versionof' is given by

2t2 t
= ———;, V= : 26
U"Tast VT 1T st (26)

The LN-parameterization of S and the equation of its tangert planesare

1

s+t 1
T @4t t%8st 3) 2AY)T: T(sit): o T4 sx+ty+z=O0:
@st 1t o) TEN: g sy 2

s(s;t) =

Thus the dual equationof S readsYy(4Y.Y, Y?) Y;S=0.

Convolution surface

Finally we compute the convolution surfaceC = F ? G of two quadratically polynomial
parameterizedsurfaces.

Let F and G begivenby f = (u? v2+u;Vv)"T andg = (st;s?;s+1)", respectively. First
we reparameterizeboth surfacesF and G sud that equal parameterscorresmpnd to
parallel normals. With the normalsng = (1; 2u;4uv)” andng = (2s;s t; 259)T
of F and G we nd the a ne versionsof the Cremonatransformationsin the [u; v]-
plane and in the [s;t]-plane, respectively:

X
Fl U= —; v= . s= 2yX2:

2X’ E! G 1 t=

1 . y . 1 . 1 1
X

Inserting the latter equationsinto the parameterizationsof F and G we obtain
1 1
f(x;y) = W(y“:X(x 2% 2T gley) = S 2y X))
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Figure 6: Quadratically parameterizedsurface: A ne normalform 8 (left) and the straight-
ening of the parameterlines via the Cremonatransformation from Equ. (26) (right).

Figure 7. Cornvolution surfaceof two Steiner surfaces:F (left), G (middle), C = F ?G
(right).

A parameterization c of the cornvolution surfaceC is thus computed as the sum of
f(x;y) and g(x; y) and thus we have

1

W(XyZJr 4 8y:x? 2xy3+ 4yZ Ay x® 4xy)':

c(x;y) =

Fig. 7 shows the surfacesF and G aswell astheir convolution surfaceC.
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Let F and G be given by f = (2u% 2v;2(u+ v))T and g = (s?t;t>+ s)T, respec-
tively. First we reparameterizeboth surfacesF and G sud that equal parameters
correspnd to parallel normals. With the normals ng = ( 8v; 8u;16uv)’ and
ne = ( 1, 4st;2s)" of F and G we nd the ane versionsof the Cremonatrans-
formations in the [u; v]-plane and in the [s;t]-plane, respectively:

S N L PR
T oy T xSt 2 T
Inserting the latter equationsinto the parameterizationsof F and G we obtain
v = C 2 + : ‘v = : : :
f(x;y) 2Xzyz(y,x, 2y(x+y) 5 9xy) = 51 Xyix(xy® 2))

A parameterizationc of the corvolution surfaceC is thus computed asthe sum of f
and g as

1
4x2y?2

Fig. 8 shows the surfacesF and G aswell astheir convolution surfaceC.

c(x;y) = By% 2331 y¥;xy(xy® 4x  6y)":

Figure 8: Convolution surfaceof two Steiner surfaces:F (left), G (middle), C = F ?G
(right).

8 Conclusion

We have shavn that quadratic triangular BeziersurfacesS satisfy the LN-property: The
normal vectors of S possess linear parameterization. Planar Cremonatransformations
are usedin order to straighten the parameter lines (conics) in the parameter plane. We
have given se\eral examplesinculding cornvolution surfacesto illustrate the method.

The LN-property in generalcan be characterizedby the fact that the dual surfaceS is a
graph of a rational function which is equivalert to the fact that the plane at in nit y is an

1-fold tangert plane of surfacesS of classn.
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