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Introduction

The Probabilistic Method has been initiated by Paul Erd6és (1947)
in order to prove the existence of certain combinatorial objects. The
principle idea is to define a proper probability distribution on a class of
(discrete) objects and to show that the probability of a certain property
IS positive. Of course this also proves that there exists such an object
with this property. We will apply this approach to various problems on
random graphs.

However, the main goal of this course is to give an introduction to
Stein’s method that proves asymptotic normality for sums of (in some
sense) weakly dependent random variables. This method has turned
out to be very successful, in particular in random graph problems.
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Lower Bound for the Ramsey Number

Definition The Ramsey number R(k,l) is the smallest number n such
that any 2-coloring of the edges on the conplete graph K,, on n vertices
contains either a monochromatic K; (in K,) of the first color or a
monochromatic K; (in Ky) of the second color.

Ramsey’s theorem: R(k,l) exists for all positive integers k and I.
Example: R(3,3) = 6.

Remark: R(k,k) < (4 4+ o(1)).



Lower Bound for the Ramsey Number

T heorem

R(k, k) > 2F/2

for all &k > 3.

Proof

Ky ... complete graph with vertex set {1,2,...}

Take a random 2-coloring of the (72") edges

(Each edge is colored independently and with equal probability %.)



Lower Bound for the Ramsey Number

RC{1,2,...}, |IR| =k

Ap = {the induced subgraph of R is monochromatic}

— P(Ap) =2 =2'-0)

2\2

k
— P{IRC{1,2,...} :|R| =k, Ar occurs} < <Z)21—(2).



Lower Bound for the Ramsey Number

n = |2%/2| (and k > 3)
N\ ~1—(k nk 1 2k/2

— P{VRC{1,2,...} :|R| =k, R is not monochromatic} >0

<1




Lower Bound for the Ramsey Number

Notation: We use the notion almost always as an abbreviation for the
property that the probability that a certain condition holds converges
to 1 as the size of the problem goes to the infinity.

Remark. n = |2¥/2] — k= [2logsn],

2k/2
im 2—— =20
k!

k— 00

— Almost always there exists no monochromatic Ky oqg,,] IN @ ran-
domly edge colored K,.



First Moment Method

Linearity of the expectation:

X=Yv% = EX=YEY
el el

e [ he expected value is usually easy to compute.

e [ he dependence structure between the Y, is irrelevant.



First Moment Method

Theorem Suppose that E X ist finite.

— [P{X<EX}>0| and [P{X>EX}>0]|

Proof (indirect)

Suppose that P{X <EX} =0

— P{X>EX}=1
— IEXzE(]I[X>EX]-X>=EX+E§H[X>EX]-(X—EX)Z>EX
>0

which is a contradiction!



First Moment Method

T heorem

X ... discrete random variable on non-negative integers.

— |P{X>0}<EX|

Proof

EX =Y kP{X =k} < 3 P{X =k} =P{X >0}
k>0 k>1



First Moment Method

As an first application we prove R(k, k) > 2k/2 3 second time:

Ky ... complete graph with vertex set {1,2,...}

Take a random 2-coloring of the (g) edges

S, --- set of all subgraphs of K, with k£ nodes

Y

— Xn — Z I[[R is monochromatic]
RESn,k

is the (random) number of monochromatic subgraphs of K,, that
are isomorphic to K.



First Moment Method

Xn = Z H[R is monochromatic]
RESn,k

k
—> EX,= > P{Ris monochromatic} = (Z)Q 2~ (2)
RGSn,k

k ok/2
— P{X, >0} < (Z)zl—(z) <25 - <1




First Moment Method

T heorem

v1,...,Un ... UNit vectors in R”

—> de1,...,en€{—-1,41}:

le1v1 + - - + envn] < Vn

—> 3 el,...,e, € {-1,4+1}:

€hv1 + -+ eponl > Vn|




First Moment Method

Proof

£1,...,en € {—1,41} random signs (independent equal probability %)

n 2

= |2 e

1=1

non
Z Z €i€jVi - Uy

K (87;6]') — 517]

— EX = Z ZE(ezsj)vz vj = sz v; = n.
1=17=1

+ application of first moment method.



First Moment Method

Definition A set of nodes I in a graph GG is called independent if no
two nodes of I are adjacent.

The independence number a(G) of G is the maximal size of an
independent set of nodes of GG.

T heorem

G = (V,E) ... graph with |V| =n nodes and |E| = m > n/2 edges.

n2
— |a(G) > —|
dm




First Moment Method

Proof
p=n/(2m) —= 0 <p< 1.

S ... random subset of vertices: P{v € S} = p (independent)

n2

X =S| ... (random) size of S, |EX =np = —
2m

Y .. (random) number of edges in G|g (= induced subgraph of G)

Y = Z H[both endpoints of e are in 5]
eck




First Moment Method

Y = Z H[both endpoints of e are in S]
eck

— EY:szzmpzz_
eck 4m

n2 n2 n2

— E(X -Y)= — 2 - _ — .
( ) L 2m  4m dm




First Moment Method

e [ here exists some specific S for which the number of vertices of S
minus the number of edges of S is at least n?/(4m).

e Select one vertex from each edge of S and delete it. This leaves a
set S* with at least n2/(4m) vertices.

e S* is an independent set (all edges of S have been destroyed)

2

—  |a(G@) >
dm




First Moment Method

Definition The girth girth(G) of a graph G is the size of the shortest
cycle.

The chromatic number y(G) of a graph G is the smallest number k
such that there exists a regular k-coloring of the vertices of G, that
is, a coloring of at k colors of the vertices such that adjacent vertices
have different colors.

Theorem [Erd6s 1959]

For all (positive integers) k and ¢ there exists a graph G with

girth(G) >¢| and |x(G) > k|




First Moment Method

Proof
p=n?"1 for some 0 < 6 < 1/¢ (n be chosen sufficiently large)

V ={1,2,...,n} ... vertex set of a random graph:

Ple e E(G)} =0p (independently)

X ...number of cycles of size </.

0 < 1




First Moment Method

EX >E (X Ixsn/9) > gIP{X > n/2)

EX = o(n)

—> |P{X >n/2} =o0o(1)|




First Moment Method

P{a(G) >m} =P{3S5 C{1,2,...,n}:|S| =m, S is independent}

<K ( Z H[S is independent])

S|=m

= > P{S is independent}
|S|=m

=("a-n®
< ™ em(3)

< (ne—p(m—l)/Q)m



First Moment Method

m = m(n) = f% logn] ~ 3nl=flogn

— pePm-1)/2_, g (n — o)

—  |P{a(G) > m(n)} — 0 (n — o0)




First Moment Method

n sufficiently large that P{X > n/2} < % and P{a(G) > m(n)} < %

e Take G with X < n/2 (less than n/2 cycles of length at most /)
and a(G) < m(n) ~ 3nl=%logn.

e Remove from G a vertex from each cycle of length at most /.

e New graph G* has at least n/2 vertices, |girth(G*) > ¢

e a(G*) < a(@)

|G| n/2 n?

— G*) > = .
X&) = a(G) ~ 3nl-flogn 6logn

e n sufficiently large that n?/(6logn) > k = |x(@) > k|.




Second Moment Method

Second moment E (X?2)

Variance |[VX = E(X2) — (EX)2=E((X —EX)?)

Theorem [Chebyshev’'s Inequality] Suppose that E (X?2) is finite.

1
= |P{IX -EX| 2 \WVX} < |

Proof
roo VX =E((X — EX)?)

>E ((X ~EX)?I[x £ x|2x))
> k°P{|X —E X| > x}.
and use Kk = A- VvV X.



Second Moment Method

T heorem

X ... discrete random variable on non-negative integers

VX

— |P{X =0}< B

Proof Set A =E X/vV X in Chebyshev's Inequality.
Then \AwV X = [E X and consequently

1 VX
P{X=0}<P{IX-EX|>2EX} < —== :
{(X =0} <P 2EX}< 5= Gxy



Second Moment Method

Remark

Sharpened Version: EX =E (X -Ix.q) < VEX?: /P{X > 0}.

(E X)?
E X2 |

— |P{X >0} >

VX
EX2/(

— |P{X=0}<

This complements the inequality P{X > 0} < E X:

(E X)?
E X2

<P{X >0} <EX




Second Moment Method

T heorem

Xn ... sequence of random variables with
EX, —oc0 and E (Xn)Q ~ (E Xn)2

aS n — 0O0.

—> Xn >0 and

almost always.



Second Moment Method

Proof

e E(X,)° ~(EXp)? = VXn=o0({(EXpn)?).

V Xn
52(EXn)2
(Take A = ¢E X, /v/V X, in Chebyshev's inequality.)

Remark. A relation of the kind P{|X, —EXy| > cEX,} — 0 is a
so-called concentration property of X,,.



Second Moment Method

Application

X = X, ... number of triangles in random graph G(n,p).

Ple e E(G)} =0p (independently)

7T ... (random) set of triangles in G(n,p):

X= > Iuiiser
1<11<19<13<n
EX = > P{(i1,i2,i3) € T} = (3>p3-

1<11<19<13<n



Second Moment Method

2\
E(X >—E< > > [y inyiz)eT] -H[<j1,j2,j3>e:r])

1<i3<ip<iz<n 1<j1<jo<j3<n

—E ( Z Z H[(il,iz,i3)>(j1,j2>j3)67])

1<i1<ip<iz<n 1<j1<j2<j3<n

) > P{(%1,12,73), (J1,42,53) € T}

1<i1<ip<iz<n 1<j1<j2<j3<n



Second Moment Method

1. If |{i1,90,i3} N {J1,72,53} = 3, that is, i1 = j1, 1o = jo, and i3z = j3
then

P{(i1,i2,%3), (j1,42,53) € T} = p°

and there are (g) cases of that kind.

2. If |{i1, 10,93} N {j1,J2,43} = 2 then

P{(i1,i2,43), (j1,42,53) € T} =p°
and there are 12(2) cases of that kind.

3. If [{i1,42,13} N {J1, 42,53} < 1 then the events {(i1,71,k1) € 7} and
{(io, jo, ko) € T} are independent and consequently

P{(i1,j1, k1), (i0,jo, ko) € T} = p°.



Second Moment Method

B0 = Q" + 120"+ () - (g) - 12()

= (EX) + (J)p*(1 = p7) +12(} )p°(1 — p).

np — oo <= EX?~ (EX)?

Proposition

If np — oo then almost always the number of triangles in G(n,p) is

approximated by the their expected number (g>p3.



Random Graphs

Definition Let n be a positive integer and p a real number with 0 <
p < 1. The random graph G(n,p) is a probability space over the set
of graphs on the vertex set {1,2,...,n} determined by

P{(i,j) € G} =p

for all possible (undirected) edges (i,5) with 1 <1i,57 <n and i % j with
these events mutually independent.

Similarly one also considers random graphs G(n,m), where m is also
a given integer with 0 < m < (’g’) Here one considers the set of all
graphs on the set of vertices {1,2,...,n} with exactly m (undirected)
edges where each of these graphs is equally likely. Due to the law of

large numbers G(n,m) will have very similar properties as G(n,p) with

p=m/(3)



Random Graphs

Definition

A martingale is a sequence Xgo, Xq,...,Xm Of random variables with

E(X;411X5, Xi-1, ..+, Xo) = X (0 <i<m)

“Fair Game”



Random Graphs

Edge Exposure Martingale

V=1{1,2,...,n}, E={eq,en,...,em} With m = (’g)

f ... graph theoretic function (e.g. chromatic number), G ~ G(n,p)
Xo(H) :=E f(G)

X1(H) =E(f(G)le1 € G<=e1 € H)

Xo(H) =E(f(G)le1 e G<=e1 €H, ep EG<=ex € H)

Xm(H) := f(H)



Random Graphs

Edge exposure martingale for
the chromatic
number y




Random Graphs

Lemma

f ... graph theoretic function with the property that

o if H, H' differ in one edge then |f(H) — f(H")| < 1.

Xo, X1, ... Xm edge exposure martingale on G(n,p)

— || X1 — X5 <1

Proof (Idea)

Pairing H, H' that differ exactly by edge e; .



Random Graphs

Theorem [Azuma’s Inequality]

Suppose that 0 = X, X1,..., X is @ martingale with | X4 — X;| < 1.

1
—  |P{Xm > \/m) < e 3N |

Proof
re[-1,1] = e < cosh()\) 4+ zsinh())

V=X, - X;1 — E{Xi—1,...,X0) =0.

1 2
— K (eO‘Yi|XZ-_1,...,XO> < cosh(a) + 0 - sinh(a) < e2¢



Random Graphs
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Random Graphs

k=k(n) = kog(n) — 4, where kg = kg(n) is defined by

n (ko1 n~ _rk
<ko—1)2 ("% )>1>(k0)2 (?)

k= k(n) ~2logon, <k87,)>2_(k(2n)) S 3+



Random Graphs

Lemma

Y ... maximal size of a family of edge disjoint cliques (= complete
subgraph) of size k.

n2

Proof

n k
IC ... (random) set of k-cliques of G, p:=E(|K|) = (k)Q_(Q)

W ... (unordered) pairs {A, B} of k-cliques of G with 2 < |AN B| < k.

A 21.4
Ew =2 o HF
2 2n2

k—1 L

with A = (_)(”_];)Q(é)—(é),

i=2 ¢ k-



Random Graphs

q = p/A.
C ... random subfamily of K with P{A € C} = q.

W' ... (random) number of (unordered) pairs {A, B}, A, B € C with
2<|ANB| <k.

EW' = QQEW = qQA/Q.

Delete from C one set from each such pair. This gives a set C* of edge

disjoint k-cliques of G and

W "2

N

EY >E(IC*) >E(IC]) —EW' = pug— ¢°A/2 =



Random Graphs

Lemma

w(G) ... size of the maximum clique of G

2
_ 1))_n* _
s P{w(@) <k} < T Togus |
Proof
Yo,Y1,...,Ym ... edge exposure martingale on G(n,3) with Y from
above.

e |V;—Y;_1] <1 (a single edge can add at most one clique to a family
of edge disjoint cliques)

e (G has no k-clique «<— Y = 0.



Random Graphs

2
Azuma’'s inequality: m = (g’) ~ %nQ, EY > 2”—]#(1 + o(1)).

< e EY)?/2(5) < o~ (d+o(1))n?/k®

2
_ e—(c—l—o(l))(logn)?




Random Graphs

Theorem [Bollobas] We have, almost always in G(n,%),

n
G) ~ :
X( ) 2logon

Proof (Lower bound)
Almost always there exists no complete subgraph K5 5q, 5| IN G(n,%).

The same holds for the complement. Consequently almost always

there is no independent set of size |2logon].
n

> .
a(G) ~ 2logon
(a(G) ... independece number of G.)

— x(G) >



Random Graphs

Proof (Upper bound)

m = |n/(logn)?|.

S .. set of m vertices

G|s ... restriction of to G to S. G|g has the distribution G(m,3).

k=k(m) =kg(m) —4 ~ 2log, as above.

_m2+o()

P{a(Glg) < k} <e

(a(G) has the same distribution as w(G) for p = 3.)



Random Graphs

14+0(1)

There are now ( > < 2 = 2m such sets S. Hence

n

m

140(1 24o0(1

P{a(G|g) < k for some m-set S} < 2™ ol )e_m ol o(1).

Always always every m vertices contain a k-element independent set.
Take G with this property.

Pull out k-element independent sets and give each a distint color until
there are less than m vertices left.

Give each remaining point a distinct color.

— x(G) < [n_mw +m < %—I—m
B 210g-o n(l +oll))+o <I092 n)
= o (1+0(1),
Oogdon

This proves the upper bound (almost always).



Central Limit T heorem

Definition

A random variable Z is said to be normally distributed (or Gaussian)
with mean u and variance o2 if its distribution function
Fy(x) =P{Z <z} is given by

FZ(x)zcb(x_“)

(o)

~

where
t2

d(x) = 2 dt.

1 X
E— (&
\V 2m /—oo

Notation. £(Z) = N(u,o2).



Central Limit T heorem

Density of Z:

1 2 2
_ ~(2-p)2/(202)
fz(@) N

Characteristic function of ~Z:

. .o 1 2.2
SOZ(t) — Eeth — ez,ut 50t .



Central Limit T heorem

Definition

Weak convergence:

Xn -4 X = [En(X,) — E(X)

for all continuous and bounded h : R — R

Equivalently:

lim Fy (x) = Fx(x) for all points of continuity of Fx(x)

n—aoo

If X is a continuous then convergence is uniform:

| Fx, — Fxlloo = SEIE{ |Fx, () — Fx(z)| — 0.
X



Central Limit T heorem

Levy’s Criterion

Xn N X <= [Eet¥n |, FitX (t € R)

Moreover, if for all t € R

»(t) ;= lim Eet¥n

n—aoo
exists and (¢) is continous at ¢t = O then (t) is the characteristic
function of a random variable X for which we have X, 4, x.



Central Limit T heorem

Notation. “iid" ... independently and identically distributed
Theorem

Y1,Ys,...0id, EY? < oo, Sn=Y1+ Yo+ ...+ Yy

— Sy, = > N O,].
" VvV Sy, (0, 1)

Proof

n=EY;, 02=VY;=E(Y?) - (EY;)? = ESn=nu, VS, =no?.



Central Limit T heorem

SOYZ-(t) _ R eitYi — ez't,u—%g%Q (140(1)) (t — 0)

= [0z (8)|=Eeiton

= VIR g (oGt (VI (it Vi)
= =it/ . (g (it/ (Vio)1 )"

_ —itv/npjo  ityap/o—5t% (140(1))

— —3t2(1+o(1) _, | —5t?|

+ Levy’s criterion.



Central Limit T heorem

Quantified version for finite third moments E |Y;|3:

13
P{snSnu+xﬁa}=¢<x>+o(E'?ﬁ' )

uniformly for z € R.



Stein’s Method

Lemma

L(Z) = N(p,02)

<

E(Z - w)f(Z) =o’E f'(2Z)

for all smooth functions f
: _ 1.2
with f(x)e 2¥ — 0 as |z| — oo

00 1.2
and/ lzf(x)|e 2% dx < co.
— OO



Stein’s Method

Proof
Wilog =0 and 02 = 1.

L(Z)=N(0,1)

— Ef(2) = \/%_W/_O:O f/(:(:)e_%x2 dx
— \/%_Wf(aj)e_%mz \/ﬂ/ acf(:lj)e_ﬁm dx

=0+ EZf(2).



Stein’s Method

EZf(Z) =Ef(Z)

: 0 _1.2
g(x) bounded with / g(x)e 2% de =0
— 0

1.2 X 1. 2
—> f(z) : = e2" / g(y)e 2Y dy
—00

1.2 [0 1,2
= —e2” / g(y)e 27 dy

T

satisfies

f'(z) —zf(z) = g(x)|,

2
2T dx < o0.

1 o0
f(:c)e_§w2 — 0 as |z| — oo and /_OO lzf(z)|e”



Stein’s Method

1 x 1
f(z) = 2%’ /_OO (]I[xgxo] — CD(:IJo)) e 2V’ dy

(@) — 2f (@) = Ipey — Do)
Ef'(2) —EZf(Z) = P{Z < 20} — ®(a0)

—> 0 =P{Z < z0} — ®(z0)

—> L(Z) = N(0,1).



Stein’s Method

Notation. ~ bounded, absolutely integrable:

1

Nh=Eh(Z/o) = h(z/o)e 2% da.

1 o0
\ 271 /—oo
Lemma h ... bounded with bounded first derivative.

Then there exists f with bounded second derivative with

o2 f'(w) —wf(w) = h(w/c) — Nh| (Stein’s equation)

and

1" loe < Kuniv - (I17lloo + 17 ]|oo)

for a universal constant K njy > O.



Stein’s Method

Proof

The solution of Stein’s equation has been already determined (see the
previous lemma).

flz) = e |

T

_(h(y/o) = NI e 39 dy.

Wlog 02 =1

h(z) = h(z) = Nh. (= Nh=0, [l < 2||A].)



Stein’s Method

Abbreviations:

HO — h| o0
Hy = |[]loc = |7||o
Fo=|fllo;  Fullf'llo;
F11 = [[(xf)]loo;
FQZ f”|OO7
1.2 (0O 1 2
c1 = sSup w(l—xeix / e 2¢ du)
x>0 T
1.2 (0O 1 2
co = sup e2” / e 2Y du,
x>0 T

1,2 (00 1,02
c3 = SUp xe2 / e 27 du=1
x>0 x

Y



Stein’s Method

1. Fo < coHo,

2. Fy < 2H,

3. F11 < (¢1 +cp)Hg + Hi,

4. Fp < (c1 +co)Ho + 2H7.

4. implies upper bound for ||f"||lcc and proves the lemma.



Stein’s Method

1, 2

f@) = e [T (R(y) e dy

—> Fp < coHp.

1.2 (00 _ 1,2
Recall: ¢ = sup e2 / e 2 du
x>0 x

(z > 0)



Stein’s Method

fl(z) =zf(z) + h(z) = F1 <|zf(z)ll + Ho.

@

zf(x) = —xe%a’z/ (ﬁ(y)) e_%yQ dy (x> 0)

X

—  ||lzf(2)]lco < c3Hg = Hp.

—> F7 <2Hg



Stein’s Method

3.
(zf(x)) = f(2) + 22 f(x) + zh(z), Fo < c2Hp.

22 (@) + oh(z) = —22e2™ [ h(y)e 2V dy + 2h(x)

T

1 2 [00_ 1 2 1 2 [00 _ 1 2
= —z%e2” / h(y)e 2Y dy + xe2” / yh(y)e 2Y dy
T X

1

1,2 (00 1,2
ze2 yh(y)e 27 dy + zh(zx)
x

1 00 _ 1
= £U2€§x2/ h(y) (g — 1) e—2Y° dy

x x
1.2 [O0__ 1,2
— xe2” / R (y)e 29" dy.

T

—  ||?f(z) + zh(x)||oc < c1Ho + Hy

—> F11 < (c1+cp)Hp+ Hy.



Stein’s Method

4.

f'(z) = h(=z) + zf ().

fix+t)— fl(@)|=|h(x+1t) —h(z) + (z+ ) f(z +t) — zf(z)
< |t|H1 + [t|F11
< |t| ((c1 + c2)Ho + 2H7).

— I < (c1+c2)Hp+ 2H;.



Stein’s Method

Norm | h||

12l == Kuniv - (I2lloo + [11]loo)

This norm is maybe a little unusual but it perfectly fits to Stein’s
method.

Distance of two probability measures P and Q

d1(P,Q) := sup |[Eh(X)—EhA(Y)]
|h][<1

where £(X) = P and L(Y) = Q.

Remark

di(L(Xn), L(X)) -0 «— X,-Lx



Stein’s Method

General situation

W can be composed in the following way
(I ... finite index set, K; ... finite index set (i € I)
X, Wi, Zi, Zi., Wi, Vi sQuare integrable, i € I and k € Kj;):

1. W=)> X;, 2 EX;=0 (iel), 3. VW=1,
el

4. |\W =Z;+W;| (i €l), W; is independent of X,

5. |Z; = Z Zil (1 el),
ke K;

6. |\ W, =W+ V| (€1, k€EK;),

7. W, is independent of the pair (X;,Z;.) (1 €1, k € K;.



Stein’s Method

T heorem

Suppose that a random variable W decomposes as introduced above.
Then

dy (L(W),N(0,1)) < %Z k& (|Xz'|Zz’2)
€1

+> 2 <E|X'L’ZikVik|+E|XiZik| 'E\Zz’-l-‘/z-kI).
i€l keK;

Remark. If the right hand side goes to 0 then W 4, N(0,1).



Stein’s Method

Y1, Yo, ... iid, E|Y;|3 < oo
p=EY;, 0°=VY,
Y, — p

vno
Wi=X14+- 4+ Xn

X; = (also iid)

_ Vit +Ya—pn
Vno

— |W




Stein’s Method

K; = {i}

Z‘i — X’ia
Wi = X,
Vi = 0.

E (1X|27) = B| X,
E|X;ZikVikl = O,
1
E[XiZ| E|Zi+ Vil =EX7-E|X;| = ~E|X;|

— 41 (L) NO.1) € 5= (GE (1¥i— ) +EIYi = ).



Stein’s Method

Proof

Goal:

EW (W) —E f'(W)]

el

+>. 2 <E|XiZ¢kVik|+E\Xz‘Z¢k\ 'ElZi-I-%kl)).
icl keK;



Stein’s Method

Choose h with ||h]| < 1 and use f(x) with

f'(z) —zf(z) = h(z) — Nh = h(=)
(Recall: Nh = Eh(Z) with £(Z) = N(0,1)).

— Eh(W)—-Eh(Z)=Ef(W)-EWfFf(W)
—> [EA(W) —Eh(Z)| = [Ef (W) —EW f(W)|

<17l ( ...... )
< ( ...... )

for all h with ||h]| < 1. (Recall that [|f"]lcc < ||h|| < 1.)



Stein’s Method

Rewrite the difference:

EWfW)-Ef/(W)=EWfW) - > E(X;Z;f' (W)

icl

+ Y EXGZif' (W) = > > E(XiZy) E f/ (W)
icl icl kek;

+> Y E(XiZp) (B (W) —E f/(W)),

icl keK;

Here we used

1=EW?=>Y E(X;W)

el
=Y EX)DEW;) + Y E(X;2)
icl el
=Y E(X;Z)

el

=) Y E(XiZy).

€1 kEKZ



Stein’s Method

First by Taylor’'s expansion:
flz+t) = f(z) + tf'(z) + 5t2f"(x + 6t) for some 6 € [0, 1].

WiW) = Xif(W)

1€l

= 3 X (V) + Zif (W) + 221" (Wi +0,2) )

i€l
X; and W; are independent =—=-E (X;f(W;)) =EX; - E f(W;)
f//
— [Ewrw) - L Ezf )| < L1 S B (X2,
el el




Stein’s Method

Second:

XiZif'(Wy) = Y XiZy f' (W)
ke K;
= > XiZy (f/(Wik + Vir " (Wi, + Qikvik))
ke K;

= > EXGZ (W)=Y > E(X;Zip)E f'(Wig)

icl i€l keK;

<N->0 Y E|XiZy Vik

1€l keK;



Stein’s Method

Third:

Wip=W;, = Vi =W — Z; — Vi
FWi) = W) = (Z; + Vi) ' (W — 0(Z; + Vi)
= |[Ef'(Wy) —EfF' 0| < [If"]-E(Zi + Vip)l.

Putting the three estimates together we get the proposed estimate for
EW (W) —E f/(W)].



Stein’s Met

hod

Simplified Version (dissociated composition: Z,, = X,,i1 € K; C )

. more precisely:

1w =Y X;|
el

4. (W =2,+W,

2. EX;=0 (iel), 3. VW=1,

(i € I), W; is independent of X;,

5.1Z;= ) Xy
ke K;

Wi= > X (Gel,
kEI\R%

6. |\W; = W+ Vig

Vi = 2: X;|(iel, keK;),

JEK\K;

7. (Wi =W — | > Xj|is independent of (X;,Xy) (i€l, k€ K;).




Stein’s Method

Dependency Graph L

I ... vertices, X; random variable (i € I)

o If A, B are disjoint subsets of I that are not interconnected by
an edge then two subsystems (X; : ¢ € A) and (X; : j € B) are
independent.

Application to Stein’s Theorem
K; : = {neighbors of i in L}

W; = Z X = X;,W; ind.
kel\K;

Wik, = Y. X; = (X Xy), Wy, ind.
JEN(K;UKY)



Stein’s Method

T heorem

Suppose that a random variable W decomposes in a dissociated way
that is induced by a dependency graph.

T hen

dy (L(W),N(0,1)) <2) 3" (E (1X: X Xk|) + B (1X:X5]) E |Xk|) .
il j.keK;




Stein’s Method

Proof

Zi= Y X,
ke K;

— |1XyZ7 =Xl Y X;Xp< Y XX, Xg
j7k€Ki j7kEKi

= Y E(IXl27) <> > E (IX:iX;X5)

il icl j kEK;



Stein’s Method

Zik, = X
Vie= 2. X
jEKk\KZ'

= | XiZyVirl < ) 1Xi XX

JEK
— > D E[XiZyViel <> ). D EIXiXipX;
i€l keK; icl keK; jeK),
=2 > 2. EIXiXpX;
kel icK, jeK),

=) > EIXXpXjl

kelijeK,




Stein’s Method

Zit, = X

Zi+Vig= ), X
jEKLUK;

—> E|X;Zyp| -El1Z; 4+ Vip| < D E|IX; Xy -E|X;|+ > E|X; X E|X;
jEKk jEKi

—> Y > E|X;Zy|-E|Z; + Vil

iEI]{IEKi
<> > 2 EIXiXpl EIXl+) > D EIXiXyl-E|Xj
1€l keK; jeEK, 1€l keK; jeK;

=23 > E (|1XiX;]) E|Xg]
1€1 3,keK;



Stein’s Method

1
= 3 > E <|Xi|Zz'2> +> > (E 1 XiZi Vel + B X Zi| - E|Z; + Vik|>
el 1€l keK;

<2 ) (E (|XinXk|) +E <|Xz'Xj|)E|Xk|>a

1€l 5, keK;



Application to Random Graphs

G(n,p) ... random graph
7 ... triangles in G(n,p)

I = {i=(i1,12,i3) : 1 < i1 <ip <iz < n}

X =1T|=) T—(iy.irizs)er]| Number of triangles in G(n,p)
i€l

Simplification: |p <




Application to Random Graphs

X; = o (H[i=(i1,i2>i3)€ﬂ P )
X —-EX
W = X, =

Dependency graph L.

V(L) =1

E(ﬁ) — {(27]) : |{i17i27i3} M {j17j27j3}| > 2}

K; = {k = (k1,ko,k3) € I : {i1,i2,93} N {k1, ko, k3}| > 2}.



Application to Random Graphs

> 2 (E <|X7;Xij|) + E (lXin|>IE|Xk|> —777

1€l j,keK;

(Recall: X; := % (H[i:(il,w%)ey] — p3>)

o ;. =7 =k:

1 53
E (1X:X;X]) = E (X)) = 3 (PP =3+ (1 - p*)»°) < 0_193

e Other case are similar ...



Application to Random Graphs

DD (E (1X,X; X5 )+E (|X7;Xj|>E|Xk|>:O<% <n3p3(1+np2)2))
icl jkEK,

VX =02 > enp3(1 + np?)

= (L(W),N(o,1))zo< n3p3(1 + np2)? )

n9/2p9/2((1 4 np2)3/2
=0 ((np)—3/2(1 + ,np)l/Q)
— 0.



Application to Random Graphs

Theorem
Suppose that 0 < p < % and np — oo.

Then the number of triangles in a random graph G(n,p) satisfies a
central limit theorem.

Remark. Similar properties hold for general subgraph counting.



