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Abstract

All GL(n) covariant star-body-valued valuations on convex polytopes are com-
pletely classified. It is shown that there is a unique non-trivial such valuation. This
valuation turns out to be the so called ‘intersection operator’— an operator that
played a critical role in the solution of the Busemann-Petty problem.

2000 AMS subject classification: 52A20 (52B11, 52B45)

A function Z defined on the set IC of convex bodies (that is, of convex compact sets)
in R™ or on a certain subset C of K and taking values in an abelian semigroup is called
a valuation if

ZK+ZL=Z(KUL)+Z(KNL),

whenever K, L, K UL, K NL € C. Real valued valuations are classical and Blaschke
obtained the first classification of such valuations that are SL(n) invariant in the 1930s.
This was greatly extended by Hadwiger in his famous classification of continuous, rigid
motion invariant valuations and characterization of elementary mixed volumes. See [13],
[17], [32], [33] for information on the classical theory and [1]-[4], [15], [16], [25], [26], [28]
for some of the more recent results.

In [24], [27], a classification of convex-body-valued valuations Z : P — K was obtained
where P is the set of convex polytopes in R" containing the origin and addition in /C is
Minkowski addition of convex bodies (defined by K + L={z+y: 2z € K,y € L}). A
valuation Z is called GL(n) covariant, if there exists a ¢ € R such that for all ¢ € GL(n)
and all bodies K,

Z(6K) = | det 67 9 Z K,

where det ¢ is the determinant of ¢. It is called GL(n) contravariant, if there exists a
q € R such that ¢ € GL(n) and all bodies K

Z(¢K) =|det ¢|7¢ ' Z K,

where ¢! is the transpose of the inverse of ¢. Since each body K € K is determined by
its support function, h(K,-) : S~ ! — R, where h(K,u) = max{u-x : x € K} and where
u - © denotes the standard inner product of u and z, these valuations can be defined
via support functions. For n > 2, the classification theorems [27] are the following. An
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operator Z : P — K is a GL(n) contravariant valuation if and only if there is a constant
¢ > 0 such that
ZP=cIIP

for every P € P. Here II P is the projection body of P, that is, h(Il P,u) = vol(P|u")
for u € S"~1, where vol is the (n — 1)-dimensional volume, u= is the subspace orthogonal
to u, and P|ut is the image of the orthogonal projection of P onto u. An operator
Z : P — K is a non-trivial GL(n) covariant valuation if and only if there are constants
co € R and ¢; > 0 such that

ZP=com(P)+c MP

for every P € P. Here an operator is called trivial, if it is a linear combination of the
identity and central reflection, while m(P) is the moment vector and M P is the moment
body of P, defined by,

m(P):/:de and h(MP,u):/ |z - ul| dx,
P P

for u € S" L.

These results establish a classification of GL(n) covariant and contravariant valuations
within the Brunn-Minkowski theory. In this paper we ask the corresponding question in
the dual Brunn-Minkowski theory. In the dual theory convex bodies are replaced by star
bodies and Minkowski addition of convex bodies is replaced by radial addition of star
bodies (see next section for definitions). The natural question to ask is for a classification
of star-body-valued valuations.

Let S denote the set of star bodies in R", where a set K C R" is a star body, if it
is sharshaped with respect to the origin and has a continuous radial function p(K,-) :
Sn=1 — R (defined by p(K,u)u € 0K). Let Py denote the set of convex polytopes in
R™ that contain the origin in their interiors and let P* = {x € R" : x -y < 1 for every
y € P} denote the polar body of P € Py.

Theorem. An operator Z : Py — S is a non-trivial GL(n) covariant valuation if and
only if there is a constant ¢ > 0 such that

ZP=cIP*
for every P € Py.

Here I P* is the intersection body of P* € Py, that is, the star body whose radial function
is given for u € S"~! by
p(I1P*,u) = vol(P* Nu™b).

In recent years, these intersections bodies have attracted increased interest within differ-
ent subjects. They first appear in Busemann’s [5] theory of area in Finsler spaces and
were first explicitly defined and named by Lutwak [29]. Intersection bodies turned out
to be critical for the solution of the Busemann-Petty problem: If the central hyperplane
sections of an origin-symmetric convex body in R" are always smaller in volume than
those of another such body, is its volume also smaller? Lutwak [29] showed that the an-
swer to the Busemann-Petty problem is affirmative if the body with the smaller sections



is an intersection body of a star body. This led to the final solution that the answer is
affirmative if n < 4 and negative otherwise (see [7], [8], [10], [18], [19], [20], [35], [38],
[39]). For further applications of intersection bodies, see [6], [11], [12], [14], [21], [34], and
the books and surveys [9], [22], [23], [31], [36], [37].

The next section lists some basics regarding convex bodies, star bodies and valuations.
Section 2 contains the proof of the theorem.

1 Notation and background material

General references on convex bodies and star bodies are the books by Gardner [9], Leicht-
weif [23], Schneider [36], and Thompson [37]. We work in Euclidean n-space, R™, and
write x = (z1,...,xy,) for z € R™. Let ey, ..., e, denote the vectors of the standard basis
of R™. For x,y € R", let x -y =x1y1 + - - - + Ty yn denote the inner product of z and y
and let |z| denote the length of x.

Let K € §. Then its radial function can extended to v € R™, v # 0, by

p(K,v) =max{\ >0:\ve K}

It follows immediately that for s > 0 and ¢ € GL(n),

1 _
(K sv) = — p(K,v) and p(¢K,v) = p(K, ¢ 'v). (1)
The radial sum K; + K» of K1, Ko € S is the star body whose radial function is given by
p(K1 + K,v) = p(K1,v) + p(Ka,v).

The set S equipped with the operation + is an abelian semigroup and {0} is its neutral
element.

Let Z : Py — S be a valuation which is GL(n) contravariant of weight q € R, that is,
for all ¢ € GL(n) and all P € Py,

Z¢P = |det¢|?¢ " Z P,

We associate with Z an operator Z* : Py — S by setting Z* P = Z P* for P € Py. Let
Py, P, Py U P, € Py. Since

(PLUPR)" =P'NP; and (PANP)" =P UP,
we obtain
7*P+7* Py, = 7P +7P; = Z(PfUPY) +Z(PFNPy)
Z(Pl N PQ)* ¥ Z(Pl U PQ)* = Z*(Pl N PQ) ¥ Z*(Pl U PQ)
Thus Z* is a valuation on Py. Let P € Py and ¢ € GL(n). Since
(pP) = ¢~ P* (2)
and since Z is GL(n) contravariant of weight ¢, we obtain
Z(¢P) = Z(P)* = Z(¢'P*) = | det ¢ 19 Z* P, (3)

Thus Z* is GL(n) covariant of weight —g.



2 Proof of the Theorem
Lutwak [30] showed that for all € GL(n) and all K € S
I[(¢K) = |det ¢| o ' T K.

By (3), P — I P* is a GL(n) covariant valuation on Py and we prove that up to multipli-
cation with a constant this is the unique non-trivial such valuation. The proof consists
of three steps. First, we extend GL(n) covariant valuations defined on Py to valuations
defined on a larger set of polytopes. Next, we derive a classification of valuations which
are GL(n) covariant of weight ¢ > 0. Then we derive a classification of valuations which
are GL(n) contravariant of weight ¢ > 0. This classification of contravariant valuations
and (3) provide a classification of valuations which are GL(n) covariant of weight ¢ < 0.
Combined these results prove the theorem.

2.1 Extension

Let Py denote the set of convex polytopes P which are either in Py or are the intersection
of a polytope Py € Py and a polyhedral cone with apex at the origin and at most n facets.
As a first step, we extend valuations Z : Py — S to simple valuations on Py. Here a
valuation is called simple if Z(P) = {0} for every P € Py with dimension less than n.

We need the following definitions. For A, Aq,..., A C R", let [Ay4,..., Ax] denote
the convex hull of A4,..., A; and let

At ={zeR":z-y=0 forevery y e A}.

For a central hyperplane H (that is, a hyperplane containing the origin), let H+ and H~
denote the complementary closed halfspaces bounded by H. Let Py(H) denote the set
of convex polytopes in H that contain the origin in their interiors relative to H.

Let C4(S™ 1) denote the set of non-negative continuous functions on the unit sphere
S"~1 and let C,(S™!) denote the set of non-negative functions that are continuous
almost everywhere on S™ 1. Note that if Z : Py — S is a valuation then the operator
Y defined by Y P(-) = p(Z P,-) is a valuation taking values in C,(S"!). Let H be a
central hyperplane and let A C S"~!. For P € Py(H), we say that Y : Py — C, (S 1)
s vanishing on A at P if

limOY[P, u,v] = 0 locally uniformly on A
u,v—
forue H-\H,v € H"\H. For P € Py(H), we say that Y is bounded at P if there exists
a constant ¢ € R such that

Y[P,u,v](x) <c

for every x € S" Y and u € H-\H,v € H"\H if |u|, |v] < 1 and [P, u,v] = [P,u] U [P,v].
Lemma 1. Let Y : Py — C4(S™ 1) be a valuation such that for every central hyperplane
H and P € Po(H), Y is bounded and vanishing on S" '\H at P. Then Y can be

extended to a simple valuation Y : Py — C1(S™ 1) and for P € Py bounded by central
hyperplanes Hy, ..., H,, Y P is continuous and bounded on S" '\(H; U---U H,).



Proof. Let P;, j = 1,...,n, be the set of convex polytopes P such that there exist
Py € Py and hyperplanes Hy,..., H; containing the origin with linearly independent
normal vectors and

P=PNHN---NH. (4)

Define Y on Pj, j = 1,...,n, inductively, starting with j = 1, in the following way. For
PePjanduec HiN---NHj_, uEHj_\Hj, set

Y P = lim Y[P,u] on STIN(HyU--- U Hj). (5)

We show that Y is well defined (that is, the limit in (5) exists and does not depend on
the choice of H;), that Y P is continuous and bounded on S" '\(H; U --- U H;), that
for every hyperplane H and P € P;(H), we have for u,v € HiN---NHj, w € H"\H,
ve H\H,

limOY[P, u,v] = 0 locally uniformly on S~ 1\ H (6)
u,v—
and

Y|P, u,v] is uniformly bounded on S"~! for |ul, |v| < 1, (7)

and that Y has the following additivity properties:
If P € Pj_1 and H is a hyperplane such that PN H*, PN H~ € P;, then

YP=Y(PNHY)+Y(PNH") on S"N(HU---UH;_1UH). (8)
If P,Q,PNQ,PUQ € Pj are defined by (4) with halfspaces Hj', ... 7Hf7 then
YP+YQ=YPUQ)+Y(PNQ) on S \(HyU---UH,). (9)

The operator Y is well defined and a valuation on Py. Suppose that Y is well defined
by (5) on Py_1, that Y P is continuous and bounded on S" '\(H; U--- U Hy_1) for
P € Pp_1 and that (6), (7), (8) (if £ > 1) and (9) hold for j < k.

First, we show that the limit in (5) exists and that for P € Py, bounded by hyperplanes
Hy,...,Hy, Y P is bounded and continuous on S 1\ (HyU---UH}). Let v/ € HyN---N
Hy_1, v € H, \Hyj, be chosen such that [P,u] C [P,«'] and —u’ € P. Then applying (9)
with j = k — 1 gives on S""!\(Hy U--- U H})

Y[P,u] +Y[P N H,u',—u'] = Y[P, o] + Y[P N Hy, u, —u']. (10)
Consequently, for x € S"~1\(Hy U--- U Hy,)
| Y[P, u)(z) — Y[P,u')(z)| < Y[P N Hy,u', —u](x) + Y[PN Hg,u, —u'](x). (11)

Combined with (6) for j = k— 1, this implies that the limit in (5) exists locally uniformly
and that Y P is continuous on S""!\(H; U---U Hy). By (10) we have

Y[P,u](x) < Y[P,ul(z) + Y[P N Hg,u', —u'](z).

For u fixed, Y [P, u] is bounded by the induction assumption. Let «' — 0. Then (7) implies
that Y P is bounded on S"~'\(H; U---U Hy). For k > 1 we show that Y P as defined
by (5) does not depend on the choice of the hyperplane Hy. Let w € Hy N --- N Hy_q,



u € H, \Hj. Choose w € HyN---NHy, we H \Hy. Then applying (8) for j = k — 2
gives on S\ (Hy U --- U Hy,)

Y[P,u,w] = Y([P,u,w] N H) + Y([P,u,w] N H ). (12)

We have [P,u,w] N H, = [P N Hg,u,w] and w € H. By (5) and (6) for j = k — 2, we
get on SN\ (Hy U---U Hy)

lim Y[P N Hy,u,w] = 0.
u—0

Combined with [P,u, w] N H;" = [P,w], this implies that on S"~*\(Hy U--- U Hy,)

lirr(l) Y[P, u,w| = Y[P,w]. (13)

Similarly, we get on S"~!\(Hy U---U Hy)
lirr%) Y[P, u, w] = YI[P,ul. (14)
w—
Note that by an argument similar to (11) lim,, ,,—o Y[P, u, w] exists. Thus (12) combined
with (13) and (14) implies that

lim Y[P, u,w] = lin%)Y[P, u] = lin%Y[P, w]=YP. (15)

u,w—0

Thus Y is well defined on Py.
Next, we show that (6) and (7) hold for j = £ < n. Let ¢ > 0 be chosen. Let
P € Py(H) be bounded by Hj,..., H;. Since P C H, Y P is defined on S" '\ H. Let
z € S""N\H. Choose z € HNHyN---NHy_1 and z € H, \Hg. Then [P, 2] € Px_1(H)
and by (6) for j =k — 1,
Y[P, z,u,v] <e (16)

locally around z for u,v € HiN---N Hy, u € H\H and v € H"\H with |ul, ||
sufficiently small. Since [P N Hy,u,v] € Px_1(Hy), (6) for j = k — 1 implies that

limOY[P N H,u,v, —w,w] =0 locally uniformly (17)
w—

forwe HNHyN---NHp_y and w € H,_\H}. Since Y is a valuation,
Y[P, z,u,v] + Y[P N H, —w,w,u,v] = Y[P,w,u,v] + Y[P N Hg, —w, z,u, v].
Let w — 0, then by (5) and (17)
Y[P, z,u,v] = Y[P,u,v] + Y[P N Hy, z,u,v]. (18)
Since Y > 0, (18) combined with (16) implies that
Y[P,u,v] <e

locally around z for |ul, |v| sufficiently small. Thus (6) holds for j = k. It follows from
(7) that Y[P,z,u,v] is uniformly bounded for |ul,|v] < 1. Thus (18) implies that (7)
holds for j = k.



Next, we show that (8) holds for j = k. Let P € Py_1, that is, there exist Py € Py and
hyperplanes Hy, ..., Hp_1 such that P = PoﬂHf“ﬂ- . ﬂH,j_l. Choose u € HiN---NHy_q,
such that w € PN H™\H and —u € PN H~. Then P, [P N H,u,—u], [P N H", —ul,
[P N H~,u] have the hyperplanes Hy, ..., Hx_1 in common. Applying (9) for j =k —1
gives on S" I\ (H; U---UH}_1 UH)

YP+Y[PNH,u,—u=Y[PNH,—u]+Y[PNH,u.

By (6) and definition (5), this implies that (8) holds for j = k.
Finally, we show that (9) holds for j = k. Choose w € Hy N --- N Hy_1, u & Hy such
that —u € PN Q. Applying (9) for j = k — 1 shows that on S"~!\(Hy U---U Hy,)

Y[Pu] +Y[Q,u] =Y[PUQ,u]+ Y[PNQ,ul.

Because of definition (5) this implies that (9) holds for j = k.

The induction is now complete and Y is extended to Py. As last step, we show that
Y is a valuation on Pg. In addition to (8) and (9) it suffices to prove that if P € P, and
H is a hyperplane such that PN H™, PN H~ € P,, then

YP=Y(PNH")+Y(PNH") (19)

on S N\(HyU---UH,UH).

First, let n = 2. Let P be bounded by Hi, Ho, and let PN H™ and PN H~ be
bounded by Hi, H and H, Hy, respectively. For v € HN (H; \H1) N (H; \H2), it follows
from (8) that Y[P,u] = Y[PNH",u]+ Y[P N H ™ ,u]. By (5), this implies that

lin%Y[P,u] =Y(PNH")+Y(PNH). (20)
On the other hand, it follows from (8) that
Y[Pu] = Y([PuNWH)+Y([Pu]NHT)
= Y[P,w|+Y([PulnH; NH™)+Y([P,ulnH NHT) (21)

= Y[P,w|+ Y[PNHy,u|+YI[0,u,w)].

where w € H; depends on u. Because of (5), we have lim, 0 Y[P,w] =Y P and because
of (6), we have lim, o Y[PNH;,u] =0. By (8), Y[PNHz,u| = Y[PNHz,w]+Y][0, u,w].
Since by (6) lim, o Y[P N H2,u] = 0 and lim,_o Y[P N Hy,w| = 0, this implies that
lim,, 0 Y[0, u,w] = 0. Thus it follows from (21) that lim, o Y[P,u] =Y P. Combined
with (20) this implies (19).

Second, let n > 3. Let P = PyNH N---NH}, Py € Py. Since PNH*, PNH™ € Py,
we can say that PN H™ is bounded by Hy, H, Hs, ..., H, and that PN H~ is bounded by
H,Hs, Hs, ..., H,, where H{NHsN---NH,_1 C H. Therefore on S"~!\(HU---UH,UH)

Y P = lim Y[P, u
u—0

and
Y(PNH") = lir%Y[PﬁHJ“,u], Y(PNH") = lir%Y[PﬂH_,u]
U— u—

where w € HiNHyN---N Hp—1,u € H, \Hy,. Applying (8) for j = n shows that
Y[Pul=Y[PNH ul +Y[PNH ,u].

Because of definition (5) this implies (19). This completes the proof of the lemma. [



We also require the following lemmas. The proofs are similar to that of Lemma 1 and
are omitted.

Lemma 2. Let Y : Py — C(S™ 1) be a valuation such that for every central hyperplane
H, Y is vanishing on Sl at Po(H). Then Y can be estended to a simple valuation
Y : 7)0 — C+(Sn71).

Lemma 3. Let Y : Py — C(S™ 1) be a valuation such that for every central hyperplane
H, Y is vanishing and bounded on S" "\H* at Po(H). Then Y can be extended to a
simple valuation Y : Pg — C4(S™ 1) and for P € Py bounded by hyperplanes Hy, . .., H,,
Y P is continuous and bounded on S"~\(Hi-U---U H;H).

Lemma 4. Let Y : Py — C(S™ 1) be a valuation such that for every central hyperplane
H, Y is vanishing on S"'\H* at Po(H). Then Y can be extended to a simple valu-
ation Y : Pg — C+(S™ 1) and for P € Py bounded by hyperplanes Hy, ..., H,, Y P is
continuous on S""N\(H{ U---U H;-).

Note that if Z: Py — S is GL(n) covariant (contravariant), then the extended operator
Z is GL(n) covariant (contravariant) on Pj.
2.2 Covariant valuations

We prove the following result.

Proposition 1. Let Z : Py — S be a valuation which is GL(n) covariant of weight ¢ > 0.
Then there are constants c1,co > 0 such that

ZP=c P+ cy(—P)
for every P € Py.
To extend Z to Pg, we apply Lemmas 1 and 2 and need the following result.

Lemma 5. Let Z: Py — S be a valuation which is GL(n) covariant of weight q and let
Y : Py — Ci(S™ 1) be defined by Y P(-) = p(Z P,-). Then for every central hyperplane
H and P € Py(H), the following holds: If ¢ > —1, then Y is vanishing on S" '\H at
P. Ifqg >0, then'Y is vanishing on S"! at P. If ¢ > 0, then Y is bounded at P.

Proof. Since Z is rotation covariant, it suffices to prove the statements for H = e,-. Let
P e Py(H). Let ue H-\H and v € HT\ H be chosen such that [P, u,v] = [P,u] U[P,v]
and let r > 0 be suitably small. Since Z is a valuation, we have

Z|P,u,v| 4+ Z[P, —r u, —rv] = Z[P,u, —r u| + Z[P,v, —r v]

and
ZIP, u, —r u] + Z[P, 7 u, —u] = Z[P,u, —u] + Z[P,r u, —r u].

Thus to prove the lemma it suffices to show that Y|P, u, —u] is bounded on S™"~! for
lul| < 1 for ¢ > 0 and that lim, o Y[P,u,—u] = 0 locally uniformly on S" 1\ H for
q > —1 or uniformly on S"! for ¢ > 0.



Define ¢, € GL(n) by ¢yej =¢€j,j=1,...,n—1, and ¢, e, = u. Then
b le = (z1 — ﬂxn, ey T — Mxn, @) (22)

n Un Unp

Since Z is GL(n) covariant of weight ¢, we obtain by (1)

Z[P,u, —ul(z) = Z(¢u [P, en, —en])(z) = ul Z|P, ey, — en](qﬁflx).

u

and
Y [P, u, —u](x) = uflfl Y[P, e, —en|(Unx1 — U Tpy ooy Up 1 — Up—1 Tpny Tn).  (23)

For ¢ > —1, this implies that lim, .o Y[P,u, —u] = 0 locally uniformly on S"~'\H. If
z € SN H, it follows from (23) and (1) that

Y[P,u, —u)(z) = ul Y[P,en, —en](z1,...,Tn-1,0).

Thus, we obtain that lim, .o Y[P, u, —u] = 0 uniformly on S"~! for ¢ > 0. Let 2 € S"~!.
It follows from (23) and (1) that
uqul
Y[Pu,—ul(z) < —=— max Y[P, e, —ep)(w). (24)
|pu” x| wesn—1
If |up,| > 4 |zy], then by (22)

_ T 1 1
ou" el =l Men —w) 2 1= flen —ul 2 5.
If |u,| < 4|zp|, then by (22), |¢;'z| > [(¢5'z) - en] > 7. Thus (24) implies that Y is
bounded at P for g > 0. O

We also write Z for the extended operator. Let T be the simplex with vertices
0,e1,...,e,. We determine ZT'. Since Z is GL(n) covariant,

p(ZT,(x1,...,2p)) = p(ZT, (x4, ..., Ti,)) (25)

for every permutation (i1, ...,4,) of (1,...,n). Let Z' be a simple and GL(n) covariant
valuation on Py. Note that it suffices to show that ZT = Z’' T to show that Z P = Z' P for
every P € Py. This implies that Proposition 1 is a consequence of the following lemmas.

First, let ¢ > 0. Note that in this case it follows from Lemma 2 and Lemma 5 that
p(ZT,-) is continuous on S™~1.

Lemma 6. Let Z : Py — S be a valuation which is GL(n) covariant of weight ¢ > 0.
Then ZT = {0}.

Proof. For 0 < \; <1,j5=2,...,n,let H; be the central hyperplane with normal vector
Ajer — (1 —Xj)ej. Then Hj dissects T into two simplices TN Hf and T'N H, . Since Z
is a simple valuation, we have

ZT=2(TNHS)+Z(TNnH). (26)



FOI' ] — 2’, .., N, deﬁne ¢]7¢] by

pje; = (1-— )\j) e1+ Aje; and pje; = € for i # j,
¢j61 = (1 — )\j) e1 + )\j € and ’Lbjei =¢; for i 7& 1.

Then T'N H]+ = ¢;T and TN H; =;T. Set f(z) = p(ZT,z) and let x # 0. Since Z is
GL(n) covariant of weight ¢, (26) and (1) imply that

Fla) =X f(5 ) + (1= )7 f(y '), (27)
Note that
1—X; 1
gbj_lej = Ley + SV and qﬁj_lei =¢; for i# 7,
J J
1 1 Aj 1 ,
¢j 61—1_)\je1—1_)\jej and de e; =e; for i 1.

From (27) with = = e;, we obtain

11—\

fler—=Aje;) = W fler). (28)

Since (1 —A%)/(1 — AT — 00 as A\; — 1, we obtain that f(e;) = 0 and by (25) that
f(e;) =0,i=1,...,n. Similarly, we obtain that f(—e;) = 0,7 =1,...,n. From (27),
we obtain

F(A =) e+ XNjej) = A fleg) + (1= X)7 fler).

It follows from this and (28) that f(z1 e;+x;e;) = 0 for every z1,2; € R, (21,2;) # (0,0).
Let ' = x9e9 +--- + xj_1ej_1. Then by (27)

FA=X)er+Ajej+a") =N fej +a') + (1= X)T fler + ). (29)

By (25), f(e1 + ') = f(ej +2'). Thus by using induction on the number of vanishing
coordinates, we obtain from (29) that f(z) = 0 for every = # 0. O

Next, we consider the case ¢ = 0. Note that in this case it follows from Lemma 1 and
Lemma 5 that p(ZT,-) is continuous and uniformly bounded on S" \(e{ U---Ue;).

Lemma 7. Let Z : Py — S be a valuation which is GL(n) covariant of weight ¢ = 0.
Then there are constants ci,cy > 0 such that

p(ZT,I‘) = p(T,IIZ‘) +c2 p(_Tax)
forrdel U---Uep.

Proof. We define H;, ¢;, ¢j, and f as in the proof of Lemma 6. Let x ¢ ef U---Uep.
Note that for given x, there is a dense set of Ao such that the subsequent expressions are
well defined, that is, for example, qﬁz_lx Zei U---Uer. Asin (27), we have

fx) = f(o3 @)+ f(vy o). (30)

10



Using this repeatedly, we obtain

k
F@Wz)=>" floy" Wb a) + f(x). (31)
7=1
Let 2’ = x9e9+ -+ -+ x, €,. Note that for 1)y the vectors e;, i = 2,...,n, are eigenvectors

with eigenvalue 1 and the vector e; — ey is an eigenvector with eigenvalue (1—M\3). Setting
z = (e1 —ez) + 2’ in (31) gives

k
FIL=22)" (e1 — e2) =D F(e (1= X (e1 — e2) + ) + f(a).

Jj=1

Let £ — oo. Since f is uniformly bounded, continuous and non-negative, we obtain that
f(¢y'2") = 0. Note that

1— )Xo
xoe1 +

-1,/ _ -
Op = - A

To ey +T3€e3+ -+ Ty .

Using (25) and the continuity of f, we conclude that
flz1,...,xy) =0 if &; #0 for i = 1,...,n, and not all z; have the same sign. (32)
Let x1,...,zn, > 0. Then by (30) and (32) we have
fld2) = f(2) + F(¥3 ' $22) = f(2).

Thus
f(pn - d2x) = f(Ppn1---d2x) = --- = f(x).

Since
G2 (@1, xn) = (@1 + (L =A)xa+ -+ (1= N\) Ty Ao xoy oo, A zp),  (33)
we obtain that
flz1,...,zn) = f(1,...,1) for 1+ 4z, =n,0<z2,...,2, < 1.
By choosing A; such that \; z; < 1, we obtain from this and (33) that
flzy, ... xn) = f(1,...,1) for x1+---+x, =n, x1,...,25, > 0.
Similarly, we obtain that
fl=x1,...,—xy) = f(=1,...,=1) for z1+---+x, =mn, x1,...,2, > 0.

Thus f(x) = 1 p(T,x) + c2 p(—=T, x) with suitable constants ¢1,c2 > 0. O
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2.3 Contravariant valuations
We prove the following result.

Proposition 2. Let Z: Py — S be a valuation which is GL(n) contravariant of weight
q > 0. Then there is a constant ¢ > 0 such that

ZP=clIP

for every P € Pg.
To extend Z to Py, we apply Lemmas 2, 3 and 4 and need the following result.

Lemma 8. Let Z: Py — S be a valuation which is GL(n) contravariant of weight q and
let Y : Py — C(S™ 1) be defined by Y P(-) = p(Z P,-). For every central hyperplane H,
the following holds: If ¢ > 0, then Y is vanishing on S"""\H* at Po(H). If ¢ > 1, then
Y is vanishing on S"' at Po(H). If ¢ > 1, then Y is bounded on S~ at Po(H).

Proof. Since Z is rotation contravariant, it suffices to prove the statements for H = e;-.

Let P € Py(H). Let u € H-\H, v € H"\H be chosen such that [P, u,v] = [P,u] U[P,v]
and let r > 0 be suitably small. Since Z is a valuation, we have

Z|P,u,v| 4+ Z[P, —r u, —rv] = Z[P,u, —r u| + Z[P,v, —r v]
and
Z[P,u, —ru] + Z[P,ru, —u| = Z[P,u, —u] + Z[P,r u, —r ul.

Thus to prove the lemma it suffices to show that Y[P,u, —u] is bounded on S™~! for
lul <1 for ¢ > 1 and that lim, .o Y[P,u, —u] = 0 locally uniformly on S"~'"\H* for
g > 0 or uniformly on S"~! for ¢ > 1.

Define ¢,, € GL(n) by ¢y,ej =e;j, j=1,...,n—1, and ¢, e, = u. Then

Pl = (x1,. .., Ty 1, 23U + -+ Ty Uy). (34)
Since Z is GL(n) contravariant of weight ¢, we obtain by (1)
2P, u, —u](x) = Z(¢u[ P, en, —en])(x) = uf Z[P, en, — en] (4y,2).

and

Y[P,u,—ul](z) = ul Y[P,en, —en](x1,...,Tn_1,T1U1 + - + Tp Uy). (35)
For ¢ > 0, this implies that lim, .o Y[P,u, —u] = 0 locally uniformly on S*"~'\H*. If
€ S" 1N HL, it follows from (35) and (1) that

Y[P,u, —u)(z) = ul™ ' Y[P, e, —€n](0,...,0,2,).

Thus, we obtain that lim, .o Y[P, u, —u] = 0 uniformly on S"~! for ¢ > 1. Let z € "~ 1.
It follows from (35) and (1) that
q

u
’¢tnx| wgﬁ}gl Y[P, e, —en|(w). (36)
u

Y [P, u, —u](x) <

Since |u,| < 1, by (34)

tel2 g2 2 T - u)?
%:%4_...4_ "21+( 2) >1
Thus (36) implies that Y is bounded at P for ¢ > 0. O
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We also write Z for the extended operator. Let T be the simplex with vertices

0,e1,...,en. We determine ZT'. Since Z is GL(n) contravariant,
p(ZT,(x1,...,20)) = p(ZT, (xiy,...,i,)) (37)
for every permutation (i1,...,%,) of (1,...,n). Let Z’' be a simple and GL(n) con-

travariant valuation on Py. Note that it suffices to show that ZT = Z'T to show that
ZP = 7' P for every P € Py. This implies that Proposition 2 is a consequence of the
following lemmas.

First, let ¢ > 1. Note that in this case it follows from Lemma 2 and Lemma 8 that
p(ZT,-) is continuous on S™~ 1.

Lemma 9. Let Z: Py — S be a valuation which is GL(n) contravariant of weight g > 1.
Then ZT = {0}.

Proof. We define Hj, ¢;, v;, and f as in the proof of Lemma 6. Let x # 0. Since Z is
GL(n) contravariant of weight ¢, (26) and (1) imply that

flx) =X f(¢f2) + (1= 2\)? f(¥] ). (38)
From this with = = e1, we obtain

— (1 =).)a1
fler+ (= a)ep) = A ey (39)

Since (1 — (1 = Aj)?")/AY — oo as Aj — 0, we obtain that f(e;) = 0 and by (37) that
f(ei) =0,i=1,...,n. Similarly, we obtain that f(—e;) =0, 7= 1,...,n. From (38),
we obtain

Fyer— (1 =X)ej) = AT flen) + (1= X)7" f(—ey).
It follows from this and (39) that f(z1 e1+x;e;) = 0 for every z1,2; € R, (z1,2;) # (0,0).
Let ' = z9e9 + - + Tj—1€5—1. Then by (38)

Fyer—(1—=X)ej+a')= )\?f()\j e1+2)+ (1 =X f(—(1—Xj)ej+2). (40)

By (37), f(—=(1 — Xj)e; +2’) = f(—(1 — Xj)e1 + 2’). Thus by using induction on the
number of vanishing coordinates, we obtain from (40) that f(xz) = 0 for every  # 0. [

Next, we consider the case 0 < ¢ < 1. Let R]} be the set of z € R"™ not on the
coordinate axes, that is, x € R", z # Ae;, A€ R, j =1,...,n. Note that for 0 < ¢ <1
it follows from Lemma 4 and Lemma 8 that p(ZT,-) is continuous on R}.

Lemma 10. Let Z : Py — S be a valuation which is GL(n) contravariant of weight
0<g<1. Then
p(ZT,z) =0

for x € R.

Proof. We define Hj, ¢;, 1;, and f as in the proof of Lemma 6. We consider x € R} for
which the subsequent expressions are well defined, that is, for example, ¢4 x € R?. Since
Z is GL(n) contravariant of weight ¢, (26) and (1) imply that

f@) = A3 f(d ) + (1= M) (v ). (41)

13



For o = 1 — A9, it follows that

flx, 1= Aoy 3,.. 0 zn) = AL f(xn, (@1 + X2)(1 — Ao), @3, ..., )
+ (1= A)? f((m1 + A2)(1 = A2), (1 = A2), @3, ..., Tn).

Let 1 — —X9,23,...,x, — 0. Since the left hand side is well defined and f is non-
negative, this implies that f is uniformly bounded on S"~! NR™. By (41),

F(65'2) = X5 (@) + (1= Xo)" f(v505 " ).
Setting 1 = —1, 29 = 1 and dividing by Ao gives
F(=A2,2 = Ao, Ao, ..., Ao xy)
=M=, )+ (1= A2)T F(X2,2 — Ao, Ao s, ..., Ao y).
Let Ay — 0. Since f is uniformly bounded on S"~! N R”, this shows that
f(=1,1,23,...,2,) = 0.
Combined with (41) for z = (—1,1, z3,...,x,) this gives
0=XMF(-1,-14+2Xy,x3,...,20) + (1 = X2)? f(—1+ 2o, 1, 23,...,2p).
Since f is non-negative, this implies that
(=1, =142, x3,...,2) = f(—=1+ 2N\, 1,23,...,2,) = 0.

Similarly, we obtain that f(1,—1,3,...,2,) = 0 and conclude that f(x) = 0 for every
x € RY. O

Finally, we consider the case ¢ = 1. Note that in this case it follows from Lemma 3
and Lemma 8 that p(Z T, -) is continuous and uniformly bounded on S"~! N R”.

Lemma 11. Let Z : Py — S be a valuation which is GL(n) contravariant of weight
q=1. Then there is a constant ¢ > 0 such that

p(ZT,x) = cp(IT,2)
for x € R7.

Proof. We define Hj, ¢;, 1;, and f as in the proof of Lemma 6. Let x € R};. Note
that for given x, there is a dense set of A\; such that the subsequent expressions are well
defined, that is, for example, <Z>§~x € R?. Since Z is GL(n) contravariant of weight ¢ = 1,
(26) and (1) imply that

f@) =X f(¢52) + (1= X)) f (). (42)

Using this repeatedly, we obtain

F@) = Ao A f(@ - dha) + Y Ao Ajoa (1= X)) F(hh 1 -+ dha) + (1= Na) f(¥ha).
j=3

14



Using this repeatedly, we obtain

k
FIW ) = Xooo X D (L= N)F T f (@), - dh (w5 ") ) (43)
=1
k
+ ZM 1 ) (L= AN F iy (1) ) + (1= )" f().
=1
Let 2’ = x3e3 + -+ + x, €,. Note that for ¢§ the vectors e; + ey and e;, i = 3,...,n,

are eigenvectors with eigenvalue 1 and the vector e; is an eigenvector with eigenvalue
(1 — MA2). Setting = = e; + 2’ in (43) and dividing by (1 — A\2)* gives

fler+(1— )\2)kx/) = Xy My Zf(qj; . ..¢§(€1 +(1- )\2)i$/))

n k
+ Z A Ao Z F@idh_y - dhler + (1= Ag)Fa!)) + f().
=3 =1

Let kK — oo. Since f is uniformly bounded, continuous and non-negative, we obtain that
f(...¢5e1) = 0. Note that ¢!, ---dher =e1 + (1 — Ag) ez + -+ (1 — \p) e, Thus we
Conclude that

flz1,...,2n) =0 for zy,...,2, >0. (44)

Next, let 1 < 0,22,...,2, > 0and (1 — A;)z1 + Ajz; >0, 5 =2,...,n. Then by
(42) and (44)
F(@) = Xa f(¢h2) + (1 = Xo) f(5z) = Ao f(¢h )

and

f(¢2¢5$):ﬁf($)

n

Setting x = (—1,1,...,1) and a = f(—1,1,...,1), we obtain

a

—1,=14+2MX,...,—14+2);) = ——.
f( ) + 2, ? + ) )\2)\n

We use induction on the number of negative coordinates. Suppose f is determined by a
for x with at most (k—1) negative coordinates. Let x1, 29 < 0 and (1—M\2) 21+ A2 z2 > 0.
Then

Fla) =X f(¢h2) + (1 = A2) f(v52)

and ¢bx as well as 15z have at most (k—1) negative coordinates. Thus f(z) is determined
by a. We obtain that for given a there is at most one operator Z. Since Z = ¢ I with a
suitable ¢ > 0 is such an operator, this concludes the proof of the lemma. ]
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