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Abstract

We give a classification of non-negative or Borel measurable, SL(d)
invariant, homogeneous valuations on the space of d-dimensional con-
vex polytopes containing the origin in their interiors. The only exam-
ples are volume, volume of the polar body, and the Euler characteristic.

1 Introduction and Statement of Results

In recent years, important new results on the classification of valuations on
the space of convex bodies have been obtained. The starting point for these
results is Hadwiger’s classical characterization of quermassintegrals [7], [8],
which can be stated in the following way. Let K% be the space of convex
bodies, i.e., of compact convex sets, in Euclidean d-dimensional space E.
Call a functional u : K¢ — R a waluation if

p(K) + p(L) = p(K U L)+ p(K N L)
whenever K, L, K UL € K¢.

Theorem 1.1 (Hadwiger). A functional i : K¢ — R is a continuous, rigid
motion invariant valuation if and only if there are constants ¢y, ¢1,...,¢q €
R such that

M(K) = C()W()(K) + ... +Cde<K)

for every K € K%,
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Theorem 1.2 (Hadwiger). A functional i : K — R is a monotonously
increasing, rigid motion invariant valuation if and only if there are constants
Co, Cly...,cq > 0 such that

M(K) = C[)W()(K) + ... +Cde(K)
for every K € K¢,

Here Wy(K),...,Wy(K) are the quermassintegrals of K and continuity is
with respect to the usual topology induced by the Hausdorff metric.

These theorems are of fundamental importance in the theory of convex
bodies. They also allow deriving simple proofs of numerous results in inte-
gral geometry and geometric probability. These beautiful applications are
described in Hadwiger’s book [9] and Klain and Rota’s recent book [14].

Excellent surveys on the history of valuations from Dehn’s solution of
Hilbert’s third problem to approximately 1990 were given by McMullen and
Schneider [21] and by McMullen [20]. Here we mention some of the more
recent results.

In 1995, Klain [10] gave a new and shorter proof of Hadwiger’s The-
orem 1.1. Whereas Hadwiger’s proof is based on dissections of polytopes
and is rather complicated, Klain’s proof makes use of completely different
tools such as generalized zonoids and spherical harmonics. His result also
contributed to the difficult problem of classifying continuous, translation in-
variant valuations on the space of convex bodies. Further contributions to
this problem include results by Schneider [22], Klain [13], and Alesker [5].
Recently, Alesker [6] has given a complete classification of continuous, trans-
lation invariant valuations on the space of convex bodies thereby confirming
a twenty year old conjecture by McMullen [19].

In the dual Brunn-Minkowski theory, Klain gave a classification of con-
tinuous, rotation invariant valuations on star-shaped sets [11], [12]. In par-
ticular, for continuous valuations invariant with respect to the special linear
group SL(d), i.e., the group of linear transformations with determinant 1, he
showed that the only examples are linear combinations of the Euler charac-
teristic and volume. The difficult problem of classifying continuous, rotation
invariant valuations on the space of convex bodies was solved by Alesker [2],
[3]. In his proof, he approximated continuous, rotation invariant valuations
by polynomial valuations and then classified the latter, making use of rep-
resentations of the orthogonal group. As an application of his results, he
obtained a classification of tensor or polynomial valued, continuous, rigid
motion covariant valuations on the space of convex bodies [4].



In [15] and in the joint paper with Reitzner [17], a classification of up-
per semicontinuous, equi-affine invariant valuations on the space of convex
bodies is given. A functional on K¢ is called equi-affine invariant if it is in-
variant with respect to translations and SL(d). These functionals are linear
combinations of the Euler characteristic, volume, and affine surface area.
In the planar case, this result was generalized to a classification of upper
semicontinuous, rigid motion invariant valuations [16].

Here we consider the following problem. Let 73;,1 be the space of con-
vex polytopes containing the origin in their interiors. What are the SL(d)
invariant valuations on P4? To state our results we need the following no-
tions. A functional p : 73;1 — R is called (positively) homogeneous of degree
q, ¢ € R, if p(t P) = tiu(P) for every P € P? and t > 0. It is called (Borel)
measurable if the pre-image of every open set is a Borel set. Denote by P*
the polar body of P € P4.

Theorem 1.3. Let yu: P¢ — R, d > 2, be a measurable, SL(d) invariant
valuation which is homogeneous of degree q, ¢ € R. If ¢ = 0, then there is a
constant ¢y € R such that

n(P) = co
for every P € Pg, if ¢ = d, then there is a constant cog € R such that
H(P) = co V(P)
for every P € P4, if ¢ = —d, then there is a constant co € R such that
u(P) = co V(P7)
for every P € P2, and in all other cases
n(P) =0
for every P € P2,

Theorem 1.4. Let ji: P4 — [0,00), d > 2, be an SL(d) invariant valuation
which is homogeneous of degree q, ¢ € R. If ¢ = 0, then there is a constant
co > 0 such that

n(P) = co
for every P € P2, if ¢ = d, then there is a constant co > 0 such that

u(P) = V(P)



for every P € P4, if ¢ = —d, then there is a constant co > 0 such that
1(P) = co V(P")
for every P € P2, and in all other cases
u(P)=0
for every P € P4,

We remark that on the space KZ of convex bodies which contain the ori-
gin in their interiors there are upper semicontinuous, non-negative, SL(d)
invariant, homogeneous valuations called Ly-affine surface areas [18]. Their
existence shows that Theorems 1.3 and 1.4 do not hold if we replace P¢ by
Kd.

It is an open problem to classify the measurable or non-negative, SL(d)
invariant valuations on PY.

2 Proofs

Let 4 : P4 — R be an SL(d) invariant valuation which is homogeneous of
degree q. Set v(P) = pu(P*), where P* is the polar body of P € P, i.e.,

P*={yecE!|z-y<1 forall z€ P}

Here z - y denotes the inner product z and y in E¢.
The functional v : P¢ — R has the following properties. Since yu is
homogeneous of degree ¢,

V(tP) = ul((t P)*) = p(t™ P*) =t~ u(P),
i.e., v is homogeneous of degree —¢q. For P,Q,PUQ € Pg, we have
(PUQ)"=P'NQ" and (PNQ)" =P UQ".
Since p is a valuation,

v(P) +v(Q) = u(P*) 4+ p(Q) =
p(P*UQ™) +u(PNQY)
p(PNQ))+p((PUQ)) =v(PNQ)+v(PUQ),

i.e., v is also a valuation. For ¢ € SL(d) and P € PZ, we have

(9 P) =97 P,



where ¢~ is the inverse of the transpose of ¢. Since u is SL(d) invariant,

v(¢P) = p((pP)*) = u(¢~"P*) = u(P) = v(P),

i.e., v is also SL(d) invariant. Thus v : P¢ — R is an SL(d) invariant
valuation which is homogeneous of degree —q. Consequently to prove The-
orems 1.3 and 1.4 it is enough to consider valuations u : P¢ — R which are
non-negative or measurable, SL(d) invariant, and homogeneous of degree
q > 0.

1. We begin by proving Theorems 1.3 and 1.4 in the case d = 2. We fix
a rectangular z1-zo-coordinate system and denote by Q,(x1,x2) the set of
convex polygons ) = [I1, Is] where I; and I3 are closed intervals lying on the
r1-axis and w9-axis, respectively, and containing the origin in their interiors.
Here [Py, ..., Py] stands for convex hull of Py,..., P,,. Let I} be fixed and
define v : P! — R by

v(Iz) = p([I1, I]).
Then v is a valuation on P.. Since p is SL(2) invariant and homogeneous

of degree ¢,
p(t I, I)) = p([I, 82 Io]) = 19 ([, To)).

Thus v(t? I)) = t7v(ls), i.e., v is homogeneous of degree p = ¢/2. If u is
non-negative or measurable, then so is v.

Next, we need a characterization of non-negative or measurable valua-
tions v on 7301 which are homogeneous of degree p > 0. The elements of 773
are intervals [—s, t] with s,¢ > 0. Since v is a valuation, we have

v([=s1, ta]) + v([=s2, t2]) = v([=s1, t2]) + v([—s2, t1])- (1)
Since v is homogeneous of degree p,
v(l=s.1) = P ul=1,4]) = 5" 1)

with a suitable function f : (0,00) — R. Because of (1), the following
functional equation holds for f:

t tQ t2 t1
sif(G)+ s f() =81 f(5) + 82 f()-
1 52 51 52
By setting s1 =t1 =1, tos =y, and s9 = 1/x, we get
1 1 _ 1
f( )+ﬁf($y)—f(y)+ﬁf(93)-



Setting g(z) = f(z) — f(1) therefore leads to the following functional equa-
tion for ¢ : (0,00) — R:

g(ry) = g(z) +2¥ g(y) (2)

for z,y > 0. If p = 0, then this is one of Cauchy’s functional equations (cf.,
e.g., [1]). For g bounded from below or measurable, all solutions are given
by
9(x) = a log(x)
with a € R. If p > 0, then using the symmetry of the left-hand side of (2)
we get
g(x) =b(z" - 1),
with b € R. For v this gives the following. If p = 0, then
t
A([-5,]) = a log(1) + b, (3)
and if p > 0, then
v([—s,t]) =asP +btP, (4)

with suitable a,b € R.

Now we return to g on Q,(x1,z2). First, we consider the case that yu is
homogeneous of degree ¢ = 0. Then the corresponding v is also homogeneous
of degree p = 0. Let Q = [I1, I2], where I} = [—s1,11] lies on the zj-axis and
Iy = [—s2,t2] lies on the zs-axis. By (3) we have

to
w11, I2]) = a(sy,t1) 10g(§) + b(s1,11),
where a(s1,t1),b(s1,t1) are suitable functions of sj,t; > 0. Note that
a(si,t1) and b(s1,t1) are homogeneous of degree 0. If p is non-negative
or measurable, then so are a(si,t1) and b(s1,t1). Since p is a valuation,
using (3) we obtain
t 3]

a(si,t1) = a log(s—l) +c¢ and b(s1,t1) =0 1Og(g) +d

with suitable a, b, ¢,d € R. Therefore

to

p([I1, 1)) = (a log(ill) + c) log(g) s 10g(2) td

holds for s1,t1, s2,t2 > 0 with a,b, ¢, d € R. Since p is rotation invariant,

p(ll, B)) = p([~12, Ih]) = ([~ 12, —11]) (5)



with —I; = [—t1,s1] and —Is = [—t2,s2]. Comparing coefficients in (5)
implies that a = b = ¢ = 0. Thus

Q) = co (6)

with ¢g € R for Q € Q,(x1,x2).
Now let i be homogeneous of degree ¢ > 0. Then the corresponding v
is homogeneous of degree p = ¢/2 > 0. By (4) we have

pu([I1, Io]) = a(s1,t1) sh + b(s1, 1) th,

where a(s1,t1),b(s1,t1) are suitable functions of sj,t; > 0. Note that
a(s1,t1) and b(s1,t;) are homogeneous of degree p. If u is non-negative,
then a(s1,t1) and b(s1,t1) are non-negative. If p is measurable, then they
are measurable. Since p is a valuation, using (4) we obtain

a(si,t1) =as) +cth and b(s1,t1) =bsy +dt]
with suitable a, b, c,d € R. Therefore
(11, ) = (asy +cth) sh + (bt +diy) th

holds for s1,t1, 82,t2 > 0 with a, b, ¢,d € R. Combined with (5) this implies
that @ = b = ¢ = d. Thus for Q = [[1,5] € Qu(x1,x2), I = [—s1,t1],
12 = [—SQ,tz],

w(@Q) = a(sy +17)(sy +15). (7)

Let R%(x1) be the set of convex polygons [I1,u,v] where I is a closed
interval on the x1-axis containing the origin in its interior and u, v are points
in the open lower and upper halfplane, respectively. Denote by Q2 the set
of SL(2)-images of Q € Q,(w1,22) and by R2 the set of SL(2)-images of
R € R%(z1). We need the following result.

Lemma 1. Let pu : P? — R be a non-negative or measurable, SL(2) invariant
valuation which is homogeneous of degree ¢ = 2p and for which (7) holds.
If p>0 and p # 1, then u(Q) =0 for every Q € Q2.

Proof. Let R = [I1, su,tv] where I} = [—s1,t1] lies on the xj-axis, u = (f),
v = (¥) with 2,y € R, s1,t1,5,¢ > 0. First we show that

lim p([I1, su,tv]) (8)

s,t—0



exists. Since p is a valuation, we have for 0 < ¢ < t and t” > 0 suitably
large

wu([I1, su, tv]) + pu([I1, —t" v, t' v]) = p([I1, su, t’' v]) + p([I1, —t" v, tv)).

Since [I1, —t" v, t'v], [I1, —t" v, tv] € Q% and since p is SL(2) invariant, we
can use (7) and obtain

w1, su, tv]) — u([Iy, su, t'v]) = a (s§ + ) (P — t'P).
Similarly for 0 < s’ < s and s” > 0 suitably large,
ulT, 5,8 0]) = ([T 0, 0]) = 0 (51 + E)(sP — )
Since p > 0, this implies that the limit (8) exists. Note that we have
w1, su,tv]) = p([l1, 8" u, t' v]) + a (s + ) (P — P 4 sP — s'P). (9)

For I fixed, set f(x,y) = limg o p([L1,5u,tv]) and e = ((1)) Since p is
a valuation, we have for r > 0 suitably small

([, su,tv]) + u([I1, —sre,tre]) = u([l1,su,tre]) + u([l1,—sre,tv]).

This implies that

f(z,y) + £(0,0) = f(2,0) + (0, ). (10)
Note that £(0,0) = 0, since [[1, —sre,tre] € Q2 and since we can use (7).
Set L

=(0 1)
Then ¢ € SL(2). Since u is SL(2) invariant, this implies that
(11, s u, tv]) = p([¢l, s du, t ¢o]) = p([I1, —se, tw))
where w = ("1¥). Consequently
f(xy) = f(0,2 +y). (11)

Set g(x) = f(0,z). Then it follows from (10) and (11) that

g(w) +g(y) = g(z +y).



This is one of Cauchy’s functional equations. Since p is measurable or non-
negative, so is g. This implies that there is a v(I1) € R such that

ligo,u([ll,su,tv]) =v(h)(z+y). (12)

)

Using this we obtain the following. The functional g is homogeneous of

degree ¢, therefore
v(rl)=r%v(l). (13)

~(:1)
Then p(¢R) = p(R),

(5)-100) ) -17)

By (12) this implies that

On the other hand, let

3= O

v(rly) =r2v(ly).

Combined with (13) this shows that v(I;) = 0. By (9) and (12) this implies
that

wI,su,te]) = a (s + E)(s + 7). (14)

Let T? be the triangle with vertices ((1)), (?), (__SST), r,s > 0. Then

TF = [I,sru,v] with I} = [—s1,1], s1 = s/(1+s7), u= ("), z = 1/r,
v=(Y), y=0. By (14) we have for every r > 0

lin(1) w(T?) = a. (15)

Define the triangle T°(z,y) as the convex hull of (ﬂy), (1fx), (:z)

For 0 <z < 1/2 < y < 1, we have T%(z,y) € P2, T° = T%(0,1) =
T5(0,y) UT*(x,1) with » =1, and T*%(x,y) = T°(0,y) N T*(x, 1). Therefore

p(T*(0,9)) + p(T%(2, 1)) = u(T°(0, 1)) + p(T (2, y))- (16)

_ Y z
¢_<1—y 1—3:)’

Then T¢(z,y) = ¢T5t with r = (2y —1)/(1 — 2z) and t = (1 — 22)/(y — z).
Therefore we get by (15)

Let

lim 1u(T*(,y)) = lim(y — 2)" p(T") = a(y — )"

9



Combined with (16) it follows that
ay?+a(l—2)’ =a+a(y—x)’.
Since p # 1 this shows that a = 0. O

We make the following definitions. If ¢ = 0, set
po(P) = pu(P) — co,

if ¢ =2, set

and in all other cases, set
o(P) = u(P).

Because of (6), (7) and the SL(2) invariance of u, and Lemma 1, we obtain
for any ¢ > 0 a valuation uo on P2 which vanishes for every Q € Q2. Using
Lemmas 2 and 3 below completes the proof in the case d = 2.

2. Now let d > 3. We use induction on the dimension, d, to prove Theorems
1.3 and 1.4. Suppose that the theorems are true in dimension d — 1.

We fix a rectangular 1, ..., zg4-coordinate system and denote by H the
r1,..., x4_1-coordinate hyperplane. We identify H and E4~!. Let Q,(zq)
be the set of convex polytopes Q = [P’, I] where P’ € P?~! and I is a closed
interval lying on the x4-axis and containing the origin in its interior. For [
fixed, define p/ : P4~1 — R by

' (P') = p([P', 1]).

If i is a non-negative or measurable valuation, then so is y/ on PZ~1. Since
w is SL(d) invariant and homogeneous of degree ¢,

u(t [P, 1)) = u([t7°1 P, 1)) = 9 u([P', T)).
Therefore ,
W (tTT P = 191 ('),

i.e., ¢/ is homogeneous of degree p = q (d —1)/d. Since p is SL(d) invariant,
p' is SL(d — 1) invariant.

If ¢ = 0, by induction there exists a constant v € R such that p/(P") = v
for every P’ € P4~1. Therefore u(Q) = v(I), where v depends on I. Note
that v is a non-negative or measurable valuation on P} which is homogeneous

10



of degree 0. By (3) there are a,b € R such that for @ = [P’ I], where
P' € P41 and I = [—s, 1] lies on the z4-axis, we have

#(@) = alog(%) +b.

Since p is rotation invariant, by choosing P’ symmetric with respect to the
coordinate hyperplanes we see that a = 0. Therefore there is a ¢y € R such
that

Q) = co (17)

for every Q € Q,(xq).

If ¢ = d, by induction there exists a constant v € R such that p/(P’) =
vV 1(P') for every P’ € P31, where V;_; denotes (d — 1)-dimensional
volume. Consequently, x(Q) = v(I) Vz_1(P'). Here v is a non-negative or
measurable valuation on P}, which is homogeneous of degree 1. By (4) there
are a,b € R such

1(@Q) = (as+bt)Vy_1(P')
for Q = [P, I], where P’ € P41 and I = [—s, 1] lies on the x4-axis. Using
the rotation invariance of p and choosing P’ symmetric with respect to the

coordinate hyperplanes, we see that a = b. Therefore there is a constant
co € R such that

Q) =coV(Q) (18)

for every @ € Qu(zq).
If ¢ # 0,p # d, then we get by induction that u/(P’) = 0 for every
P’ € P4~ Therefore

w@) =0 (19)

for every @ € Qo(zq).
We make the following definitions. If ¢ = 0, set

po(P) = p(P) — co,
if ¢ =d, set
1o (P) = u(P) — e V(P),
and in all other cases, set
o(P) = u(P).

Let Q% be the set of SL(d)-images of Q € Q,(x4). Because of (17), (18), and
(19), and since p is SL(d) invariant, we obtain for every ¢ > 0 a valuation
o : P4 — R which vanishes for every Q € Q4. Let R%(z4) be the set of

11



convex polytopes [P’, u,v] where P’ € P(‘jlfl and u, v are points in the open
lower and upper halfspace bounded by H, respectively. Denote by RY the
set of SL(d)-images of R € R%(x4). The following two lemmas conclude the
proof of Theorems 1.3 and 1.4.

Lemma 2. Let yi: P? — R be a non-negative or measurable, SL(d) invari-
ant valuation which is homogeneous of degree q, q¢ > 0. If pu vanishes on Q%,
then pu(R) = 0 for every R € RY.

Proof. Let R = [P', su,tv] where P € P41y = (7“1/) and v = (’f) with
o', v € B! and s,t > 0. Since u is a valuation, we have for 0 < ¢ < ¢ and
t" > 0 suitably small

u((P', s, o)) + p(IP, 1" 0,1 o)) = u((P s, ¢ o]) + u([P, " v, ).

Since [P, —t" v, v],[P’, —t" v,tv] € Q% and since u vanishes on QZ, this
implies that u([P’, su,tv]) does not depend on ¢ > 0. A similar argument
shows that it does not depend on s > 0. Thus

u([P’,su,tv]) = ILL([P/,U,’U]). (20)

For P’ fixed, set
f(ulvv/) = :u’([P/?u?U])'

Let e = (01/) where o' denotes the origin in E?~!. Since u is a valuation, we
have for r > 0 suitably small

M([Plvu’ o) + M([P/7 —re,re|) = u([P',u,re]) + ,U([P/: —re,v]).
By (20) this implies that
f(ulv U/) + f(ola 0,) = f(ulv 0/) + f(0/7vl)' (21)

Note that since [P/, —re,re] € Q% we have f(o',0') = 0. Let

1 ... 0
¢ = :

0 1 Ud—1

0 0 1

Then qS(iLll) = (fll) and qﬁ(ﬁ/) = (“/Jlr”/) = w. Since p is SL(d) invariant, this
implies that

u([P',u,v]) = p([¢P', du, ¢v]) = p([P', —e,w)).

12



Consequently
fu', ') = fo,u + ). (22)

Set g(u') = f(o',u). Then we get by (21) and (22) that
g(u' + ") = g(u') + g(v").

This is one of Cauchy’s functional equations. Since p is measurable or non-
negative, this implies that there is a 2/(P’) € E%~! such that

p(R) = p([P',u,v]) = 2'(P') - (u' + 1) (23)

for every u/,v’ € B4 1,
Using this we obtain the following. The functional p is homogeneous of
degree ¢. Since we know by (20) that ([t P, tu,tv]) = u([t P, u,v]), this

and (23) imply that
Z(t P =t (P). (24

)
On the other hand, let ¢ € SL(d) be the map that multiplies the first (d—1)
coordinates with ¢ and the last coordinate with ¢~(4=1). Then u(¢R) = u(R),

u/ (D) tdu/ U/ ) 75dvl
o(5) = (C) o) = ()

By (23) this implies that
Zt P =t (P).

Combined with (24) this shows that z/(P’) = o’. Because of (23) this com-
pletes the proof of the lemma. O

Lemma 3. Let i : P4 — R be a valuation. If p vanishes on RY, then
p(P) =0 for every P € PI.

Proof. For a hyperplane H (always containing the origin), denote by H*
and H~ the complementary closed halfspaces bounded by H. We need the
following definitions. Let PJC-I, j=1,...,d, be the set of convex polytopes P
such that there exist P, € P4 and hyperplanes Hi, ... , Hj with dim(HlJr N
ﬂH;r) =d and

P=P,NH{N...0H. (25)
Let R?, j=1,...,d—1, be the set of polytopes R = [S, u, v] such that there
exist P, € P¢ and hyperplanes Hy, ... , Hj1 with dim(HlJr Nn... ﬂH;L+1) =d

13



where S = POOHIFO...HH;'OH]-H and w,v € P,NHyN...N H;
u,v g€ Hji1,ue H;f,rl, v e H; . Note that R;-l - PJC-Z.
Set Pg = Pgl and RE = Rg We define p on de, j=1,...,d, inductively,

starting with j = 1, in the following way. For P € ch-l, set
1(P) = p(PU Ryp) (26)

where Ry, = [P N Hj,u,v] with w,v € P,NHiN...N Hj_1, uw,v € Hj,
u € H;r, v e H;, and u € P. Note that Ry, € R;-lfl and PUR,, € ch‘l—l'
We show that p is well defined, that it vanishes on R;l, and that it has the
following additivity properties. If P € P]?l_l and H is a hyperplane such
that PONHT, PN H~ € P{, then

W(P)=p(PNH)+u(PNH). (27)

And if P/, P", PPN P',PPUP" ¢ 77;-[ are defined by (25) with the same
halfspaces Hfr, e ,H;r, then

U(P') + u(P") = u(P' U P") + u(P' 1 P), (28)

The functional p is well defined on Pg, it vanishes on RY, and it is a
valuation. In particular, (28) holds for j = 0. Suppose that u is well defined
by definition (26) on P¢_,, that u vanishes on R¢_,, and that (27) (if & > 1)
and (28) hold for j = k — 1. For k < d, we show that u is well defined on
P¢, that p vanishes on RY (if k < d), and that (27) and (28) hold for j = k.

First, we show that (26) does not depend on the choice of u and v
in B,NHN...NHp_1. Let v/,v" € PB,NH{N...N Hy_q1, v',v & Hy,
u' € P,v' € H be chosen such that R, , C Ry . Then applying (28) with
j=k—1 gives

w(PU Ryp) 4+ (R ) = p(PU Ry ) + (R ).
Since Ry 4y, Ry € Rg_l and since p vanishes on Rg_l, this implies that
w(P U Ru,v) =pu(PU Ru/,v/).

Consequently, definition (26) does not depend on the choice of u and v in
P,NnHyN...NHg_q. If j = 1 this shows that p is well defined on 73]‘-1.
For j > 1 we show that u(P) as defined by (26) does not depend on the
choice of Hj, in the construction of R,,. Let R,., be defined as before.
Let «/,v" be chosen in P, N Hy N ... N Hy, v',v" ¢ Hy, v € P, v € Hy.
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Let Ry = [P N Hy,u/',v'] and S = [Ry., Ry w]. Then applying (27) for
j=k—1 gives

p(PUS) = p((PUS)NVH]) + p((PUS)NHy).

We have (PUS)N H, = [Pv,v'] N H, = [P N H,v v and v' € Hy.
By definition (26) p([P N Hy,v',v]) = p([P N H,v',v,w]) with w € H,
w & Hj. Since p vanishes on R;-l, Jj <k, p([PN Hg,v',v,w]) = 0. Combined
with (PUS)NH;" = PUR, s, this implies that u(PUS) = pu(PU Ry ).
Similarly, we have pu(P U S) = u(P U R, ,). Therefore p is well defined on
pi.

Note that since y vanishes on R¢_,, definition (26) implies that for k < d

w(R) =0 for ReRY. (29)

Next, we show that (27) holds for j = k. Let P € P{ | be such that
there is a P, € Pg and hyperplanes Hq, ..., H_1 such that P = P, N Hfr N
...ﬁH,j;l. Choose u,v € P,NH1N...NHy_1, u,v € H such that u € H™
and v € H™. Let Ry, = [P N H,u,v]. Then P, Ry ,, (PN H")U R,,,
(PN H™)U R, have the hyperplanes Hy, ..., Hy_1 in common. Applying
(28) for j =k — 1 gives

W(P) + u(Ru) = u((POVH) U Ry) + u((P A H) U Ry).

By (29) and definition (26), this implies that (27) holds for j = k.

Next, we show that (28) holds for j = k. Choose u,v € HyN...N Hy_1,
u,v, ¢ Hy such that w € P'NP", v € H . Let R, = [P' N Hy,u,v] and
Ry, = [P" 0 Hy,u,v]. Applying (28) for j = k — 1 shows that

w(P'UR, )+ u(P"URE,)
=u((P'UP")U(R,,URy,)) +up(P NP )U(R,,NRy,))

Because of definition (26) this implies that (28) holds for j = k.
We need one more additivity property. Let P € Pj and let H be a
hyperplane such that PN H*, PN H~ € P4. Then

u(P) = w(POHT) + (PN H). (30)

This can be seen in the following way.

First, let d = 2. Let P be bounded by Hp, Hs, and let P N H' and
P N H™ be bounded by Hi, H and H, Hs, respectively. Choose u,v € H
such that

W(PAHY) = u(PNHY)UR],) and p(PNH")=u((PAHY)UR,,)
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where R}, = [P N Hy,u,v] and R, = [P N Ha,u,v]. Let S = [R},, R, ]
By (27), we have

wPUS) = pu((PUSYNHT)+u((PUS)NH™)
= p((PONHY)URS,)+p(PNH )UR,,) (31)
= wPNHY) +u(PNH).

By (27), definition (26) and since y vanishes on R?,
p(PUS) = p(PUS)NH) +p((PUS)NH; ) = p(P).

Combined with (31) this implies (30).

Second, let d > 3. Let P = P,NH{ N...NH}, P, € Pd. Since PNH,
PNH~ € P4, we can say that PN H™ is bounded by Hy, H, Hs, ..., Hy and
that PN H~ is bounded by H, Ho, Hs, ..., Hy, where H{NHoN...NHy_1 C
H. Therefore we can choose u,v € Hi N...N Hy_1 such that

w(P) = p(PU Ruyy),
where R, , = [P N Hy,u,v], and
W(POHY) = p((PURyy) VHY) and (P AH™) = p(PURyp) N H™).
Applying (27) for j = d shows that
p(PURyy) = p((PURy,) NHY) + p((PURy,) NHT).

Because of definition (26) this implies (30).

We have to show that u(P,) = 0 for every P, € PZ. Since we can dissect
P into two convex polytopes which are elements of P{, (27) implies that it
suffices to prove that u(Py) = 0 for every P € P{. Using (27) repeatedly
shows that it is enough to prove that pu(P) = 0 for every P € Pg. So let
Pe 735 with P=P,NC, P,€ P4, and C = H{ N... ﬂHj. The polytope
P has a vertex at the origin and d vertices at the exposed rays of C. If
P has n, n > 1, further vertices, then we can dissect P into P, P, € Pj
such that P; and P, both have fewer than d 4+ 1 + n vertices. By (30),
w(P) = u(Pr)+p(Py). Therefore it suffices to show that pu(Py) = pu(P) = 0.
Using (30) repeatedly shows that it is enough to prove that p(7) = 0 for
every simplex T with one vertex at the origin. Let T be such a simplex. By
(29) for k = d — 1 and definition (26) we have p(7") = 0. This completes the
prove of the lemma. O
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