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1 Introduction

In order to compute a multidimensional integral I(f) = Jj - f(x)dx one
often uses the mean of function evaluations

A =5 X @

xeP

as an approximation for I(f). Here P is some random or deterministic sam-
ple of N points in the s-dimensional unit cube [0, 1]°. The integration rule
Q(f) is often called a Monte Carlo (MC) or a quasi-Monte Carlo (QMC) al-
gorithm, depending on whether the sample points P are chosen randomly or
deterministically. Many integration error bounds take the form

[1(f) = QNI < V(f)D(P), (1)

where V(f) is a measure for the variation of the integrand f and D(P) is a
measure for the non-uniformity for the sample points P. (For example in the
classical Koksma-Hlawka inequality V' (f) is the variation of f in the sense of
Hardy and Krause and D(P) is the star discrepancy of the point set P, see
[5,6,12].)

One very popular measure for the non-uniformity of point sets in the unit cube
is the so-called £, discrepancy which is in the classical case the L5 norm of the
discrepancy function. Nowadays many error bounds (1) use generalizations of
this classical case. In this paper we consider the weighted Lo discrepancy. This
discrepancy was introduced by Sloan and Wozniakowski [18] with the aim to
give an error estimate of the form (1) which takes imbalances in the “impor-
tance” of the projections of the integrand into account. Before we give the
definition of the weighted L, discrepancy we have to introduce some notation.

Let D denote the index set D = {1,...,s}. Foru C D let 7, be a non-negative
real number, |u| the cardinality of u and for a vector € [0, 1)® let «,, denote
the vector from [0, 1) containing all components of & whose indices are in
u. Further let da, = []c, dz; and let (a,,1) be the vector from [0,1)* with
all components whose indices are not in u replaced by 1. For any N points
Zo,...,xy—1 in [0,1)° and any z = (21,..., 25) in [0, 1]° let

#{i:x; €[0,2)}

disc(z) := N

_zlu.-zs.

Then the weighted £, discrepancy Loy, of the point set Py = {xo, ..., Zn_1}



is defined as (see [18])

1/2
Lony(Pr)= {2 %/ disc((xy, 1))*dz, . (2)
uCD [071]‘“|
u#0

Note that for vp = 1 and ~, = 0 for all u C D we obtain the classical L
discrepancy. The weighted Lo discrepancy is intimately related to the worst
case error of multivariate integration in weighted Sobolev spaces of functions
on [0, 1]®. For more information in this direction we refer to the paper of Sloan
and Wozniakowski [18].

There is a well known formula for the classical L5 discrepancy due to Warnock
[20], which can easily be generalized to obtain a formula for the weighted L
discrepancy (see [9] or [10]).

Proposition 1 Let Py = {xo,...,xy_1} be a point set in [0,1)°. Then we
have
52 N’y( ) =
N— _ 1 N-1
nyu 3‘11‘ - Z H J +—Z Hmln xnvj’l_'rhvj) ?
L:‘Ség JEU nh 0jcu

where x,, ; is the j-th component of the point x,,.

Currently the most effective constructions of point sets with good equidistri-
bution properties are based on the concept of (t,m,s)-nets in a base b, see
[11,12]. In practise all concrete constructions of (¢,m, s)-nets in a base b are
based on a general construction scheme which is the concept of digital nets,
see [7,8,11,12]. See also [13] for a very recent survey article. Here in this paper
we only deal with the case where b = p is a prime number. In the following
let Z,, denote the finite field with p elements, p > 2 a prime number.

Definition 1 Let s > 1, m > 1 and 0 < ¢t < m be integers. Choose s
mxm matrices C, ..., Cs over Z, with the following property: for any integers
dy,...,ds >0 with dy + - - - 4+ ds = m — t the system of the

first d; rows of (', together with the

first ds_1 rows of Cs_1, together with the
first dg rows of C,

is linearly independent over Z,. Consider the following construction principle
for point sets consisting of p™ points in [0,1)%: represent n, 0 < n < p™, in



base p, n = ng+nip+---+n,_1p™ ', and multiply the matrix C;, 1 < j < s,
with the vector @ = (ng,...,ny,_1)" of digits of n in Z,,

Cyit = (' (n), ...,y ()" € Z1.

Now we set
Y9 (n) ) (n) )
.I‘Slj) _ + + m and wn:(xg%"rsls))

The point set {xo,...,xm_1} is called a digital (¢, m, s)-net over Z, and the
matrices (', ..., s are called the generating matrices of the digital net.

The quality of a (digital) (¢, m,s)-net is expressed by the so-called quality
parameter ¢ € {0,1,...,m}. Small values of ¢ imply strong distribution prop-
erties of the net. However, the optimal value ¢ = 0 is not possible for arbi-
trary choices of m,p and s. Note that it follows from Definition 1 that any
d-dimensional projection, 1 < d < s, of a digital (¢,m,s)-net over Z, is a
digital (t, m, d)-net over Z,.

For practical applications it is often useful to have a random element in the
point set used (see [10]). On the other hand we wish to preserve the struc-
ture and distribution properties which a point set already has. That is in this
case, we wish to randomize a (t,m,s)-net such that the resulting point set
is again a (t,m, s)-net with the same quality parameter ¢. Several random-
ization methods for (t,m, s)-nets have been introduced (see [10,14,21]). The
randomization method considered in this paper is a digital shift of depth m
(see also [4,10]) and a simplified version of such a shift which is more useful
for practical applications. Previously, the expected value of the weighted Lo
discrepancy of digitally shifted digital (¢, m, s)-nets over Zs, has been analyzed
in [4].

The aim of this paper is to generalize the results from [4] to digital nets
over Z,, where p is a prime number and to show that similar results hold
for the simplified digital shift. We succeed in generalizing the formula for the
mean square weighted Lo discrepancy in [4] to arbitrary prime bases p (see
Theorem 1) and to show that an analogous formula holds for the simplified
version of a shift of depth m. We then use these results to obtain an upper
bound on the mean square weighted £, discrepancy (see Theorem 2). Note
that by a lower bound on the L, discrepancy of Roth [17] it follows that the
L, discrepancy of any point set in the s dimensional unit cube must be at least
of order (log N)*~V/2N=1 where N is the number of points. As in [4] we also
obtain this convergence rate for digital (¢,m,s)-nets over Z,. On the other
hand we are also interested in how the constant A(p) of the leading term, that



is,

B (B))

A(p) = limsup (log )72 (3)
behaves for various choices of p. This is investigated in Section 4. It is generally
believed that using p = 2 yields the best results. This is also verified by our
calculations here. In particular we consider the Hammersley net. In this special
case we are able to calculate A(p) exactly which shows that the constant in
the leading term is of order O(p(logp)~*/?) and hence we obtain the smallest
constant when p = 2. For the general case we can only obtain an upper
bound, again with the constant of the leading term growing in p and with the
smallest value obtained for p = 2. On the other hand it is conceivable that
smaller constants can be obtained using digital nets with higher bases, but
until now no such bound has been proven.

In the following we introduce the digital shift of depth m for the one dimen-
sional case. For higher dimensions each coordinate is randomized indepen-
dently and therefore one just needs to apply the one dimensional randomiza-
tion method to each coordinate independently.

Let the point set Pym = {zo,...,z,m_1} be a digital (t,m,1)-net over Z,
generated by the matrix C'. Let

_ Tp T2 Tnm

be the p-adic digit expansion of x,,.
Now we choose the digits o1,...,0, € {0,1,...,p — 1} i.i.d.. Then we define
Zni = Tn; + 0; (mod p) fori=1,...,m

with z,; € {0,1,...,p — 1}. Further, for n = 0,...,p™ — 1, we choose 4, €
0, me) i.i.d.. Then the randomized point set P,m = {zo, ..., zm_1} is given by

Zn=@+-"+%—’mm+5n.

p p

This means that we apply the same digital shift to the first m digits, whereas

the following digits are shifted independently for each z,,. Therefore we call it
a digital shift of depth m (see again [10]).

Sometimes we will write digital shift or simply shift instead of digital shift of
depth m. When we use a digital shift of depth m’ in conjunction with digital
(t,m, s)-nets we always assume that m’ = m.

Further we introduce the simplified version of a digital shift of depth m. With
the notations from above the randomized point set P,m = {z0,...,2ym_1} is



given by

zn,l Zn,m 1

P 4+t .
p pro 2pm

This means we apply the same digital shift to the first m digits and then we

add to each point the quantity 1/(2p™). Geometrically this means that the

randomized points are no longer on the left boundary of intervals [a/p™, (a +

1)/p™) but they are moved to the midpoints of such intervals. Note that for

the simplified digital shift we only have p™ possibilities which means a very

strong de-randomization compared to the shift of depth m.

For arbitrary s > 1 it can be shown that a (¢, m, s)-net in base p randomized
by a digital shift of depth m or a simplified digital shift independently in each
coordinate is again a (t,m, s)-net in base p with the same quality parameter
t. As the result is not essential for the following we omit the proof. Similar
results have been shown before (see for example [3,14]).

2 Walsh functions and their connection to digital nets

In this section we recall the definition of Walsh functions, which will be the
main tool in our analysis of the mean square weighted L, discrepancy. We
confine ourselves to prime-base p. In the following let Ny denote the set of
non-negative integers and T = {z € C : |z| = 1} the unit circle in the complex
plane.

Definition 2 For a non-negative integer k£ with base p representation
k= ke 10" "+ + K1p + Ko,

with x; € {0,1,...,p — 1}, we define the Walsh function ,waly : [0,1) — T
by
2mi

(1Kot t+Taka—1
owaly(z) ==er ¢ afa=1)

for z € [0, 1) with base p representation z = Stg (unique in the sense
that infinitely many of the z; must be different from p — 1).

Definition 3 For dimension s > 2, z1,...,25 € [0,1) and ky, ..., ks € Ny we
define pywalg, %, :[0,1)* — T by

pwalp, (2, ) = [ pwaly, (z;).
j=1
For vectors k = (ki,...,ks) € Nj and © = (xq,...,2) € [0,1)° we write
pwalg(x) =, walg, g (T1,...,T5).



Throughout the paper we will use Walsh functions in base p, hence we shall
often write wal instead of ,wal.

We introduce some notations. By & we denote the digit-wise addition modulo
p and by © the digit-wise subtraction modulo p , i.e., for x = Y2 % and

i=w pi
Y= %ﬁ for some integer w we have
00 2
r®y:=>» =, where z =uz;+y; (mod p),
i=w pz
TOy =) —, where z =z; —y; (mod p).
Correspondingly we define oy := >>° z%’ where z; = —y; (mod p).

In the following proposition we summarize some basic properties of Walsh
functions. For more information see [2,15,16,19].

Proposition 2 (1) For all k,l € Ny and all z,y € [0, 1), with the restriction
that if x,y are not p-adic rationals then x @y is not allowed to be a p-adic
rational, we have

walg () - wal(r) = walgey(x), walg(z) - wal(y) = walp(z © y),

walg(z) - wal(r) = walpey(x), walg(z) - wal(y) = walp(z © y).
(2) We have

1 1
/ walp(x)der =1  and / walp(x)dz =0 if k > 0.
0 0
(3) For all k,1 € N§ we have the following orthogonality properties:

o 1 ifk =1,
/ walg(x)wal(x)dx =
[0,1]¢ 0 otherwise.

(4) For any f € L5([0,1)°) and any o € [0,1)® we have

/[0,1]s flz)de = / flx @ o)dx.

[0,1]°

(5) For any integer s > 1 the system {waly, . y. : k1,...,ks > 0} is a complete

orthonormal system in Lo([0, 1]%).

.....

Proof. The proofs of (1)-(3) are straightforward, or see [15]. For item (4) see
2, Lemma 1] or [15, Corollary 4] and for item (5) see [2] or [15, Satz 1]. O



Let {xo, ..., z,m_1} be a digital net over Z, generated by the m x m matrices
Ch,...,Cs over Z,. For @, = (xp1,...,Tps) and ,,; = x—”le + .+ %’
1<j5<s,0<n<pm, we identify x, with
(Tnads- s Tndms - s Tnsly- s Tnsm) € /i

and define

Tn BTy = (Tp11 +Tni, - Tnsm + Thsm) € Zy*. (4)
The subsequent lemma follows easily from the construction of digital nets.
Lemma 1 Any digital net {xo, ..., xym_1} over Z, is a subgroup of (Z;**, D).
The following lemma will be very useful for our investigation.

Lemma 2 Let {xo,...,x,m_1} be a digital (t,m, s)-net over Z, generated by
the m x m matrices Cy, ..., Cs over Z,. Then for all integers 0 < ky, ..., ks <
p™ we have

= P if Ol + -+ CTky =0,
Z walkhm,ks (mn) =
n=0 0  otherwise,

where for 0 < k < p™ with k = kg + K1p + -+ + Ko p™ 1 we write k=
(Koy---sKm—1)" € Z" and 0 denotes the zero vector in 7.

Proof. See [3, Lemma 2. O

3 On the mean square weighted £, discrepancy of randomized nets

In the following subsection we prove a formula for the mean square weighted
Lo discrepancy of randomized digital nets. This formula depends on the gen-
erating matrices of the digital net. We remark that it is possible to prove a
similar formula for more general £ discrepancies as for example the weighted
anchored L, discrepancy with anchor ¢ € [0, 1]*. But for simplicity we restrict
ourselves to the case ¢ = (1,...,1) here.

3.1 A formula for the mean square weighted Lo discrepancy of randomized
nets

The aim of this subsection is to prove the following theorem.



Theorem 1 Let Pym be a digital (t,m, s)-net over Z, with generating matrices
Cy, ..., Ck.

(i) Let ﬁpm be the point set obtained after applying an i.i.d. random digital
shift of depth m independently to each coordinate of each point of Pym
Then the mean square weighted Lo discrepancy of Pym is given by

E[L3 o (Py)] =
1\ M 1 3 ol
é%{ o] (1— (1——3 pm> ) +ﬁ; <§) B(v)|,
u#0 00
where for v = {vy,...,v.} we have
p"—1 e
B(v) = > 11w (k).

kseorke=1 j=1
chlir---Jcheke:o

with

1 (1 1
(k) =~y (5 B m)

and r = r(k) is such that p"® < k < p"™+1 and k, is the most significant
bit in the p-adic representation of k.

(i1) Let ﬁpm be the point set obtained after applying a simplified i.i.d. random
digital shift independently to each coordinate of each point of Pym. Then
the mean square weighted Lo discrepancy of ﬁpm s given by

E[L5 ym (B L;;%[ (3|u| <%+ﬁ>u)
+Zﬁ (1 - (1 - ﬁ)) + % 3 (g)' B(n)],

v#£0Q
where B(v) is as in (i).
From this theorem we immediately obtain

Corollary 1 Let Pym be a digital (t, m, s)-net over Z,. Let ﬁpm be the point set
obtained after applying an i.i.d. random digital shift of depth m independently
to each coordinate of each point of Py and let Py be the point set obtained
after applying an simplified i.i.d. random digital shift independently to each
coordinate of each point of Pym. Then we have

E[L )] S ELLS oy (Bpm)):

2,pm —y(



The proof of Theorem 1 is based on the Walsh series representation of the
formula for the £y discrepancy given in Proposition 1. As we shall see later,
the function v in the theorem above is related to Walsh coefficients of a
certain function appearing in the formula for the L, discrepancy. We need
several lemmas.

Lemma 3 Let z1, 25 € [0,1) and let z1, zo € [0,1) be the points obtained after
applying an i.i.d. random digital shift of depth m to x1 and xo. Then we have

walk(xl @.TQ) Zfo < E=1< pm’

E[waly(z1)wal(z2)] =
0 otherwise.

Proof. The proof follows exactly the lines of the proof of [4, Lemma 3] with
the dyadic expansions replaced by p-adic expansions. a

In the following lemma we calculate Walsh coefficients of the function |z; —
2zo|. This function appears in the formula for the £, discrepancy through the
equation min(z1, 22) = 1 (21 + 22 — |21 — 22]).

Lemma 4 Let 2,29 € [0,1). We have

o0

|21 — 20| = > 7(k, Dwaly,(z1)wal(22),
k,1=0
where 7(0) := 7(0,0) = 3 and 7(k) := 7(k, k) = zﬁ(% - WM) for

k> 0. For k>0, r(k) denotes the unique integer v such that p" < k < p"**.

Proof. As |21 — 2| € L5([0,1]?) it follows from Proposition 2 that the function
|21 — 22| can be represented by its Walsh series. We have

11
T(k, 1) :/ / |21 — zo|walg(z1)wal;(22)dz1d2s.
0o Jo
For the evaluation of this integral for k = [ see [3, Appendix A]. a

Lemma 5 Let 1,29 € [0,1) and let z1, 25 € [0,1) be the points obtained after
applying an i.1.d. random digital shift of depth m to x1 and x-.

(1) We have
E[z] = % and E[%] = %
(2) We have .
E[|z1 — 22]] = png(k:)walk(xl O xq),
where 7(0) = & and 7(k) = zﬂ%ﬂ:(é — m) for k > 0. For k > 0,

r(k) denotes the unique integer r such that p" < k < p™*.

10



(3) We have

p™—1

Emin(l — 21,1 — 29)] = % (1 - Y 7(k)wal(z; © .772)) :

k=0

Proof. (1) The proof of these two formulae is straightforward.
(2) In Lemma 4 it was shown that

[e.e]

|21 — 2o = Y 7(k, waly(z1)waly(22),
k,1=0

where

1 (1 1
(k) =7k k) = S5oam <§_m>’

for k > 0 and 7(0,0) = 1. (We do not need to know 7(k,l) for k # 1
for our purposes here.) The result now follows from the linearity of the
expectation value and Lemma 3.

(3) This result follows from items (1) and (2) together with the formula

) 1
min(zy, 23) = 5(21 + 29 — |21 — 22]).

We are now ready to prove Theorem 1.

Proof of Theorem 1. First we prove the formula for the case that the ran-
domization method is the digital shift of depth m. Let Pyn = {20, ..., 2m_1}
and z, = (%u1,- ., 2n,s). From Proposition 1, Lemma 5 and the linearity of
expectation we get

E[L3 o (Bp)] = D" Y [31‘ o Z H nil

uCD n=0 jecu
u#£0

o Z [[ Efmin(1 — 2, ;,1 - Zh,j)]]

n,h=0j€u

—Z%l T QmmZHE — Zn,j]

uCD n=0 jecu
u#)

11’*1

o Y TEmin(l —z,;,1— Zh,j)]l-

n,h=0
JjEU
n#h

Now we use Lemma 5 again to obtain

11



uCD
u#0

11
2
Elapmsl Z%{ gl T pm o

21m pi H ( pi T(k)walk(:cn,jesch,j))].

n,h=0 ]Eu k=0
n#h

We have

p—1
jeu k=0 o Cu

p™m—1 pMm—1

Z YT T(ka)walg, .k, (Tnw © Thas -« s Trwy © Thavy)-
k1=0 kqy=0
Thus
~ 11 1 P2t
5 e _— _
[£2p v 1;3 Yu 3\11\ pm o] + e n;o ST
u#p 7”L¢_}L
1 1 P! .
tom o 2. 2. (=D
2 p n,h=0 wCu
n#h w#£0D
w={wy,..., wg}
p™"—1 p™—1 d
Z ’ Z H T(k )Walk (xnw O Ty wl)]
k1=0 kq=0 i=1
We have

p"—1 1 m= 1prti-1 1 1
> 7 § e 37 sin(rmom/p)

sin®(k,7/p)

:% rz()pr+2 <__m>'

We evaluate the second sum in the above expression. In [3, Appendix C] it

was shown that

“— sin*(ar/p) 3
Hence we get
pmzjl 1
k=0 3-p

Therefore,

12



v Cu K1, ko) =0 i=1 w Cu
1020 Lo fw] w020

( 1 )u
=|1-— — 1.
3-pm

Now we add and substract this in the above expression in order to obtain

E[L3 e (Fpm)]

1 (! MY 11
_Z%gm gw P\ T\ s ) | mam

uCD

w0
m pm—l d
Q\u\ n2m Z Z (_l)d Z HT(kji)Walki(xnvwi O Th,uw,) |-
nh=0  wCu kiyeonkiq=0i=1
10 Z£0)
w={wy,..., wgt
Since 7(0) = £ we have
ret 11
\ml |m\ - _
2m Q\u\ n;O m;u 3l 2yl
ro £(

Hence

E[L3 o (Fpm)]

1 (4 1\ 1 1 1 1
=Soulgm gt (1 (1 5m) et

uCD
i)

Jrii Z (_1)d Z Z HT Dwaly, (Znw, © Thow,) |-

ul 2m
2‘ ‘p wCu k1., kg=0 n,h=0i=1

From the group structure of digital nets (see Lemma 1) and from Lemma 2
it follows that for any digital net {xo,...,x,m_1} generated by the m x m

matrices C, ..., C, we have
1 P! 1 P!
om Z Walkly---7k5<wn6wh):_m Z walg,  k, (2,)
p n,h:() n=0

1 if O7 k) + -+ CJky =0,

0 otherwise.

13



Since we have that the d-dimensional projection of a digital (¢, m, s)-net is
again a digital (¢, m, d)-net (see Introduction) we get (with ro = {wy, ..., ws})

k1 yeeskeg=0 i=1
(k1seeskg)#(0,...,0)
Cay k1+---+CIdkd:0

=p™ ) > I1
- S (k).
p 3ol [o] [1 (k)
vCro k1,...,ke=1 j:l
vF#D T ... TE —§
o={o1s e} CopFrt ot Cyche=0

p—1 p"—1 d 2

p m
k1., kg=0 n,h=0j=1 vCrw
(k1 ki g) £(0,...,0) 20

Thus we obtain

E[L3 (P, é%l T (1 <1_ﬁ>u)

. [ro|
+2iu Z <—%) ;’(—3)“'3(0)1.

Let now u, v, with ) £ v C u C D, be fixed. Then v C v C u is equivalent to
(v \ 1) C (u\ v), provided that v C . Therefore, for [v| < w < |u|, there are
(t':‘”') sets to such that |to| = w and v C v C u. Hence

o]

‘%; (_%)ml K;U 3)B(v Uzc; wi:ﬂ <|Z]|__||;||> (_%)w (=3)"B(o)

|u| |

-y (M (<)) B

and the first result follows.

14



It remains to prove the formula for the mean square weighted Lo discrep-
ancy for the case that the randomization method is a simplified digital shift.
Trivially we have

m 1/p™ 1

For 1 < j < s the j-th components of the points @, € P,m are a 1-dimensional
digital net and hence their base p representation has at most m digits unequal
zero. Therefore if x,, ; > x}, ; then we have x, ; + 6, > w3 ; + d) for arbitrary
dn, 0 € ]0,1/p™). Hence we obtain

2 ip™ pl/p™
p m/o /0 min(l — (,; + 0,), 1 — (24, + 6))dd,do), =

: 1 1

Further we have

Up™ 1 — (2 + 0,)? 1 1\ 1
m ) =—11-= . _ — .

Now the result follows from these considerations together with Proposition 1
and the first part of this proof. a

3.2 An upper bound on the mean square weighted Lo discrepancy of random-
ized digital (t,m, s)-nets over Z,

In this subsection we derive an upper bound on the formulas shown in The-
orem 1. Due to Corollary 1 it is enough to consider in the following only the
case that the randomization method is a digital shift of depth m. We have the
following theorem.

Theorem 2 Let Pyn be a digital (t,m, s)-net over Z,, with t < m. Let Pym be
the point set obtained after applying an i.i.d. random digital shift of depth m
independently to each coordinate of each point of Pym. Then the mean square
weighted Lo discrepancy of ﬁpm 1s bounded by

~ 1
E[‘c; pm;y(Ppm)] < pQ—m Z Tu

uCD
u#0

|u|
1 (PP —D+3 u|—1
- PZPT2) -t .
6 +p ( 6 ( )

15



For p = 2 we can recover the result in [4] with the above theorem. Note that
using so-called digital sequences (see [12]) it follows that for fixed s and p there
always exists a digital (¢, m, s)-net over Z,, where ¢t < T'(s,p) is bounded for
some natural number 7'(s, p) independent of m, and m can be chosen arbitrar-
ily large. Hence the above theorem shows that we can obtain a convergence
rate of the root mean square £y discrepancy of O((logp™)®=1/2p=m).

Further the upper bound is better for smaller p, hence it is best for p = 2. This
supports the belief that nets in base 2 yield the best distribution properties.

We need two lemmas for the proof of the above theorem.

Lemma 6 For any real number b > 1 and any integers k,ty > 0, we have
0 —k
Z t+k—1 — to+k—1 (1_1) .
=\ k=1 - E—1 b

Proof. See [4] or [10]. O

Lemma 7 Let C1,...,Cy be the generating matrices of a digital (t, m, s)-net
over Z,. Further define B as in Theorem 1. Then for any v C D we have

2t 3 [o] lo|—1
p p 1
<z = — 4+ = .
B(U)—pzm (3(19—1—1)) <m t+p3>

Proof. To simplify the notation we show the result only for v = {1,...,s}.
The other cases follow by the same arguments. We have, for k; = k; o+ k;1p+
ot ke and ke #£0, 5 =1,2,...,5,

B({1,...,s})

p"—1 pm—-1 s

= > > 1l 2<m+1 <sin2(kj1,rj7r/p)_%>

k=1 k=1 j=1P

Cf kit-+CT k=0

1 ol 1 pritlol pratlog g

L 2 M ammam3) O

p23
T1,e,Ts=0 1=p"1 ks=pTs j=1

Cl ki+-+CT k=0

For1<j<sand1l<i<mlet 5JTZ denote the i-th row vector of the matrix
C;. Hence the condition in our sum (5) can be written as
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Ciikio+ -+ Cipkip -1+ Clpsikie +
Coikog + -+ Copykory—1 + Copyr1kor,+

—

Cs,lks,O + -+ Cs,rsks,rs—l + Cs,rs+1k5,r5 =0.

Since by the digital (¢, m, s)-net property (see Definition 1) the vectors

—

Cl1y+++5Clr+1y -+ -5 Cs15 - -+ Csrg41

are linearly independent as long as (r; + 1) +---+ (rs + 1) < m — ¢, we must
have

ritcootrs>m—t—s+1. (7)
Let now A denote the m x (r; +- - - +7,) matrix with the column vectors given
by i1y s Clags vy Csasenny Copys L€,

A= (Cr1y s ClyyyevyCsayevnyCory)
Further let

r PO g g m
Jrr s vksry = —(Comarkim + .o+ Cororiksyr,) € Z,

and
ko= (kio, o kit koo oo Kspo1) | € Z T
Then the linear equation system (6) can be written as

AE = fl;l,rly---vks,'fs <8>

and hence

p'r1+1 1 p'rs+1 1 s

> - ZH(W )

ki=p™t ke=prs j=1

c;a+m+CTa—*

- % s 5) !

kl,rp 7ks rs—l J 1

Ak:fklm

- Y (s

k‘l,rl N 7k's Ts

1 1 . L.
_— — = keZnt s Ak = .
sin? (/) 3) HEeS Pt}

By the definition of the matrix A and since C,...,C are the generating
matrices of a digital (¢, m, s)-net over Z, we have

ri4-oo+rs i+ +rg<m—t,
rank(A) = ' '

>m—t else.

17



Let L denote the linear space of solutions of the homogeneous system Ak = 0
and let dim(L) denote the dimension of L. Then it follows that

0 ifri+---4+r,<m-—t,

dim(L) =
<ri+---4+rs—m+t else.

Hence if 71+ - -+ry < m—t we find that the system (8) has at most 1 solution
and if r; 4+ - -+ 7, > m—t the system (8) has at most p™ "=+ golutions,

ie.,
o TR
kit ks ol sin® k]r w/p) 3

CJE1+---+CT/§S:

< Z H(W %>

kl,r17"-aks re=17=1
1 ifry+--4+r,<m-—t,

X
pr1+...+rs—m+t ifri+---4+rs>m—t.

n [3, Appendix C] it is shown that %~ == (llm = —+. Therefore together

Wlth condition (7) we obtain

1 p2 —p S m—1 1
B({l,...,s})§—<T> Z ]m+
T seees rs=0

p25
m—t—s+1<rj+--+rs<m—t

1 (p*—p
p2s 3

=. 21 + 22.

S m—1 1
Z pr1+~~~+rs—m+t
2(T1+"'+Ts)
- p

,,,,,

rit+otrs>m—t
(9)

Now we have to estimate the sums >; and Y. First we have

s(m—1) 1 m—1

()52 B

m [
p [:m_t+1 p T seens rs=0

3p

T+ trs=l
—1\°" pt & —1\1
3p P\ s—=1 )p

where we used the fact that for fixed [ the number of non-negative integer
-+ 1y =11is given by (Hs 1) Now we apply Lemma 6 and

solutions of ry + -
obtain
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_ st . . —5
5, < p—1 » 1 m—t+s\ (p—1
3p pmpm7t+1 8—1 P
1 p?*1(m—t
_ 2 p Lim=tas) (10)
35 p?m p s—1

Finally, since

(m—t+s> _(m—t+2)(m—t+3)---(m—t+s)

<(m—t+2)1
s—1 12 (s—1) < (m-t+2)

we obtain
1 p*1 -1
Yo < oo —(m —t+2)°
mp

Now we estimate ;. If m—t > s—1 we proceed similarly to above and obtain

p— g l+s—1\1

< )lmts+1< s—1 )ﬁ

(%) () (5)
3p 2(m t—s+1) \ 5 — ] p2

1 35 2t 1 —t
1 r (11)
3 (p+1) pmp*\s—1
1
3

CO
’B

IN

35 2t 1 ( _t)s—l

(p+1) mp? (s —1)!

For this case we obtain

3 S (1 (m_t)s—l 1(p+1)° .
§<3(p+1)> p*m <]§ (s —1)! +Z_9 D3 (m—1t+2) )

p* (s —1)! p P P

As pp%l(m —t) + % t+ 5 provided that m — ¢ > 0 we have

2t 3s s—1
B({1,...,sh<L_. P (m—t+i3>

pm 3 (p+1)° p

which is the desired bound.

Now we consider the case where m —t < s — 1. We have
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L (12)

p3

<p+1 (m—t)+w>s_1) |

The result now follows using the same arguments as above. a

Proof of Theorem 2. We use the formula of Theorem 1 together with Lemma 7
to obtain

[yl
1 1 1
2
[»CQP *y( <HCZD'Yu[pm Q\u\ (1— <1—3‘pm> )

u#Q

We have

3 ‘U| 1 ‘U|71
m—t+ —
"Z< p+1> < p3>

<(m—t)""! <%+6(pp7i1)<m_t+l%>>u

2 _ |ul
< (B g

provided that m —t > 0. Since for z < y we have y* — 2% = s¢*~(y — ) for a

xr < ( <y we have
1 |u| ‘u‘
1—({1——— < .
3-pm 3-pm
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v£0
[u|
Ll o (pPP—p+3 u|—1
hl — )™ 13
and the result follows. O

In the following corollary we refine the bound in Theorem 2 by including the ¢-
values of the lower dimensional projections. Observe that it follows easily from
Definition 1 that any projection of a digital (¢,m, s)-net on the coordinates
of 0 # u C D is again a digital (t,,m,|u|)-net with some ¢, < t. In the
following we write digital ((¢,), m, s)-net to denote a digital (¢, m, s)-net where
the projections on () # u C D have quality parameter t,. The subsequent
corollary can by obtained by using (13).

Corollary 2 Let Pym be a digital ((ty), m, s)-net over Z, with maxgsucp ty <
m. Let f’pm be the point set obtained after applying an i.i.d. random digital
shift of depth m independently to each coordinate of each point of Pym. Then
the mean square weighted Lo discrepancy of ]5pm 15 bounded by

~ 1 2 |u|
E[[’;pmn(Ppm)] < — 4 p* <w> (m — tu)u_ll .

6

We close this subsection with a result concerning the proportion of shifts of
depth m which yield a digitally shifted net with weighted L, discrepancy
bounded above by a constant times the bound from Theorem 2. The result
follows from Markov’s inequality.

Corollary 3 Let Pyn be a digital (t,m, s)-net over Z, witht < m. Let Pyn o,
be the point set obtained after applying the digital shift o, of depth m to each
point of Pym. Let

1
f‘)’(tam?s?p) = p2—m Z qu

uCD
u#0

u
1 5 (PP—p+3 -1
s+ ()

and let p be the equiprobable measure on the set of all digital shifts of depth
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m. Forc>1 let A(Pym) = {O'm : Lo (P o) < ¢/ fo(t,m, s,p)}. Then,

for any ¢ > 1 we have

f(A(P)) > 1

2

Proof. The result follows from Theorem 2 together with

E[‘cg,pm,—y(ﬁpm,dmﬂ

> c2f7(t, m,$,p) i ({am : £27pm77(15pm7,m) > cy/ f(t,m, s,p)}) )

3.8 The Hammersley Net

In this section we compute the mean square weighted Lo discrepancy of the
Hammersley net over Z,. The Hammersley net over Z, is a digital (0, m, 2)-net
over Z, generated by the matrices

10 0 0 01
0 -. . S0
Cr=| and Cy = . (14)
SRS 0.
0 01 10 0

The following theorem gives an exact formula for the mean square weighted
L, discrepancy of the Hammersley net over Z,,.

Theorem 3 Let H,m be the Hammersley net over Z, with p™ points.

(1) Let ﬁpm be the point set obtained after applying an i.i.d. random digital
shift of depth m independently to each coordinate of each point of Hpym.

Then the mean square weighted Lo discrepancy of ﬁpm 15 given by

4 2
5 -6 m 1 5)
p~+op _ (’7{1} 2} /Y{m})_

E[L2 .. (Hym)] =
[ 2,p 7"/( p )] 7{172} 180]92 me p2m 6 6 36

(2) Let f{\pm be the point set obtained after applying an simplified i.i.d. random
digital shift independently to each coordinate of each point of Hym. Then
the mean square weighted Lo discrepancy of Hym is given by

pt+5p*—6 m LW F e Fey - Yo
180p? p*m 12 - p?m 24 . pim’

E[L3 ym o (Hym)] = 701.2)
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Remark 1 For p = 2 the above formulas are true for all digital (0, m, 2)-nets
over Zo and not only for the Hammersley net over Z,. This was shown in [4,
Theorem 2.

Proof. We only prove the first formula. The second one follows from the first
one together with Theorem 1. From Theorem 1 we obtain

[ﬁgp 7 H, -
lul o]
1 3
é%lm 2|u|( m> )*m;@) B(U)]>
u#0Q 0#0
where for v = {vy,...,v.} we have
pm—1 e
B(U) - Z H w(kj)a
k1s.ke=1 j=1

CJ Fi+tC) ke=0
with
1 (1 1
k)=———=\5——————=
Y(k) p20+1) (3 siHQ(RrW/P)>
and 7 = r(k) is such that p'®) < k < pr#)+1

Since the matrices C and Cy are both regular it follows that B(v) = 0 if
|o| = 1. Therefore we have

§g Ty T {2y {12} {12} {12}
[ 2,pm Y< )] 6 - p2m 6 - p2m 36 - p3m ({ ’ })

We consider

1 mal A i 1 1 1 1
Pt z:: Z Z (sm (Kum/p) §> <sin2()\y7r/p) _§>

Clk+Cy 1=0

Denote by e, ..., e, the row vectors of C; and by dy, . .., d,, the row vectors of
(5. The condition C’lTk:+C'2Tl = ( can be rewritten as ey kg+- - ~+€y11K,+d1 Ao+
o+ dyi1 Ay, = 0, where k = kg+K1p+- -+ rp" and [ = Ao+ Aip+- - -+ A"

Since ey, ..., €u11,d1, ..., d,1 are linearly independent as long as u+1+v+1 <
m we must have u +v > m — 1. Hence
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1 m—1

B({17 2}) = E Z 2(u+v) Z Z Z Z p(liu)p(/\y),

u,v=0 Ku=1 Ky—1,...;0=0 Ap=1 Ap—1,...,A0=0
ut+v>m—1

e1k0+Feyt1kutdi Ao+ Fdyr1Ap=0

where we write p(k) := W/lm/p) — 1

Assume that u +v =7 > m — 1. Then we have

€160+ - + eys1hu + dido+ -+ dyi1dy =0

iff
Ko 0
Rm—r4u—2 0
Rm—r4u—1 >\T—u

+ =0,

Ry )\mfufl
0 >\m—u—2
0 Ao

ie., iff

® Kg=" = Kp_r1u2=0and

e \g=---=M\,_y—2o=0and

® Kpi1=p—Nfori=m—-—1—u,...,7—u.

Therefore we have

1 m—1 p—1
5 pZ(m ) 2::0 H;p(ffu)p(p—ﬂu)

utv=m-—1

B({1,2})=

12m21m1p—

iy L5 55 s

’Tmp uvonu_l)\v 1
u+v=1

Form — 1 <7 <2m — 2 we have
m—1
Z 1=2m—-—7-1.

u,v=0
u+v=T1

Further we have p(p — k,) = p(k,) and hence
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B<{1,2}>=§m-§pzp<k>2+ - (mz M) (pzpuf)) .

k=1 p pm T=m pT k=1
From
2m22 2m—17—1 m P p*(1 —p™)
= P pm p—1  (p—1)*p*
and )
p— 2
p =D
> pk) =
k=1 3
we obtain
m 1% m.op— 1 1-pm
BUL2 =5 Z +

p 9p  9-pim

In [1, Corollary 5.2] it is shown that

p! 1 ot 10p* — 1
= sin*(km/p) 45

Therefore we have

p—1 ) p—1 1 1 2
k: — 5, < — =
,;1'0( ) ,;1 <s1n2(k7r/p) 3)

:f’f 1 P 1 p—1

= sin* (km /p) a 5,; sin? (k7 /p) * 9
Cpt+10p?—11 2p2—2+p—1 _pt+5p—6

45 9 9 45
Hence
B({1,2}) =
mp4—|—5p—6+m p—1+1—pm_mp4+5p2—6+1—pm
p2m 45p2 p2m 9 9. p3m o p2m 45p2 9. p3m
and the result follows. O

4 The dependency of the leading constant on the base p

In this section we consider the classical L5 discrepancy, that is, we choose
vp = 1 and 7, = 0 for u C D. We denote this choice of weights by ~y.. We
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investigate closer how the leading term as defined in (3) in the bounds for the
classical mean square £, discrepancy depends on the base p. From the previous
section we know that the leading constant for the mean square weighted Lo
discrepancy of 2-dimensional Hammersley nets in base p is given by

p* +5p? — 6
Alp) =\ =goar
180p? log p

It can easily be checked that A(p) attains the smallest value by choosing base
p = 2. This supports the generally believed idea that nets in base 2 yield the
smallest discrepancy.

For the general case such a result is difficult to obtain, but the upper bound
in the theorem below shows a similar behaviour of the leading constant also
in the general case.

In the following we consider the general case, that is, we consider arbitrary
digital (¢, m, s)-nets over Z,. For an s € N and each m € Nlet P,;;om o, be
a digital (¢, m, s)-net over Z, shifted by the digital shift o, of depth m. We
obtain the following theorem.

Theorem 4 Letp>2,5s>3,0<t<mand m—t > s be such that a digital
(t,m,s)-net over Z, exists. Then there exists a digital shift o, s of depth m
such that for the shifted net P,; s pm o, ., we have

¢ it 3 /2 /5 (s—2)/2
£27pm7'7 (Pp7t75>pmyo’m s) S p_ " ° pi £ _'_ O L .
’ o s—1 6(p+1) p 2m

Proof. We obtain from Theorem 1

B3 Bl = i (1- (12 25) )+ 5 £ (3) 56 09

vCD
v#£0D

Lemma 7 shows that, in order to find the constant of the leading term, we
only need to consider B({1,...,s}). From (9), (10) and (11) we obtain

p?t 1 m—t+s N P m—t
p>m 35p s—1 pp+1)*\s—1))

As the bound in Theorem 1 was obtained by averaging over all shifts it follows
that there exists a shift which yields an £, discrepancy smaller than or equal
to this bound. The result follows. O

B({1,....s}) <

Since (m:;rs) = O(m*!) it follows that the constant in the upper bound

(i.e., the upper bound on A(p)) increases at least with p*(logp)~*/2. It might
be possible to improve this bound for special choices of nets, as shown for the

26



case of Hammersley nets above, but in general we expect the constant to grow
with the base p. Hence the best bound can be obtained for p = 2. This special
case, i.e., p = 2, was analyzed in detail in [4].
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