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Abstract

For a planar curve C with positive affine curvature, we derive an
asymptotic formula for the area approximation by quadratic spline
curves with n knots lying on C. The order of approximation is 1/n4

and the formula depends on an integral over the affine curvature.
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1 Introduction and statement of result

Let C be a convex curve in the Euclidean plane E2 and let Pn(C) be the set
of convex polygons with at most n vertices all lying on C and with the same
endpoints as C. If the distance δ(C, Pn) of C and Pn ∈ Pn(C) is measured
by the area of the region between C and Pn, then the problem of asymptotic
best approximation is to study the behavior of

δ(C,Pn) = inf{δ(C, Pn) : Pn ∈ Pn(C)}

as n → ∞. For a C of differentiability class C2 with positive curvature
function κ(t), the following asymptotic formula was given by L. Fejes Tóth
[4], [5]

δ(C,Pn) ∼ 1

12

 l∫
0

κ1/3(t) dt

3

1

n2
as n →∞, (1)

where t is the arc length and l the length of C. A complete proof of this
result is due to D.E. McClure and R.A. Vitale [12]. Formula (1) holds also
for general convex curves without any smoothness assumption, if κ is now the
generalized curvature (see [10]) and these polytopal approximation problems
are also solved for approximation of smooth convex surfaces in d-dimensional
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space (see P.M. Gruber [7]). For more information we refer to the surveys
[6], [8].

Here we consider the problem of approximating a planar curve C by
quadratic spline curves and derive an asymptotic formula in this case. LetQn

be the set of quadratic spline curves with n knots, i.e. of curves consisting of
n pieces of parabolas with common tangents at their common points. These
curves are tangent continuous, i.e. their tangents (but not necessarily their
tangent vectors) vary continuously. For a given planar curve C, let Qn(C)
be the set of Qn ∈ Qn with the same endpoints as C, with their knots lying
on C, and with common tangents with C at their knots. As in the case of
polygons, we measure the distance of C and Qn by the area of the region
between C and Qn and study

δ(C,Qn) = inf{δ(C, Qn) : Qn ∈ Qn(C)} (2)

as n →∞.
Like the determination of the asymptotic behavior of δ(C,Pn), this prob-

lem of spline approximation is equi-affine invariant, i.e. invariant with respect
to area preserving affine transformations. Therefore the asymptotic formula
can be described with the help of notions from affine differential geometry
(see the next section for definitions). Denote by λ = λ(C) the affine length
of C and by k(s) the affine curvature of C given as a function of the affine
arc length s, 0 ≤ s ≤ λ.

Theorem. Let C be a curve in E 2 of differentiability class C4 with positive
affine curvature (or with negative affine curvature). Then

δ(C,Qn) ∼ 1

240

 λ∫
0

|k1/5(s)|ds

5

1

n4
(3)

as n →∞.

The restriction to curves with positive (or negative) affine curvature makes
it possible to use in the proof arguments similar to that of the proof of the
asymptotic formula (1). To determine just the order of approximation of this
problem of spline approximation, it is also possible to use arguments from
related approximation schemes (see [14], [2]).

For the problem of approximation of functions of one variable by spline
functions asymptotic formulae were derived by D.D. Pence and P.W. Smith
[13]. For polygons the problem of area approximation of a convex curve is
equivalent to the problem of L1-approximation of a function by linear splines.
But quadratic spline functions have to be a class C1, whereas quadratic spline
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curves only have to be tangent continuous. The order of approximation is
also different for these problems. For quadratic spline functions with n knots
the order of approximation is 1/n3, whereas for quadratic spline curves with
n knots we have 1/n4.

2 Tools from affine differential geometry

For the following notions from affine differential geometry, see the mono-
graphs by W. Blaschke [1] or K. Leichtweiß [9]. A recent survey on planar
affine differential geometry is also contained in [3].

Let C a planar curve of class C2 with positive curvature. The affine arc
length is given by

s(t) =

∫ t

0

κ1/3(τ)dτ, 0 ≤ t ≤ l, (4)

where t is the ordinary arc length, κ(t) the curvature and l is the length of
C. The affine length λ of C is

λ =

l∫
0

κ1/3(τ)dτ.

In the following, let x : [0, λ] → E2 be an affine arclength parametrization of
C. The affine curvature of C at the point x(s) is then given by

k(s) = |x′′(s), x′′′(s)|, (5)

where ′ denotes differentiation with respect to affine arc length and |·, ·| stands
for determinant. The affine curvature k(s) for 0 ≤ s ≤ λ determines a curve
up to an area-preserving affine transformation. The curves with k(s) = 0 are
parabolas. For a curve C with k(s) > 0 (or k(s) < 0) for 0 ≤ s ≤ λ, the
quadratic arc, i.e. a piece of a parabola, with endpoints on C and common
tangents with C at these points lies completely on one side of C.

3 Proof of the Theorem

We only give the proof for k > 0, the proof for k < 0 is analogue. We need
the following lemma.

Lemma. For 0 ≤ s1 ≤ s2 ≤ λ, let G(s1, s2) be the area of the moon-shaped
piece between C and the quadratic curve with endpoints x(s1) and x(s2). Then

G(s1, s2) =
1

2

(
k(s1)

(s2 − s1)
5

5!
+ o((s2 − s1)

5)

)
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uniformly for all 0 ≤ s1 ≤ s2 ≤ λ as (s2 − s1) → 0.

Proof. We first calculate the area F (s1, s2) of the piece between the curve C
and the line segment joining x(s1) and x(s2). We have

F (s1, s2) =
1

2

s2∫
s1

|x(s)− x(s1), x
′(s)|ds

and applying Taylor’s formula yields

F (s1, s2) =
1

2

(
(s2 − s1)

3

3!
− k(s1)

(s2 − s1)
5

5!
+ o((s2 − s1)

5)

)
(6)

uniformly for all 0 ≤ s1 ≤ s2 ≤ λ as (s2 − s1) → 0. (Cf. [11], Lemma 1)
Second, we calculate the area H(s1, s2) of the triangle formed by the line

segment joining x(s1) and x(s2) and the tangents at x(s1) and x(s2). We
have

H(s1, s2) =
1

2

|x′(s1), x(s2)− x(s1)||x(s2)− x(s1), x
′(s2)|

|x′(s1), x′(s2)|
and by Taylor’s formula and some calculation we see that

H(s1, s2) =
1

2

(
(s2 − s1)

3

4
+ o((s2 − s1)

3)

)
(7)

uniformly for all 0 ≤ s1 ≤ s2 ≤ λ as (s2 − s1) → 0. Since k(s) > 0 implies
that the quadratic arc with endpoints at x(s1) and x(s2) lies completely on
one side of C, we have

G(s1, s2) =
2

3
H(s1, s2)− F (s1, s2),

which together with (6) and (7) implies the lemma.

First we introduce a new parameter r by

r(s) =

s∫
0

k1/5(s)ds,

which is possible, since k(s) > 0. Define

ρ =

λ∫
0

k1/5(s)ds.
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By the mean value theorem of integral calculus there is a σ, s1 < σ < s2,
such that

r(s2)− r(s1) = k1/5(σ)(s2 − s1)

holds. Setting r1 = r(s1) and r2 = r(s2), we therefore have

(r2 − r1)
5 = k(s1)(s2 − s1)

5 + o((s2 − s1)
5) (8)

uniformly for all 0 ≤ s1 < s2 ≤ λ as (s2 − s1) → 0. Let K(r1, r2) be the
area of the moon-shaped piece between C and the quadratic arc with knots
at x(r1) and x(r2). Then by Lemma 3 and (8) we obtain that

K(r1, r2) =
1

240
(r2 − r1)

5 + o((r2 − r1)
5) (9)

uniformly for all 0 ≤ r1 ≤ r2 ≤ ρ as (r2 − r1) → 0.
We take Qn+1 ∈ Qn+1(C) with knots at rni = i

n
ρ for 0 ≤ i ≤ n. Then by

(9)

δ(C,Qn+1) ≤ δ(C, Qn+1) =
n∑

i=1

K(rn,i−1, rni) =
1

240

ρ5

n4
+ o(

1

n4
)

as n →∞ and consequently

lim sup
n→∞

(n + 1)4δ(C,Qn+1) ≤
1

240
ρ5. (10)

In order to show the opposite inequality, let Qn+1 ∈ Qn+1(C) be a se-
quence of best approximating quadratic spline curves, i.e. for Qn+1 the in-
fimum in (2) is attained. Such sequences exist, since δ(C,Qn+1) depends
continuously on its knots. Let x(rni) for i = 0, . . . , n be the knots of Qn+1

and set ρni = rni − rn,i−1. Since limn→∞ δ(C,Qn+1) → 0, maxi=1,...,n ρni → 0
as n →∞. Choose ε > 0. (9) shows that there is an integer n0 such that for
n ≥ n0

|K(rn,i−1, rni)
1/5 − (

1

240
)1/5ρni| < ερni (11)

for i = 1, . . . , n. Rewriting the mean value inequality( 1

n

n∑
i=1

K(rn,i−1, rni)
1/5

)5

≤ 1

n

n∑
i=1

K(rn,i−1, rni)

in the form

n∑
i=1

K(rn,i−1, rni)
1/5 ≤ n4/5

( n∑
i=1

K(rn,i−1, rni)
)1/5
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and combining this with (11), we see that

(
1

240
)1/5ρ = (

1

240
)1/5

n∑
i=1

ρni <

n∑
i=1

(K(rn,i−1, rni)
1/5 + ερni)

≤ n4/5
( n∑

i=1

K(rn,i−1, rni)
)1/5

+ ερ =

= n4/5δ(C,Qn+1)
1/5 + ερ.

Therefore

(
1

240
)1/5ρ ≤ lim inf

n→∞
n4/5δ(C,Qn+1)

1/5 + ερ.

Since ε > 0 was arbitrary, this implies that

1

240
ρ5 ≤ lim inf

n→∞
(n + 1)4δ(C,Qn+1).

Combined with (10) this concludes the proof of the theorem.
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[4] L. Fejes Tóth, Approximation by polygons and polyhedra, Bull. Amer.
Math. Soc., 4 (1948), 431–438.

[5] L. Fejes Tóth, Lagerungen in der Ebene, auf der Kugel und im Raum,
2nd ed., Springer (Berlin, 1972).

[6] P.M. Gruber, Approximation of convex bodies, Convexity and its appli-
cations (P.M. Gruber and J. Wills, eds.), (Birkhäuser, 1983), 131–162.
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