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Abstract

A classification of SL(n) contravariant Minkowski valuations on convex functions and
a characterization of the projection body operator are established. The associated LYZ
measure is characterized. In addition, a new SL(n) covariant Minkowski valuation on
convex functions is defined and characterized.

2000 AMS subject classification: 52B45 (26B25, 46B20, 46E35, 52A21, 52A41)

Several important norms on R™ or convex bodies (that is, convex compact sets) in R”
have been associated to functions f : R® — R. On the Sobolev space WH1(R™) (that is,
the space of functions f € L'(R") with weak gradient Vf € L'(R")), Gaoyong Zhang [52]
defined the projection body II(f). Using the support function of a convex body K (where
h(K,y) = max{y -z :z € K} with y - z the standard inner product of x,y € R™) to describe
K, this convex body is given by

BI(F9) = [ - Vi@

for y € R™. The operator that associates to f the convex body II(f) is easily seen to be
SL(n) contravariant, where, in general, an operator Z defined on some space of functions
f:R™ — R and with values in the space of convex bodies, K™, in R" is SL(n) contravariant
if Z(f o¢~t) = ¢t Z(f) for every function f and ¢ € SL(n). Here ¢t is the inverse of the
transpose of ¢. The projection body of f turned out to be critical in Zhang’s affine Sobolev
inequality [52], which is a sharp affine isoperimetric inequality essentially stronger than the
L' Sobolev inequality. The convex body I (f) is the classical projection body (see Section 1
for the definition) of another convex body (f), which is the unit ball of the so-called optimal
Sobolev norm of f and was introduced by Lutwak, Yang and Zhang [38]. The operator
f = (f) is called the LYZ operator. It is SL(n) covariant, where, in general, an operator Z
defined on some space of functions f : R™ — R and with values in K" is SL(n) covariant if
Z(fo¢~Y) = ¢ Z(f) for every function f and ¢ € SL(n). See also [5,11,20,21,36,37,49].

In [33], a characterization of the operators f — II(f) and f +— (f) as SL(n) contravariant
and SL(n) covariant valuations on W1!(R") was established. Here, a function Z defined on a
lattice (£, V, A) and taking values in an abelian semigroup is called a valuation if

Z(fVg)+Z(f Ng)=7(f)+Z(g) (1)

for all f,g € L. A function Z defined on some subset S of L is called a valuation on § if
(1) holds whenever f,g,fVg,f ANg € S. For S the space of convex bodies, K™, in R™ with



V denoting union and A intersection, the notion of valuation is classical and it was the key
ingredient in Dehn’s solution of Hilbert’s Third Problem in 1901 (see [22,24]). Interesting new
valuations keep arising (see, for example, [23] and see [1-3,8,16,17,19,27,35] for some recent
results on valuations on convex bodies). More recently, valuations started to be studied
on function spaces. When S is a space of real valued functions, then we take u V v to be
the pointwise maximum of v and v while u A v is the pointwise minimum. For Sobolev
spaces [31,33,39] and LP spaces [34,46,47] complete classifications for valuations intertwining
the SL(n) were established. See also [4,7,10,13,14,25,32,41,50].

The aim of this paper is to establish a classification of SL(n) covariant and of SL(n) contra-
variant Minkowski valuations on convex functions. Let Conv(R™) denote the space of convex
functions u : R™ — (—o00, 400] which are proper, lower semicontinuous and coercive. Here a
function is proper if it is not identically +oo and it is coercive if

lim wu(z) = +oo, (2)
|z| =400
where |z| is the Euclidean norm of z. The space Conv(R") is one of the standard spaces in
convex analysis and here it is equipped with the topology associated to epi-convergence (see
Section 1). An operator Z : § — K" is a Minkowski valuation if (1) holds with the addition
on K™ being Minkowski addition (that is, K+ L ={z+y:x € K,y € L} for K,L € K"). The
projection body operator is an SL(n) contravariant Minkowski valuation on W1(R") while
the LYZ operator itself is not a Minkowski valuation (for n > 3) but a Blaschke valuation
(see Section 1 for the definition).
In our first result, we establish a classification of SL(n) contravariant Minkowski valuations
on Conv(R™). To this end, we extend the definition of projection bodies to functions ¢ o u
with u € Conv(R") and ¢ € D"~2(R), where, for k > 0,

DF(R) = {¢ e C(R) : ¢ >0, (is decreasing and /OO thet)dt < 00}
0

We call an operator Z : Conv(R™) — K" translation invariant if Z(u o 771) = Z(u) for every
u € Conv(R™) and every translation 7 : R” — R™. Let n > 3.

Theorem 1. A function Z : Conv(R"™) — K" is a continuous, monotone, SL(n) contravariant
and translation invariant Minkowski valuation if and only if there exists ¢ € D" 2(R) such
that

Z(u) =11 {(C ou)

for every u € Conv(R").

Here Z : Conv(R"™) — K™ is decreasing if Z(u) C Z(v) for all u,v € Conv(R") such that u > v.
It is increasing if Z(v) C Z(u) for all u,v € Conv(R™) such that u > v. It is monotone if it is
decreasing or increasing.

While on the Sobolev space WH1(R?) a classification of SL(n) contravariant Minkowski
valuations was established in [33], no classification of SL(n) covariant Minkowski valuations
was obtained on WH1(R™). On Conv(R"), we introduce new SL(n) covariant Minkowski



valuations and establish a classification theorem. For u € Conv(R") and ¢ € D°(R), define
the level set body [C o u] by

“+oo
h((C o uly) =/0 h{Cou > t},y)dt

for y € R™. Hence the level set body is a Minkowski average of the level sets. Let n > 3.

Theorem 2. An operator Z : Conv(R™) — K™ is a continuous, monotone, SL(n) covariant
and translation invariant Minkowski valuation if and only if there exists ( € D°(R) such that

Z(u) =D [( o ul
for every u € Conv(R").

Here, the difference body, D K, of a convex body K is defined as D K = K + (—K), where
h(—K,y) = h(K, —y) for y € R™ is the support function of the central reflection of K.

While on WHH(R") a classification of SL(n) covariant Blaschke valuations was established
in [33], on Conv(R"™) we obtain a more general classification of SL(n) contravariant measure-
valued valuations. For K € K", let S(K,-) denote its surface area measure (see Section 1)
and let M. (S"1) denote the space of finite even Borel measures on "1, See Section 3 for
the definition of monotonicity and SL(n) contravariance of measures. Let n > 3.

Theorem 3. An operator Y : Conv(R™) — M.(S"™1) is a weakly continuous, monotone
valuation that is SL(n) contravariant of degree 1 and translation invariant if and only if there
exists ¢ € D"2(R) such that

Y(u,) = S((Cou),) (3)

for every u € Conv(R").

Here, for ¢ € D" 2(R) and u € Conv(R"), the measure S({C ou),-) is the LYZ measure of
¢ ou (see Section 3 for the definition). The above theorem extends results by Haberl and
Parapatits [18] from convex bodies to convex functions.

1 Preliminaries

We collect some properties of convex bodies and convex functions. Basic references are the
books by Schneider [44] and Rockafellar & Wets [42]. In addition, we recall definitions and
classification results on Minkowski valuations and measure-valued valuations.

We work in R™ and denote the canonical basis vectors by eq,...,e,. For a k-dimensional
linear subspace £ C R", we write projp : R” — E for the orthogonal projection to E and Vj,
for the k-dimensional volume (or Lebesgue measure) on E. Let conv(A) be the convex hull
of A C R™



The space of convex bodies, K", is equipped with the Hausdorff metric, which is given by
(K, L) = supyegn-1 |h(K, y) — h(L,y)|

for K,L € K", where h(K,y) = max{y -z : € K} is the support function of K at y € R™.
The subspace of convex bodies in R" containing the origin is denoted by Kfj. Let P" denote
the space of convex polytopes in R"™ and P}’ the space of convex polytopes containing the
origin. All these spaces are equipped with the topology coming from the Hausdorff metric.
For p > 0, a function h : R™ — R is p-homogeneous if h(t z) = t? h(z) for t > 0 and z € R™.
It is sublinear if it is 1-homogeneous and h(y+ z) < h(y)+ h(z) for y, z € R™. Every sublinear
function is the support function of a unique convex body. Note that for the Minkowski sum
of K,L € K™, we have
MK + L,y) = h(K,y) + h(L,y) (4)

for y € R™.

A second important way to describe a convex body is through its surface area measure.
For a Borel set w C S ! and K € K", the surface area measure S(K,w) is the (n — 1)-
dimensional Hausdorff measure of the set of all boundary points of K at which there exists a
unit outer normal vector of 0K belonging to w. The solution to the Minkowski problem states
that a finite Borel measure Y on S"~! is the surface area measure of an n-dimensional convex
body K if and only if Y is not concentrated on a great subsphere and fsnfl udY(u) =0. If
such a measure Y is given, the convex body K is unique up to translation.

For n-dimensional convex bodies K and L in R™, the Blaschke sum is defined as the convex
body with surface area measure S(K,-) + S(L,-) and with centroid at the origin. We call an
operator Z : S — K™ a Blaschke valuation if (1) holds with the addition on K™ being Blaschke
addition.

1.1 Convex and Quasi-concave Functions

We collect results on convex and quasi-concave functions including some results on valuations
on convex functions. To every convex function u : R™ — (—o00, +00], there are assigned several
convex sets. The domain, domu = {x € R" : u(x) < 400}, of u is convex and the epigraph of
u?

epiu = {(z,y) € R" xR : u(z) <y},

is a convex subset of R™ x R. For t € (—o0, +00], the sublevel set,
{u <t} ={xeR":u(x) <t},
is convex. For u € Conv(R"), it is also compact. Note that for u,v € Conv(R™) and ¢ € R,
{unv<t}={u<tiu{v<t} and {uvov <t} ={u<t}n{v <t} (5)

where for u A v € Conv(R") all occurring sublevel sets are either empty or in K.



We equip Conv(R™) with the topology associated to epi-convergence. Here a sequence
ug : R™ — (—o00,00] is epi-convergent to u : R™ — (—o0, 0] if for all z € R™ the following
conditions hold:

(i) For every sequence xj, that converges to z,

u(x) < liminf ug(zg).
k—ro0

(ii) There exists a sequence zj that converges to = such that
u(z) = lIm ug(zg).
k—o0

In this case we write u = epi-lim;_,  ug and uy P 4. We remark that epi-convergence is
also called I'-convergence.

We require some results connecting epi-convergence and Hausdorff convergence of sublevel
sets. We say that {ux <t} — 0 as k — oo if there exists kg € N such that {u; < ¢} =0 for
all k> ko. Also note that if u € Conv(R™), then

infgrn v = mingr v € R.

Lemma 1.1 ([15], Lemma 5). Let ug,u € Conv(R"™). If uy <P ug, then {up < t}—{u <t}
for every t € R with t # mingcrn u(z).

Lemma 1.2 ([42], Proposition 7.2). Let ug,u € Conv(R™). If for each t € R there exists a
sequence ty, of reals convergent to t with {u; < tp} — {u < t}, then uy P

We also require the so-called cone property and uniform cone property for functions and
sequences of functions from Conv(R"™).

Lemma 1.3 ([12], Lemma 2.5). For u € Conv(R") there exist constants a,b € R with a > 0
such that
u(z) > alx| +b

for every x € R™.

Lemma 1.4 ([15], Lemma 8). Let ug,u € Conv(R"™). If uy LN u, then there exist constants
a,b € R with a > 0 such that

up(z) > alz|+b and w(zr) >alz|+b
for every k € N and z € R".

Next, we recall some results on valuations on Conv(R"). For K € K}, we define the convex
function {x : R™ — [0, 00| by

epilg = pos(K x {1}), (6)

where pos stands for positive hull, that is, pos(L) = {tz € R"*!: 2 € L,t > 0} for L C R™**!.

This means that the epigraph of {x is a cone with apex at the origin and {{x <t} =t K

for all ¢ > 0. It is easy to see that (g is an element of Conv(R") for K € K. Also the

(convex) indicator function Ix for K € K™ belongs to Conv(R™), where I (x) =0 for x € K
and I (z) = 400 for z ¢ K.



Lemma 1.5 ([15], Lemma 20). Fork > 1, let Y : Conv(R¥) — R be a continuous, translation
invariant valuation and let ¢ € C(R). If

Y(lp +1) =(t)Vi(P) (7)
for every P € 73(])"’ and t € R, then

—1)k gk
Yo+ = L

for every t € R. In particular, ¢ is k-times differentiable.

Lemma 1.6 ([15], Lemma 23). Let ¢ € C(R) have constant sign on [tg, 00) for some ty € R.
If there exist k € N, ¢, € R and 1 € C*(R) with limy_, o0 () = 0 such that

k
(1) = <)

fort > tg, then
+oo
’/ t=1e(t) dt| < 4.
0

The next result, which is based on [33], shows that in order to classify valuations on
Conv(R™), it is enough to know the behavior of valuations on certain functions.

Lemma 1.7 ([15], Lemma 17). Let (A, +) be a topological abelian semigroup with cancellation
law and let Z1,Z9 : Conv(R™) — (A,+) be continuous, translation invariant valuations. If
Zi1(lp +1t) =Z2(lp +1t) for every P € Py and t € R, then Z1 = Zy on Conv(R"™).

A function f: R™ — R is quasi-concave if its superlevel sets {f > t} are convex for every
t € R. Let QC(R™) denote the space of quasi-concave functions f : R™ — [0, +oc0] which are
not identically zero, upper semicontinuous and such that

lim f(x)=0.

|| =400

Note that (ou € QC(R") for ¢ € D¥(R) with k > 0 and u € Conv(R"™). A natural extension of
the volume in R™ is the integral with respect to the Lebesgue measure, that is, for f € QC(R"™),
we set

Vl) = | fla)a 5)

See [9] for more information.
Following [9], for f € QC(R™) and a linear subspace E C R"™, we define the projection
function projg f : E — [0, +0o0] for x € E by

projp f(z) = max f(z +y), (9)

where E' is the orthogonal complement of E. For t > 0, we have max,cpL f (r+y) >tif
and only if there exists y € E+ such that f(z + y) > t. Hence, for ¢t > 0,

{projp f =t} = projp{f > t}, (10)

where proj; on the right side denotes the usual projection onto E in R".



2 Valuations on Convex Bodies

We collect results on valuations on convex bodies and prove two auxiliary results.

2.1 SL(n) contravariant Minkowski Valuations on Convex Bodies

For z € S*7 1, let 2 be the subspace orthogonal to z. The projection body, I1 K, of the convex
body K € K" is defined by

MK, 2) = Vas(profs K) = § | Ju-2|dS(K.y) ()
sn—
for z € SPL.
More generally, for a finite Borel measure Y on S"!, we define its cosine transform
€Y :R" = R by

)= [ eslav)

for z € R™. Since z — €Y (z) is easily seen to be sublinear and non-negative on R™, the cosine
transform €Y is the support function of a convex body that contains the origin.

The projection body has useful properties concerning SL(n) transforms and translations.
For ¢ € SL(n) and any translation 7 on R", we have

N(¢pK)=¢ "IK and M(rK)=11K (12)

for all K € K". Moreover, the operator K — Il K is continuous and the origin is an interior
point of IT K, if K is n-dimensional. See [44, Section 10.9] for more information on projection
bodies.

We require the following result where the support function of certain projection bodies is
calculated for specific vectors. Let n > 2.

Lemma 2.1. For the polytopes P = conv{0, %(61—1—62), €2,...,en} and @ = conv{0,ea,..., ey}
we have

BITP,e1) = ity WIQ,e1) = iy,
h(ILP,e2) = gty h(I1Q, e2) =0
h(H P, e1 + 62) = ﬁ h(HQ7el + 62) = (nfll)!'

Proof. We use induction on the dimension and start with n = 2. In this case, P is a triangle
in the plane with vertices 0, %(el + e2) and ey and @ is just the line segment connecting the
origin with eg. It is easy to see that h(IL P, es) = Vl(projeé P) =1 and h(I1Q,ez) = 0 while
h(IL Pye1) = h(I1Q,e1) = 1. It is also easy to see that

R(IIP,e; +e3) = h(I1Q, e1 + e3) = V2¥2 = 1.

fS)

Assume now that the statement holds for (n — 1). All the projections to be considered are
simplices that are the convex hull of e,, and a base in e;- which is just the projection as in the
(n — 1)-dimensional case. Therefore, the corresponding (n — 1)-dimensional volumes are just



—L- multiplied with the (n — 2)-dimensional volumes from the previous case. To illustrate

this, we will calculate h(IT P,e; + e2) and remark that the other cases are similar. Note
that proje, ye,)r P = conv{en, proj(c, 4,1 P=D1 where PV is the set in R*~! from the
(n — 1)-dimensional case embedded via the identification of R*~! and e;- C R™. Using the
induction hypothesis and |e; + ez| = v/2, we obtain

Vi1 (Pr0j ey ep)r P) = 5757 Vi2(Pr0j (e, 4ey) Py = m,

and therefore h(IT P, e; + e3) = O

1
(n—1)!"

The first classification of Minkowski valuations was established in [28], where the projection
body operator was characterized as an SL(n) contravariant and translation invariant valuation.
The following strengthened version of results from [29] is due to Haberl. Let n > 3.

Theorem 2.2 ([16], Theorem 4). An operator Z : K — K™ is a continuous, SL(n) contra-
variant Minkowski valuation if and only if there exists ¢ > 0 such that

72K =clIK
for every K € Kf}.

For further results on SL(n) contravariant Minkowski valuations, see [26,30,45].

2.2 SL(n) Covariant Minkowski Valuations on Convex Bodies

The difference body D K of a convex body K € K" is defined by D K = K + (—K), that is,
h(D K, z) = h(K, z) + h(=K, z) = Vi(proj () K)
for every z € S*~!, where F(z) is the span of z. The moment body M K of K is defined by

h(M K, z) :/ |z - z|dx
K

for every z € S"~1. The moment vector m(K) of K is defined by

m(K) = /K:cdx

We require the following result where the support function of certain moment bodies and
moment vectors is calculated for specific vectors. Let n > 2.

and is an element of R".

Lemma 2.3. For s >0 and Ts = conv{0, sey,ea,...,e,},
h(Ts,e1) =s h(—=Ts,e1) =0
2 2
h(m(Ts),el) = m h(MTS,el) = m



Proof. Tt is easy to see that h(Ts,e1) = s and h(—Ts,e1) = 0. Let ¢, € GL(n) be such that
e1 — sejp and e; — ¢; for i = 2,...,n. Then Ty = ¢,T", where T" = conv{0,ey,...,e,} is
the standard simplex. Hence,

h((T), e1) = h(m(psT"), e1) = | det 6| h(m(T™), (¢5)'e1) = s> h(m(T™), 1) = 77y,

where det stands for determinant. Finally, since e; - > 0 for every « € T, we have
h(MTs,e1) = h(m(Ty), eq). O

A first classification of SL(n) covariant Minkowski valuations was established in [29], where
also the difference body operator was characterized. The following result is due to Haberl.
Let n > 3.

Theorem 2.4 ([16], Theorem 6). An operator Z : Kff — K™ is a continuous, SL(n) covariant
Minkowski valuation if and only if there exist c1,ca,c3 > 0 and ¢4 € R such that

LK =c1 K+ c(—K)+csMK + cam(K)
for every K € Kf}.
We also require the following result which holds for n > 2.

Theorem 2.5 ([29], Corollary 1.2). An operator Z : P* — K™ is an SL(n) covariant and
translation invariant Minkowski valuation if and only if there exists ¢ > 0 such that

ZP=cDP
for every P € P™.

For further results on SL(n) covariant Minkowski valuations, see [26,30,51].

2.3 Measure-valued Valuations on Convex Bodies

Denote by M (S"1) the space of finite Borel measures on S"~!. Following [18], for p € R, we
say that a valuation Y : P — M(S"™1) is SL(n) contravariant of degree p if

/ b(z)dY (¢P,z) = / b(¢p~t2)dY(P,2) (13)
sn—1 sn—1

for every map ¢ € SL(n), every P € P} and every continuous p-homogeneous function
b:R™"\{0} — R.
The following result is due to Haberl and Parapatits. Let n > 3.

Theorem 2.6 ([18], Theorem 1). A map Y : P — M(S"™1) is a weakly continuous valuation
that is SL(n) contravariant of degree 1 if and only if there exist c1,co > 0 such that

Y(P,-) =c1S(P,-) + c25(—P,-)

for every P € P



Denote by M.(S"~!) the set of finite even Borel measures on S"~!, that is, measures
Y € M(S"!) with Y(w) = Y(~w) for every Borel set w C S*~!. We remark that if in the
above theorem we also require the measure Y (P, -) to be even and hence Y : P — M, (S"71),
then there is a constant ¢ > 0 such

Y(P,) =c(S(P,-) + S(—P,-)) (14)

for every P € Py.

3 Measure-valued Valuations on Conv(R")

In this section, we extend the LYZ measure, that is, the surface area measure of the image of
the LYZ operator, to functions ¢ o u, where ¢ € D" 2(R) and u € Conv(R™). First, we recall
the definition of the LYZ operator on W11(R") by Lutwak, Yang and Zhang [38].

Following [38], for f € WH1(R™) not vanishing a.e., we define the even Borel measure
S((f),-) on S*! (using the Riesz-Markov-Kakutani representation theorem) by the condition
that

| pasin.z) = [ 09 s (15)
for every b : R® — R that is even, continuous and 1-homogeneous. Since the LYZ measure
S((f),-) is even and not concentrated on a great subsphere of S"~! (see [38]), the solution
to the Minkowski problem implies that there is a unique origin-symmetric convex body (f)
whose surface area measure is S((f),-).

If, in addition, f = (ou € C°°(R") with ¢ € D" %(R) and u € Conv(R"), the set {f >t}
is a convex body for 0 < t < max,crn f(z), since the level sets of u are convex bodies and ¢
is non-increasing with lims_,~ ((s) = 0. Hence we may rewrite (15) as

+oo
[ aasuns = [ [ s@asrz g0 (16)

Indeed, using that b is 1-homogeneous, the co-area formula (see, for example, [6, Section 2.12]),
Sard’s theorem, and the definition of surface area measure, we obtain

Ly = [ () 9@l
+o00
= b(eh) dH " (y)d
/ /(9{f>t} VIl ) (v) dt

_ /Om /S b(2) AS({f > t}, 2) dt

where H"~! denotes the (n — 1)-dimensional Hausdorff measure.
Formula (16) provides the motivation of our extension of the LYZ operator, for which we
require the following result.

10



Lemma 3.1. If { € D" 2(R), then

400
H L (O{Cou>t})dt < 400
0

for every u € Conv(R"™).

Proof. Fix e > 0 and u € Conv(R"). Let p. € CT°(R) denote a standard mollifying kernel
such that fR” pedx =1 and pe(x) > 0 for all z € R™ while the support of p. is contained in
a centered ball of radius e. Write 7. for the translation ¢ — ¢ + ¢ on R and define (.(¢) for

t € R by
+e

Ct)=(pex(ComN(B) +et = [ ((t—e—s)pa(s)ds+e!

—&
It is easy to see, that (. is non-negative and smooth. Since ¢ fj; C(t —e—s)pe(s)ds is
decreasing, (. is strictly decreasing. Since
+e +e

e s)pu(s)ds > [ CWpels)ds = <o),

—&

we get ((t ) > ((t) for every t € R. Finally, (. has finite (n — 2)-nd moment, since t — e¢

has finite (n — 2)-nd moment and

/ " 2/ (t—e—s)pe(s)dsdt = /_jpg(s)/()+oot”_2C(t—a—s)dtds

+e +o0
< / pe(8) ds/ t"2C(t — 2¢) dt < 4-o0.
0

—&
Since (. > ¢, we have {(ou >t} C {(. ou > t} for every t € R. Since those are compact
convex sets for every ¢ > 0, we obtain H" 1(9{Cou > t}) < H" 1 (0{¢. ou > t}) for every
t > 0. Hence, it is enough to show that
+0o0

HHO{C o u > t}) dt < +o0.
By Lemma 1.3, there exist constants a,b € R with a > 0 such that u(z) > v(x) = a|z| + b for

all x € R™. Therefore (. o u < (; o v, which implies that {(; ou >t} C {{. o v > t} for every
t > 0. Hence, by convexity, the substitution ¢ = (.(s) and integration by parts, we obtain

—+o00 —+o0
/ H N 0{lou>th)dt < / H 1 (O{Cov >t} dt
0 0
Ce(b)
= no / (M) — byt de
0 oo
= _nu / (s — b)"1¢(s) ds
b N————

<0

—+00
n_ 1im 3 -1 n(n—1) vy _9
< g lmind(s =00+ [ (=) ds
< Foo, €10, +oc] <+oo
where v,, is the volume of the n-dimensional unit ball. ]

11



The previous lemma admits a reverse statement. Let ¢ € C(R) be non-negative and
decreasing, and assume that

/O+OO HHO{Cou > t})dt < 400 (17)
for every u € Conv(R"™). Then necessarily
/0 T2y dt < oo, (18)
i.e. ¢ € D" 2(R). Indeed, the following identity holds
T 0w ¢(lal) > 1) dt = (n— /0 Tecman )

Therefore, substituting u(x) = |z| in (17) we immediately get (18). Identity (19) can be
easily proved by the co-area formula, when ( is smooth, strictly decreasing and it vanishes
in [tg, +00), for some ¢y > 0. The general case is the obtained by a standard approximation
argument.

Lemma 3.2 (and Definition). For u € Conv(R") and ¢ € D" 2(R), an even finite Borel
measure S({C ou),-) on S"~! is defined by the condition that

+o0
/S"—l b(2)dS((Cou),2) = /0 /Sn—1 b(2)dS({Cou >t} 2)dt (20)

for every even continuous function b : S*~! — R. Moreover, if ug,u € Conv(R"™) are such

that g RN u, then the measures S((C o ug),-) converge weakly to S({C ou),-).
Proof. For fixed u € Conv(R"™) and ¢ € D" %(R), we have

/Om /S o(2)dS({Cou >}, 2) dt’ < max ]c(z)]/0+oo7{nl(8{§ou > 1)) dt

zeSn—1

for every continuous function ¢ : S*~! — R. Hence Lemma 3.1 shows that

¢ /Om /S (=) dS({Cou > ), 2) dt

defines a non-negative, bounded linear functional on the space of continuous functions on S* 1.
It follows from the Riesz-Markov-Kakutani representation theorem (see, for example, [43]),
that there exists a unique Borel measure Y (¢ o u,-) on S*~! such that

/Snl c(z)dY(Cou,z) = /0+oo /Snl c(2)dS({Cou>t},z)dt

for every continuous function ¢ : S*~1 — R. Moreover, the measure is finite. For u € Conv(R"™)
and ¢ € D""2(R), define the even Borel measure S({C ou),-) on S ! as

S((Cou), ) =5(Y(Cou, ) +Y(Cou,)),
where v~ (z) = u(—=z) for x € R™. Note that (20) holds and that S({C ou),-) is the unique

even measure with this property.
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Next, let uy, u € Conv(R") with uj, — u. Fix an even continuous function b : $"~' — R.
By Lemma 1.1, the convex sets {u; < t} converge in the Hausdorff metric to {u < t} for
every t # mingern u(x), which implies the convergence of { ouy > t} — {(ou > t} for
every t # maxzern ((u(x)). Since the map K +— S(K,-) is weakly continuous on the space of
convex bodies, we obtain

/S b)dS(Cou 2ty 2) = | b(z)dS{Cou =1}, 2),

for a.e. t > 0. By Lemma 1.4, there exist a,d € R with a > 0 such that ug(z) > v(z) = a|z|+d
and therefore ¢ o ug(x) < (ov(x) for z € R™ and k € N. By convexity,

HYHO{Coup > t}) < HVHO{Cov >1t})

for every k € N and ¢t > 0 and therefore

]/S b(z) dS({Coux > t},z)) < max [b(z)| H" 7 (9{C 0wy > 1})

z€ESn—
< max1|b(z)\ H L (O{Cov >t}).

zeSr—

By Lemma 3.1, the function t — [g,_1|b(2)|dS({C o v > t}, 2) is integrable. Hence, we can
apply the dominated convergence theorem to conclude the proof. O

For p € R, we say that an operator Y : Conv(R") — M(S"™1) is SL(n) contravariant of
degree p if for u € Conv(R"),

/ b(z)dY(uogb_l,z):/ bodt(z)d Y (u, 2)

for every ¢ € SL(n) and every continuous p-homogeneous function b : R”\{0} — R. This
definition generalizes (13) from convex bodies to convex functions. We say that Y is decreasing
on Conv(R"), if the real valued function u ~ Y (u,S"" 1) is decreasing on Conv(R"), that is,
if u > v, then Y(u,S"!) < Y(v,S*7!). Similarly, we define increasing and we say that Y is
monotone if it is decreasing or increasing.

Lemma 3.3. For ( € D" 2(R), the map

u S((Cou),-) (21)

defines a weakly continuous, decreasing valuation on Conv(R"™) that is SL(n) contravariant of
degree 1 and translation invariant.

Proof. As K — S(K,-) is translation invariant, it follows from the definition that also
S((C owuy,-) is translation invariant. Lemma 3.2 gives weak continuity. If u,v € Conv(R") are
such that u > v, then

fussiClv<s)  {Couzt) C{Covz1)
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and consequently by convexity
S({Cou>1},5"") < S({Cov > 1},5" ),
for all s € R and ¢ > 0. For ¢ € SL(n),
{Couop™ 2t} =¢{Couxt},
and hence by the properties of surface area measure, we obtain
/Sn B(2)dS((Couos),2) = /;Oo /S () dS(o{Cou > 1), ) dt

— /O+OO/S 1 boop '(2)dS({Cou > t},z)dt

= /Sn_l bog ' (2)dS({Cou),2)
for every continuous 1-homogeneous function b : R"\{0} — R. Finally, let u,v € Conv(R")

be such that u A v € Conv(R™). Since ¢ € D" ?(R) is decreasing, we obtain by (5) and the
valuation property of surface area measure that

| paa(S(co twv .5+ S(iC o (uav). 2)

T Ao unconz),2) + S((CouvCo 2 1))

Sn—

2]

S({Cou>t},z)+S{¢ov >t} 2))dt

=

/

:/0+00/n 1 S{Cou>tyn{Cov >t} z)+S{Cou>t}U{Cov>1t},z2))dt
/,
L

(Z)d( ((Cou),2) + dS((C o v), 2)).

Hence (21) defines a valuation. O

We remark that Tuo Wang [48] extended the definition of the LYZ measure from W1 (R")
to the space of functions of bounded variation, BV(R™), using a generalization of (15). The
co-area formula (see [6, Theorem 3.40]) and Lemma 3.1 imply that ¢ o u € BV(R™) for every
¢ € D" %(R) and u € Conv(R"). However, our approach is slightly different from [48].
The extended operators are the same for functions in Conv(R") that do not vanish a.e., but
we assign a non-trivial measure also to functions whose support is (n — 1)-dimensional. In
this case, the LYZ measure is concentrated on a great subsphere of S"~! and hence we are
able to associate to such a function an (n — 1)-dimensional convex body as solution of the
Minkowski problem but not an n-dimensional convex body. Since Blaschke sums are defined
on n-dimensional convex bodies, we do not obtain a characterization of the LYZ operator
as a Blaschke valuation on Conv(R™). Note that Wang’s definition allows to extend the
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LYZ operator to BV(R™) with values in the space of n-dimensional convex bodies. However,
Wang’s extended operators f +— S((f),-) and f +— (f) are only semi-valuations (see [50] for
the definition) but no longer valuations on BV(R™) and Wang [50] characterizes f — (f) as
a Blaschke semi-valuation.

4 SL(n) contravariant Minkowski Valuations on Conv(R")

The operator that appears in Theorem 1 is defined. It is shown that it is a continuous,
monotone, SL(n) contravariant and translation invariant Minkowski valuation.
By (11) and the definition of the cosine transform, the support function of the classical

projection body is the cosine transform of the surface area measure. Since the measure
S({¢ ou),-), defined in Lemma 3.2, is finite for all ¢ € D""2(R) and u € Conv(R"™), the cosine
transform of S({C o u), ) is finite and setting

h(IT(C ou), 2) = 3 € S((C o u),-)(2)

for z € R", defines a convex body II{(C ou) for ¢ € D" 2(R) and u € Conv(R"). Here we
use that the cosine transform of a measure gives a non-negative and sublinear function, which
also shows that II (¢ o u) contains the origin. By the definition of the cosine transform and
the definition of the LYZ measure S({( o u), -), we have

MI(Cow.2) = 4 [y slas(couy)
“+o00
[ weslastceuz n.ar (22)
= /+ooh(H{Cou2t},z)dt
0

for ¢ € D" 2(R) and u € Conv(R™). Hence the projection body of ¢ o u is a Minkowski
average of the classical projection bodies of the sublevel sets of o u.

Using the definition of the classical projection body (11), (10), the definition (9) of pro-
jections of quasi-concave functions and (8), we also obtain for z € S*~!

+o0
h(IT{(Cou),z) = /0 h(II{C ou >t},z)dt
+o00
= /0 Vi—1(proj, . {Cou >t})dt
+o0
_ /0 Vi1 ({proj.. (Cou) > 1) dt

= Viu—1(proj,. (¢ ou)).
Thus the definition of the projection body of the function (ow is analog to the definition of the

projection body of a convex body (11). In [5], this connection was established for functions
that are log-concave and in W11 (R").
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Lemma 4.1. For ( € D" ?(R), the map
w s TL(C o u) (24)

defines a continuous, decreasing, SL(n) contravariant and translation invariant Minkowski
valuation on Conv(R™).

Proof. Let ¢ € D" %(R) and u € Conv(R"). By (12) and (22), we get for every ¢ € SL(n)
and z € S"1,

RII(Couog™t),2) = /Oooh(l_[{(ouogb_lzt},z)dt
= /Oooh(ﬂgb{gouzt},z)dt
= /Oooh(QS_tH{Couzt},z)dt
= /Oooh(H{COUZt},qSlz)dt = h(II{Cou,) ¢ 2).

Similarly, we get for every translation 7 on R” and z € S*1,
h(IT(Couor 1), 2) = h(IT (¢ o u), 2).
Thus for every ¢ € SL(n) and every translation 7 on R,
H{Couop ™) =¢ ' (Cou) and Tl ((ouor ) =TI(Cou)

and the map defined in (24) is translation invariant and SL(n) contravariant. By Lemma 3.3,
the map u +— S((C owu),-) is a weakly continuous valuation. Hence, the definition of II (¢ o u)
via the cosine transform and (4) imply that (24) is a continuous Minkowski valuation. Finally,
let ¢ € D" 2(R) and u,v € Conv(R") be such that u > v. Then {(ou >t} C {(ov >t} for
every t > 0 and consequently, h(IT{C ou > t},2) < h(II{¢ ov > t},2) for every z € S*~! and
t > 0. Hence, for every z € S"~1,

+oo +oo
h(IT{C ou),z) = / h(II{C ou > t}, 2)dt < / h(II{{ ov > t},z)dt = h(IT{{ o v), 2),
0 0
or equivalently II (¢ o u) CII(¢ owv). Thus the map defined in (24) is decreasing. O

5 Classification of SL(n) contravariant Minkowski Valuations

The aim of this section is to prove Theorem 1. Let n > 3 and recall the definition of the cone
function £ from (6).
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Lemma 5.1. If Z : Conv(R"™) — K" is a continuous and SL(n) contravariant Minkowski
valuation, then there exist continuous functions ¥, : R — [0, 00) such that

Z(lg +1) =) K,
2k +1) = COTK
for every K € Kij and t € R.
Proof. For t € R, define Z; : Kff — K" as

7o K = Z(lx +1).

Now, for K,L € Ky such that K UL € K, we have ({g +t) A (¢ +1t) = lkgur +t and
(b +t)V (lp +1t) =Lgnr +t. Using that Z is a valuation, we get

LK+7Z L = Z(lg+1t)+7Z(lr +1t)
= Z(Wlg+t)V L +1)+Z((lx +t) N (L + 1))
= Z(KUL)+Z,(KNL),

which shows that Z; is a Minkowski valuation for every ¢t € R. Since Z is SL(n) contravariant,
we obtain for ¢ € SL(n) that

Ze(pK) = Z(lpr +1) = Z((l +t) 0o ) = ¢ " Z(lic +1) = ¢ " Z1 K.

Therefore, Z; is a continuous, SL(n) contravariant Minkowski valuation, where the continuity
follows from Lemma 1.1. By Theorem 2.2, there exists a non-negative constant ¢; such that

Z(£K+t):ZtK:CtHK

for all K € K. This defines a function (t) = ¢;, which is continuous due to the continuity
of Z. Similarly, using Z;(K) = Z(Ix + t), we obtain the function (. O

For a continuous, SL(n) contravariant Minkowski valuation Z : Conv(R") — K", we call
the function ¥ from Lemma 5.1 the cone growth function of Z. The function ( is called its
indicator growth function. By Lemma 1.7, we immediately get the following result.

Lemma 5.2. Every continuous, SL(n) contravariant and translation invariant Minkowski
valuation Z : Conv(R™) — K" is uniquely determined by its cone growth function.

Next, we establish an important connection between cone and indicator growth functions.

Lemma 5.3. Let Z : Conv(R"™) — K™ be a continuous, SL(n) contravariant and translation
wvariant Minkowski valuation. The growth functions satisfy
(_1)n71 dnfl

)= = am T

P(t)

for every t € R.
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Proof. We fix the (n — 1)-dimensional linear subspace E = e, of R™. Since F is of dimension
(n — 1), we can identify the set of functions u € Conv(R") such that domu C E with
Conv(R™" 1) = Conv(E). We define Y : Conv(E) — R by

Y(u) = h(Z(u), en).

Since Z is a Minkowski valuation, Y is a real valued valuation. Moreover, Y is continuous and
translation invariant, since Z has these properties. By the definition of the growth functions
we now get

Y(lp+1t) = h(Z(lp +1),en) = Y(O)R(IL P, ep) = () Vo-1(P)

and
Y(Ip +1) = h(Z(Ip + 1), en) = CORT P,en) = C(t)V1(P)

for every P € Py (E) = {P € P} : P C E} and t € R. Hence, by Lemma 1.5,

(_1)n—1 dn—l

C(t) = C(t) Ve ([0,1]"71) = Y(Ijg o1 + 1) = DA

P(t)

for every t € R, where [0,1]""! =[0,1]" N E. O
Next, we establish important properties of the cone growth function.

Lemma 5.4. If Z : Conv(R") — K" is a continuous, SL(n) contravariant and translation
invariant Minkowski valuation, then its cone growth function v is decreasing and satisfies

tll)ngo Y(t) = 0. (25)

Proof. In order to prove that v is decreasing, we have to show that ¢(s) > (t) for all
s < t. Without loss of generality, we assume that s = 0, since for arbitrary s we can consider
Z(u) = Z(u + s) with cone growth function ¥ and ¥(0) = t(s). Hence, for the remainder of
the proof we fix an arbitrary ¢ > 0 and we have to show that () < 1(0).

Define P and @ as in Lemma 2.1. Choose u; € Conv(R™) such that epiu; = epilpN{x; <
£}. Let 7 be the translation  +— z + £(e1 + eo) and define £py(z) = €p(x) o7, ' + ¢ and
similarly £q¢(x) = lo(x) o7, ' +t. Note that

ut/\ﬁp’t ZEP and ut\/fpyt ZEQ’t.
Thus, the valuation property of Z gives
Z(Ut) + Z(Epﬂg) = Z(Ut A Epﬂg) + Z(Ut V gp’t) = Z(gp) + Z(KQ’t)

Using the translation invariance of Z and the definition of the cone growth function, this gives
for the support functions

WZ(uz), ) = ($(0) = P(O)A(ILP,-) + P (H)A(ITQ; -). (26)
Since Z(u¢) is a convex body, its support function is sublinear. This yields

hZ(ut),e1 + e2) < h(Z(ug),e1) + h(Z(u), e2)
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and

(1(0) = ¥ (¢))h(IL P, e1 + e2) + P (t)R(I1Q, €1 + €2)
< ((0) = () (R(ILP,e1) + h(ILP, e2)) + (1) (h(I1Q, e1) + h(I1Q, e2)).

Using Lemma 2.1, we obtain

((0) — () gy + (O gty < (W(0) — (0 (gpy + gy + 90 (g +0),
0 < ((0) — (1) gtmy

which holds if and only if ¥ (t) < 1(0).

In order to show (25), let ¢ in the construction above go to +o00. It is easy to see, that in this
case u; is epi-convergent to £p. Since 1 is decreasing and non-negative, lim;, o ¥ (t) = Vo
exists. Taking limits in (26) therefore yields

K/J(O)h(ﬂ P, ) = h(Z(EP)a ) = (w(o) - woo)h(n P, ) + Yoo h(HQ, )
Evaluating at es now gives 1, = 0. O

By Lemma 1.7, we obtain the following result as an immediate corollary from the last
result. We call a Minkowski valuation on Conv(R™) trivial if Z(u) = {0} for v € Conv(R").

Lemma 5.5. Every continuous, increasing, SL(n) contravariant and translation invariant
Minkowski valuation on Conv(R™) is trivial.

Lemma 5.3 shows that the indicator growth function ¢ of a continuous, SL(n) contravariant
and translation invariant Minkowski valuation Z determines its cone growth function ¢ up
to a polynomial of degree less than n — 1. By Lemma 5.4, lim; o, ¢(¢) = 0 and hence the
polynomial is also determined by {. Thus 1 is completely determined by the indicator growth
function of Z and Lemma 5.2 immediately implies the following result.

Lemma 5.6. Every continuous, SL(n) contravariant and translation invariant Minkowski
valuation 7 : Conv(R™) — K™ is uniquely determined by its indicator growth function.

5.1 Proof of Theorem 1

If ¢ € D" 2(R), then Lemma 4.1 shows that the operator u + IT (¢ o u) defines a continuous,
decreasing, SL(n) contravariant and translation invariant Minkowski valuation on Conv(R™).

Conversely, let a continuous, monotone, SL(n) contravariant and translation invariant
Minkowski valuation Z be given and let { be its indicator growth function. Lemma 5.5 implies
that we may assume that Z is decreasing. It follows from the definition of ¢ in Lemma 5.1
that ¢ is non-negative and continuous. To see that ( is decreasing, note that by the definition
of ¢ in in Lemma 5.1,

h(Z(Tjp1pm + 1), e1) = ¢(t) R(IT[0, 1], e1) = ¢(2)
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for every t € R and that Z is decreasing. By Lemma 5.3 combined with Lemma 1.6, the
function ¢ has finite (n — 2)-nd moment. Thus ¢ € D""2(R).
For w =1Ip +¢ with P € P and t € R, we obtain by (22) that

+oo
B(IL(C o), 2) = /0 W(IH{Cou > s}, 2)ds = C() h(IL P, 2)

for every z € S*"1. Hence I1{C o (Ip +t)) = ((¢t)II P for P € P} and t € R. By Lemma 4.1,
w11 (C o u)

defines a continuous, decreasing, SL(n) contravariant and translation invariant Minkowski
valuation on Conv(R™) and ( is its indicator growth function. Thus Lemma 5.6 completes
the proof of the theorem.

6 Classification of Measure-valued Valuations

The aim of this section is to prove Theorem 3. Let n > 3.

Lemma 6.1. If Y : Conv(R") — M.(S" 1) is a weakly continuous valuation that is SL(n)
contravariant of degree 1, then there exist continuous functions ¢,( : R — [0, 00) such that

Yl +t) = SO(S(K) +S(-K,),
Y(Ix +t,-) CH(S(K,-) + S(-K, )
for every K € Kij and t € R.
Proof. For t € R, define Y; : K — M, (S"7!) as

Yi(K,) = Y(lx +t,°).

As in the proof of Lemma 5.1, we see that Y is a weakly continuous valuation that is SL(n)
contravariant of degree 1 for every t € R. By Theorem 2.6 and (14), for ¢t € R, there is ¢; > 0
such that

YK, ) =Yk +t,-) =c(S(K,-) + S(—K,-))

for all K € K. This defines a non-negative function 1(t) = £¢;. Since t — Y({x +¢,S"71) is
continuous, also v is continuous. The result for indicator functions and ¢ follows along similar
lines. O

For a weakly continuous valuation Y : Conv(R") — M (S"~!) that is SL(n) contravariant
of degree 1, we call the function ¢ from Lemma 6.1, the cone growth function of Y and we
call the function ( its indicator growth function.

Lemma 6.2. If Y : Conv(R") — M.(S" 1) is a weakly continuous valuation that is SL(n)
contravariant of degree 1 and translation invariant, then

(_1)n—1 dn—l

0= @

»(t).

Moreover, 1 is decreasing and limy_, o ¥(t) = 0.
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Proof. Recall that the cosine transform €Y (u, -) is the support function of a convex body that
contains the origin for every u € Conv(R"™). By the properties of Y, this induces a continuous,
SL(n) contravariant and translation invariant Minkowski valuation Z : Conv(R") — K" via

hZ(u),y) = 5 €Y (u,-)(y)

for y € R”. By Lemma 6.1, we have

WZ(lk +1),y) = 53 € (50 (O)(S(K, ) + S(=K,))) (y) = ¢ (Hh(IIK, y)

for every K € Kij, t € R and y € R". Hence, by Lemma 5.1, the function v is the cone growth
function of Z. Similarly, it can be seen, that ¢ is the indicator growth function of Z. The
result now follows from Lemma 5.3 and Lemma 5.4. 0

Lemma 6.3. Every weakly continuous, increasing valuation Y : Conv(R™) — M.(S"~1) that
is SL(n) contravariant of degree 1 and translation invariant is trivial.

Proof. Since Y is increasing, Lemma 6.1 implies that for s < ¢

Y(f}( + s, Sn_l)
P(s)(S(K,S" 1) + S(—K,S")

Y(EK +t, Sn_l),

<
< ) (S(K, 8" ) + S(—K,S" 1)

for every K € K{j. Hence, 1 is an increasing function. By Lemma 6.2, ¢ = 0. Lemma 1.7
implies that Y is trivial. O

Lemma 6.4. Every weakly continuous valuation Y : Conv(R™) — M.(S"71) that is SL(n)
contravariant of degree 1 and translation invariant is uniquely determined by its indicator
growth function.

Proof. By Lemma 6.2, we have lim; 4~ 9(t) = 0 and ((t) = %%w(t) This shows
that ¢ uniquely determines . Since Lemma 1.7 implies that Y is determined by its cone
growth function, this implies the statement of the lemma. ]

6.1 Proof of Theorem 3

By Lemma 3.3, the map Y : Conv(R") — M.(S"!) defined in (3) is a weakly continuous,
decreasing valuation that is SL(n) contravariant of degree 1 and translation invariant.

Conversely, let Y : Conv(R") — M,(S"!) be a weakly continuous, monotone valuation
that is SL(n) contravariant of degree 1 and translation invariant. Let ¢ : R — [0, 00) be its
indicator growth function. If Y is increasing, then Lemma 6.3 shows that Y is trivial. Hence
we may assume that Y is decreasing. Lemma 6.2 combined with Lemma 1.6 implies that
¢ € D" 2(R).

Now, for u = Ix +t with K € K and ¢ € R we obtain by Lemma 6.1 and by the definition
of S((C ow),-) in Lemma 3.2 that

Y(u,-) = 3¢ (S(K, ) + S(=K, ) = S((Cou), ).

D=
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By Lemma 3.3,
ur S((Cou,-)

defines a weakly continuous, decreasing valuation on Conv(R"™) that is SL(n) contravariant
of degree 1 and translation invariant and ( is its indicator growth function. Thus Lemma 6.4
completes the proof of the theorem.

7 SL(n) covariant Minkowski Valuations on Conv(R")

The operator that appears in Theorem 2 is discussed. It is shown that it is a continuous, mono-
tone, SL(n) covariant and translation invariant Minkowski valuation. Moreover, a geometric
interpretation is derived.

We require the following results.

+oo
Lemma 7.1. For ( € D°(R), we have |/ h({Cou > t},z)dt| < +oo for every function
0

u € Conv(R") and z € S*~ L.

Proof. Fix ¢ > 0 and u € Conv(R"™). Let p. € C*t*°(R) denote a standard mollifying kernel
such that [, p-(x)dz = 1, supp p. C B(0) and p.(z) > 0 for all z € R". Write 7. for the
translation ¢ — t + ¢ on R and define (.(¢) for ¢t € R as

+e
()= (pex (Cor ) +e = [ ((t—e—s)pe(s)ds+e.

—E&
As in the proof of Lemma 3.1, it is easy to see that (. is smooth and strictly decreasing and
that

+o00
/ ¢ (t) dt < 4o0.
0

Moreover, (.(t) > ((t) > 0 for every t € R. Hence, {(ou >t} C {(. ou >t} for every t > 0
and therefore it suffices to show that

+oo
}/ h({Ce o u > t},2)dt] < +oo
0
for every z € S*~!. By Lemma 1.3, there exist constants a,b € R with a > 0 such that

u(z) > v(x) = alz| + b for all z € R". Hence, by substituting ¢t = (.(s) and by integration by
parts, we obtain

+o0 +oo
\/0 h({Cou > t},z)dt| </0 h({¢.ov > t},2)dt

3 e - e
o
- 1 / (s — ) CU(s) ds
b %,—/

<0 oo
JRRTIN 1
< —g liminf(s —b) G (s) +a/b Ce(s)ds < 400,
—_——
. €[0,+00] <+oo
which concludes the proof. O
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Lemma 7.2 (and Definition). For ¢ € D°(R), the map u + [¢ o u] from Conv(R"™) to K",

defined for z € S*™1 by
+0o0

h([Cou],z) = / h({Cou >t},z)dt,
0
is a continuous, decreasing, SL(n) covariant Minkowski valuation.

Proof. Let u,v € Conv(R") be such that u > v. Then

{Cou>t} C{Cov >t}

for every t > 0 and consequently,

h({Cou>t},z) <h({Cov >t},2)

for every z € S"~1. Since the integral in the definition of [¢ o u] converges by Lemma 7.1, this
shows that u +— [¢ o u] is well-defined and decreasing on Conv(R").

Now, let u € Conv(R") and u; € Conv(R"™) be such that epi-lim;,_, ur = u. By
Lemma 1.1, the sets {ur < t} converge in the Hausdorff metric to {u < t} for every
t # mingern u(x), which is equivalent to the convergence {¢ o uy > t} — {(owu > t} for
every t # maxgzern C(u(z)). By Lemma 1.4, there exist constants a,b € R with a > 0 such
that for every k£ € N and z € R™

ug(z) > v(z) = alzx| +b
and therefore ((ux(z)) < ((v(z)) for every z € R” and k € N and hence also

[h({Cour > t},2)| < h({Cov =1}, 2)

for every t > 0,k € N and z € S"! where we have used the symmetry of v. By Lemma 7.1,
we can apply the dominated convergence theorem, which shows that u + [¢ o u] is continuous.
Finally, since
ur— {Cou >t}
defines an SL(n) covariant Minkowski valuation for every ¢ > 0, it is easy to see that also
u > [¢ o u] has these properties. O

Let f = (owu with ¢ € D°(R) and u € Conv(R"). Write E(z) for the linear span of
z € S*1. By the definition of the level set body, the difference body, the projection of a
quasi-concave function (9), and (10), we have

D)) = ) 2)+h(=[f],2)
= [ TRz e s 2

8

8

= [Ttz

0

“+o0o
— /0 Vi(proje {f = 1) dt
— Vi(proise /)
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This corresponds to the geometric interpretation of the projection body from (23).

Lemma 7.3. For ( € D°(R), the map u + D[( ou] from Conv(R") to K™ is a continuous,
decreasing, SL(n) covariant and translation invariant Minkowski valuation.

Proof. For every translation 7 on R" and u € Conv(R"), we have

+o00 +oo
h(D[Couor Y, 2) = /h(D{Coum—th,z}dt: /h(D{Couzt,z}dt:h(D[Cou],z),
0 0

since the difference body operator is translation invariant. The further properties follow
immediately from the properties of the level set body proved in Lemma 7.2. O

8 Classification of SL(n) Covariant Minkowski Valuations

The aim of this section is to prove Theorem 2. Let n > 3.

Lemma 8.1. If Z : Conv(R") — K" is a continuous, SL(n) covariant Minkowski valuation,
then there exist continuous functions 1,1a,13 : R — [0,00) and 14 : R — R such that

Z(lx +1t) = Y1) K + 2 (t) (= K) + 13(t) MK + 94(t) m(K)

for every K € Kij andt € R. If Z is also translation invariant, then there exists a continuous
function ¢ : R — [0,00) such that

Z(Ig +t)=C(t)DK
for every K € K™ and t € R.

Proof. For t € R, define Z; : K — K" as Z; K = Z({k +t). It is easy to see, that Z; defines
a continuous, SL(n) covariant Minkowski valuation on K for every ¢ € R. Therefore, by
Theorem 2.4, for every ¢t € R there exist constants ¢4, co,c3¢ > 0 and ¢4y € R such that

Z(EK + t) = Zt K = Cl,tK + CQJ(*K) + Cg,tMK + C47t l'Il(K)

for every K € K. This defines functions ;(t) = ¢;; for 1 <i < 4. By the continuity of Z,

52

t = h(Z(lr, +1t),e1) = s (t) + (n+1)!

(¥3(t) + a(t))

is continuous for every s > 0, where Ty is defined as in Lemma 2.3. Setting s =1 and s = 2

shows that 1

(n+1)!
4
(n+1)!

t— wl(t) +

(¥3(t) + ¢a(t)),

t 201 (t) + (¥3(t) + Ya(?))
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are continuous functions. Hence 13 + ¢4 and 11 are continuous functions. The continuity of
the map ¢ — h(Z(lr, +t),—e1) shows that 13 — 14 and 19 are continuous. Hence, also 13
and 4 are continuous functions.

Similarly, if Z is also translation invariant, we consider Y{(K) = Z(Ix + t), which defines
a continuous, translation invariant and SL(n) covariant Minkowski valuation on K™ for every
t € R. Therefore, by Theorem 2.5, there exists a non-negative constant d; such that

Z(g + 1) = Yi(K) =d, DK

for every t € R and K € K. This defines a function ((¢) = d;, which is continuous due to
the continuity of Z. O

Lemma 8.2. If Z: Conv(R"™) — K" is a continuous, SL(n) covariant Minkowski valuation,
then, for e € S 1,
h(Z(v),e) =0

for every v € Conv(R"™) such that domv lies in an affine subspace orthogonal to e. Moreover,
if U is the orthogonal reflection at e, then

hZ(u),e) = h(Z(uo v ™), —e)
for every u € Conv(R"™).

Proof. By Lemma 8.1, we have h(Z({k),e) = 0 for every K € K§ such that K C el. Hence,
Lemma 1.7 implies that h(Z(v),e) = 0 for every u € Conv(R") such that domv C e*. By
the translation invariance of Z, this also holds for v € Conv(R™) whose dom v lies in an affine
subspace orthogonal to e.

Similarly, for every K € Kfj, we have h(K,e) = h(JK, —e) and h(—K,e) = h(—0K, —e)
while h(m(K),e) = h(m(JK), —e) and h(M K, e) = h(M(VK), —e). Hence Lemma 8.1implies
that h(Z({x),e) = h(Z({x o9~ 1), —€). The claim follows again from Lemma 1.7. O

In the proof of the next lemma, we use the following classical result due to H.A. Schwarz
(cf. [40, p. 37]). Suppose a real valued function v is defined and continuous on the closed

interval I. If
(4 )~ 20(0) + (¢~ h)

h—0 h? =0

everywhere in the interior of I, then ¢ is an affine function.

Lemma 8.3. Let Z : Conv(R"™) — K" be a continuous, SL(n) covariant and translation
invariant Minkowski valuation and let 11,102,1%3 and 4 be the functions from Lemma 8.1.
Then 1 and o are continuously differentiable, | = 1} and both 13 and 14 are constant.

Proof. For a closed interval I in the span of ej, let the function u; € Conv(R™) be defined by

{ur <0} =0, {ur <s}=1I+conv{0,seq,...,s5€,}
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for every s > 0. By the properties of Z it is easy to see that the map I — h(Z(us +1t),e1) is
a real valued, continuous, translation invariant valuation on K' for every t € R. Hence, it is
easy to see that there exist functions (p, (1 : R — R such that

h(Z(ur + 1), e1) = Co(t) + G (H)Vi(T) (27)

for every I € K! and t € R (see, for example, [24, p. 39]). Note, that by the continuity of Z,
the functions (p and (; are continuous.
For r,h >0, let T, ), = conv{0, ;; €1, €2, ..., e, }. Define the function ul by

{ul < s} ={tr,), <s}n{m <7}
for every s € R. Tt is easy to see that u € Conv(R") and that
{up <syu{lr,, ot +h<s}={lr, <s},

{uﬁgs}ﬂ{ETr/hOTr_l—f—hSS}C{xlzr}

for every s € R, where 7, is the translation  — x + re;. By translation invariance, the
valuation property and Lemma 8.2, this gives

h(Z(u? + t)a 61) = h(Z(ETr/h + t)? 61) - h(Z(gTr/h +i+ h), 61)

for every t € R. Note, that by Lemma 1.2 we have u! BN up,;] as h — 0. Hence, using the
continuity of Z, Lemma 8.1 and Lemma 2.3, we obtain

W(Z(upo +1),e1) = lim, h(Z(uy + 1), e1)

. <rw1(t)—z/11(lt+h)4r r? <w3+w4><t)—<w3+w4)<t+h>)
B h (n+1)! h?

h—0t

for every t € R and r > 0. Comparison with (27) now gives

) =t DO ZGEER) L (W4 Y0~ W+ g4 B)

h—0+ h ’ h—0+ h?

. (28)

Similarly, since also u” — h RN up,;] as h — 0, we obtain

G (t) — lim (1 (t - h’) - 1/11(t) 0= lim (1/13 + ¢4)(t — h) — (w3 + ¢4)(t)

h—0+ h ’ h—0+ h?

Hence, v is continuously differentiable with —¢] = ;. In addition, by H.A. Schwarz’s result,
the function 13 + 14 is linear and hence by (28) it must be constant.

Now, let ¥ denote the reflection at {z;1 = 0} = e;. Lemma 8.2 and the translation
invariance of Z give

h(Z(ujo ) + 1), €1) = h(Z(ujg, 0 9" + 1), —e1)
= W(Z(uj_0 + 1), —e1) = h(Z(up,) + 1), —e1)

for every t € R. Repeating the arguments from above, but evaluating at —e;, shows that
—ph, = (1 and 13 — 104 is constant. Hence, both 13 and 14 are constant. ]
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Lemma 8.4. If the operator Z : Conv(R™) — K™ is a continuous, SL(n) covariant and
translation invariant Minkowski valuation, then there exists a non-negative ¢ € C'(R) such
that

Z(tk +1) = () DK

for every t € R and K € K. Moreover, lim;_, 1 1(t) = 0.

Proof. Let 41,...,1%4 be as in Lemma 8.1. By Lemma 8.3, there exist constants cs, cq such
that ¥3(t) = c3 and ¥4(t) = c4. Moreover, ¥; and 1y are non-negative and only differ by a
constant. Hence, it suffices to show that lim; oo %1 (t) = limy—, o0 ¥2(t) = 0 and ¢3 = ¢4 = 0.
To show this, let 7,b > 0 and let v2 € Conv(R") be defined by epiv? = epifz, N{z; < b}, where
T, is defined as in Lemma 2.3. Note, that epi-lim, ., v? = {7,. Let 7, be the translation
T+ x + bey and set (8 := {7, OTb_l + %. Then

o NS =0, dom(v? vV £2) C {21 = b}.
Thus, by the valuation property and Lemma 8.2, we obtain

R(Z(E), e1) = h(Z(Er, ), e1) — h(Z(E), e1).
Using the translation invariance and continuity of Z now gives

9 C3+Cy4 B T b T _ b
P (0) 47 = Rt ). en) = lim BZ(D).e1) = Jim r(11(0) = ()
for every r > 0. Hence, lim;_, 1o %1(t) = 0 and ¢3 + ¢4 = 0. Similarly, evaluating the support
functions at —e; gives limy_, o 1¥2(t) = 0 and ¢3 — ¢4 = 0. Consequently, c¢3 = ¢4 = 0. O

By Lemma 1.7, we obtain the following result as an immediate corollary of the last result.

Lemma 8.5. Every continuous, increasing, SL(n) covariant, translation invariant Minkowski
valuation on Conv(R™) is trivial.

For a given continuous, SL(n) covariant and translation invariant Minkowski valuation
Z : Conv(R™) — K", we call the function ¢ from Lemma 8.4 the cone growth function of Z.

Lemma 8.6. If the operator Z : Conv(R"™) — K" is a continuous, SL(n) covariant and
translation invariant Minkowski valuation with cone growth function v, then 1 is decreasing
and

Z(Ix +t)= —¢'(t) DK
for everyt € R and K € K.
Proof. Let ¢ be as in Lemma 8.1. Since ¢ > 0, it suffices to show that { = —1)’. Therefore, for
h > 0let uj € Conv(R"™) be defined by epiuy, = epif|g, /nyN{71 < 1}. By Lemma 1.2, we have
epi-limy,_,o up = Ijg ¢,]. Denote by 7 the translation z + x+e; and define ¢;, = 6[07el/h]o7-_1+h.

Then,
up Ay, = g[O,el/h]a up VAl = I{el} + h.
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Hence, by the properties of Z and the definitions of ¥ and ( this gives

C(t) = h(Z(To e + ), €1) = lim h(Z(up +1),e1) = lim () - ;Z:(t +h)

for every t € R. The claim follows, since v is differentiable. O

The function ( = —1)’ appearing in the above Lemma is called the indicator growth function
of Z. Lemma 8.3 shows that the indicator growth function ¢ of a continuous, SL(n) covariant
and translation invariant Minkowski valuation Z determines its cone growth function ¢ up to
a constant. Since lim;_,o, 1(t) = 0, the constant is also determined by (. Thus 1 is completely
determined by the indicator growth function of Z and Lemma 1.7 implies the following result.

Lemma 8.7. Every continuous, SL(n) covariant, translation invariant Minkowski valuation
on Conv(R") is uniquely determined by its indicator growth function.

8.1 Proof of Theorem 2

By Lemma 7.3, for ¢ € D°(R), the operator u + D [ o u] defines a continuous, decreasing,
SL(n) covariant and translation invariant Minkowski valuation on Conv(R"™).

Conversely, let now a continuous, monotone, SL(n) covariant and translation invariant
Minkowski valuation Z be given and let ¢ be its indicator growth function. Lemma 8.5
implies that we may assume that Z is decreasing. By Lemma 8.7, the valuation Z is uniquely
determined by (. For P = [0, e1] € P§, we have

h(Z(Ip +1),e1) = ((t) h(D P, e1) = ((t)

for every t € R. Since Z is decreasing, also ¢ is decreasing. Since { = —1)/, it follows from
Lemma 8.3 that

t—o00

| e =00 - im v = w00).
Thus ¢ € D°(R).
For w = Ip + t with arbitrary P € Py and t € R, we have

“+o0o
h(D[Coul,z) = /0 h(D{Cou > s},z)ds = ((t) h(D P, 2)

for every z € S*~1. Hence D[C o (Ip +t)] = ((t)D P for P € P} and t € R. By Lemma 7.3,
u— D[Cou]

defines a continuous, decreasing, SL(n) covariant and translation invariant Minkowski valu-
ation on Conv(R™) and ( is its indicator growth function. Thus Lemma 8.7 completes the
proof of the theorem.
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