Asymptotic approximation of smooth convex
bodies by general polytopes

Monika Ludwig

1 Introduction and statement of results

For the optimal approximation of convex bodies by inscribed or circumscribed
polytopes there are precise asymptotic results with respect to different notions of
distance. In this paper we want to derive some results on optimal approximation
without restricting the polytopes to be inscribed or circumscribed.

Let P, and P, denote the set of polytopes with at most n vertices and
n facets, respectively. For a convex body C, i.e., a compact convex set with
non-empty interior, we are interested in the asymptotic behavior as n — oo of

§%(C,P,) = inf{6°(C,P) : P € P,}

and
§5(C, Pyy) = inf{6°(C, P) : P € P}

where §%(., .) is the symmetric difference metric, i.e., 6°(C, D) = vol(C' /A D), the
volume of the symmetric difference of C' and D.

Before giving our results, we will describe some of the known results in this
area, for more information we refer to the survey [8]. Let P! be the set of poly-
topes having at most n vertices and being inscribed into C| i.e., their vertices
are on the boundary of C, and let Py be the set of polytopes having at most n
facets and being circumscribed to C, i.e., each facet touches C. Define §°(C, P?)
and 6%(C, P(Cn)) as above. For a convex body C' in Euclidean d-space [E? with
boundary of differentiability class C? and with positive Gaussian curvature k¢,
P.M. Gruber [9] proved that there are positive constants dely_; and divg_; (de-
pending only on d) such that

‘ (d+1)/(d-1) 1
S iy 1 1/(d+1) -
$(CPY) ~ fdelacs ([ nelw)do()) 7

dC

and

(d+1)/(d-1)

n2/(d-1)

Lo fc (x)l/(d+1)da(x))

55(C, PLy) ~ Ldivg s ( /b
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as n — o0o. Here o is the surface area measure in . For the case d = 2 these
results were stated by L. Fejes T6th [4], p. 43, and proved by McClure and Vitale
[11]. dely_; and divy_; are named after Delone triangulations and Dirichlet-
Voronosi tilings, because these are used in the proofs of the asymptotic formulae.
Only the values del; = 1/6, del, = 1/(2v/3), div; = 1/12 and div, = 5/(18v/3)
(see [6] and [7] for the determination of dely and divy, respectively) are known
explicitly.

For approximation without restricting the polytopes to be inscribed or cir-
cumscribed the following is known. Let C' be a convex body in £? with boundary
of differentiability class C? and with positive Gaussian curvature sc. In the case
d =2, L. Fejes Téth [4], p. 43, stated the following asymptotic formula,

§5(C, Py) = 8°(C, Pry) ~ 312 (/de /ic(a:)l/?’da(x))g le (1.1)

as n — oo. For general d, Gruber and Kenderov [10] showed that there are
positive constants a and [ (depending only on d) such that

Q S I3
forn =d—+1,.... In our first theorem we give asymptotic results in the case of

approximation by general polytopes.

Theorem 1 Let C be a convex body in IE? with boundary of differentiability class
C? and with positive Gaussian curvature k. Then there are positive constants
ldely_y and ldivy_q, depending only on d, such that

55(C,Py) ~ Ldely (/ /{C(x)l/(d_i,_l)do_(x))(d+1)/(d1) 1 13)
’ bd C n2/(d-1)
and
55(C, Py) ~ 1divg ( / /ic(x)l/(d“)da(x))(d+1)/(d_1) LI
’ bd C n2/(d=1)
as n — oo.

The constants 1del;_; and ldivg_; are named after Laguerre, Delone, Dirichlet
and Voronoi, because, instead of Voronoi tilings as in the case of circumscribed
polytopes, Laguerre(-Delone-Dirichlet-Voronoi) tilings are used. It is easy to see
that ldel; = 1divy = 1/16 which proves (1.1). For the case d = 3, formula (1.3)
was conjectured to hold in [6] with the constant ldely = 1/(6v/3) — 1/(87). In a
joint paper with K. Béréczky, Jr. [3] it is shown that this is the correct value and
that ldivy = 5/(18v/3) — 1/(47). For d > 3 it is probably difficult to determine
the explicit values of 1del;_; and ldivy_;.
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Joao ko) do(z) is called the affine surface area of C'. The affine isoperi-
metric inequality (cf. [12], p. 419) states that among all convex bodies of given
volume the affine surface area is maximal for ellipsoids. Thus (1.3) and (1.4)
imply that among all convex bodies of given volume ellipsoids are asymptotically
worst approximated by polytopes.

As a second notion of distance we use the Li-distance of the support functions
of the convex bodies, i.e.,

8(C,D) = [ Ihe(w) = hp(u)|do(u)

where ho(u) is the support function of C' (For notions of convex geometry not
explained here, cf. [12].). For a convex body C in E¢ with boundary of differen-
tiability class C? and with positive Gaussian curvature k¢, Glasauer and Gruber
[5] proved that

>(d+1)/(d1) 1

i 1 7: d/(d+1
0 (C,Py) ~ 5 diva </b ko(x) D do(x) n2/(d-1)

dc
and

>(d+1)/(d1) 1

c 1 d/(d+1
51(07 'P(n)) ~ 3 dely_q (-/b liC(ff) /(d+ )dO'(J]) W

dc
as n — 00. As before, the case d = 2 was treated by L. Fejes Téth [4] and
McClure and Vitale [11]. Our second theorem gives the respective results for
approximation by general polytopes.

Theorem 2 Let C be a convex body in IE? with boundary of differentiability class
C? and with positive Gaussian curvature k. Then

114 d/(d+1) @)/a-1) 1
5,(C,Py) ~ Lldivy (/bdc kol(z) da(x)) s (19)
and
(@d+1)/d-1) 1
1 d/(d+1)
5(C, Pray) ~ L1del,_, ( /b () da(m)) s (19
as n — 0.

Both, Theorem 1 and Theorem 2 can be obtained from the following more
general result. Let w : IE? — IR be a continuous and positive function and define

5u(C, D) = / w(z) dz

CAD

where do = dx' ... dz? is the Lebesgue measure in 7.



Theorem 3 Let C' be a convex body in IE? with boundary of differentiability class
C? and with positive Gaussian curvature kc. Then

(d+D/(d-1) ]

50(C,Py) ~ Hldely_, ( /b w(x)(d1)/(‘”1)/-ic(x)l/(d“)da(x)>

dC

and

) @d+1)/@d-1) 1

n2/(d=1)
(1.8)

8 (C, Pray) ~ divg ( /b @) () o ()

as n — oQ.

Theorem 1 follows from this result by setting w(z) = 1. To obtain Theorem 2
we follow an idea of Glasauer described in [5] and repeat some of the arguments
given there. We may assume that the origin o € int C' (where int stands for
interior) and set w(x) = ||z||~(**" where ||z|| is the Euclidean norm of z. Then,
by using polar coordinates we have

| do(u)

1 1
Oaj-an(C*, D7) = [ gy — [ -
o= ) C*AD* I T Jsan |PC* (w)  pp-(u)

= [, Ihelw) ~ hp(w)|dotu) = 4,(C. D)

where C* = {x € FE?: (z,y) < 1forally € C} is the polar body of C' and
po+(u) = 1/ ho(u) is the radial function of C*. If C is of class C? and k¢ > 0
then C* is of class C? and k¢« > 0 (see [12], p. 111). Therefore, it follows from
Theorem 3 that

)(d+1)/(d—1) 1

111 —(d—1 1/(d+1
(€. Pa) ~ Sdivas ([ 2l () o) D

as n — 0o. Since

~(d=1),. (/) g :/ d/(d+1) g
|l Do (@) Vo (@) = [ re() D do(x)

(see [5]), (1.5) is a consequence of (1.8) and similarly, (1.6) follows from (1.7).
Thus, we only have to prove Theorem 3.

2 Approximation of paraboloids

As a first step in the proof of the asymptotic formulae (1.7) and (1.8) we consider
the problem of approximating a paraboloid by a convex polyhedron and recall
the connection of this question with Laguerre tilings. We denote by | | volume in
IE41 and call balls and cubes in dimension d — 1 circles and squares, respectively.
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Let q(u) = v? = (u')? + ... + (u?¥H)? where u = (u!,...,u??t) € E?! and
let Q@ = {(u,u?) : w € E"Yu? > q(u)}. For a given compact and Jordan
measurable set J C JE9"! we want to find a convex polyhedron P with a given
number of vertices or facets that minimizes vp(J) = vol((PA Q)N (J x R)), i.e
the volume of that part of symmetric difference of ) and P which lies above J.

Let P be convex polyhedron with facets Fj, ..., F,. P is the intersection of
n half-spaces which — in the cases we are interested in — can be described as
{(u,u) : u® > l;(u)} where l;(u) = 2a;u — a? + s; with a; € E?! and s; € R,
i.e., (a;,q(a;)) is the point where the tangent plane to @) is parallel to F;. Let
l(u) max;—i,, l;(u), then P = {(u,u?) : u? > I(u)} and

= / la(w) = 1(w)] du.

Set L = {(a1,51),...,(an, Sn)}. [(u) and P are determined by L and we will also
write v (J) for vp(J). We have

vr(J) = /|q ) — I(u)| du

.....

-----

Define V; = {u € J : (u—a;)® — 8; < (u—a;)* —s; for j = .,n}. Then

Z |u—a, — 8| du.

V; is the intersection of J and the orthogonal projection of the facet F; of P into
E?1. 1t is called Laguerre cell. The cells Vi, ..., V, form a tiling of J which
is called Laguerre tiling, Laguerre-Voronosi tiling, Dirichlet cell complex or power
diagram of L in J. In the case s; = ... = s, we obtain (ordinary) Dirichlet-
Voronoi tilings. (For further information on Laguerre tilings, see, e.g., [1]).
First, we consider the problem of approximation by a polyhedron with a given
number of facets. In this case it is easy to see that for a best approximating
polyhedron every facet intersects @ which implies s; > 0 and we set s; = r2.

Define
U(m(J) = inf{?}p(J) P e P(n)} (2.1)
= inf{vy(J): L = {(ay,r}),..., (an,72)}}.

Since vy, (J) depends continuously on L, this infimum is attained for some L. We
have v, (J) — 0 as n — oo. Therefore, if L, are chosen such that vy, (J) =
V) (J), then as n — oo

max{diam V' : V is Laguerre cell of L,,} — 0 (2.2)
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where diam stands for diameter. Further we will use that for g > 0

Oy () = p o (J) (2.3)

which follows directly from the definition of v(,)(J).

We will now determine the asymptotic behavior of v(,(J) as n — oo. The fol-
lowing lemma gives the definition of 1div,_;. See Lemma 2 of [9] for the respective
result for Dirichlet-Voronoi tilings.

Lemma 1 Let [ = {u € E% ! :0<u' <1}. For fized d, there exists a positive
constant 1divy_, such that
Idivg_q
ve (D) ~ a7

as n — 0.
Proof. For an L = {(ay,7?),...,(an, %)}, denote by
Bi={uec E"": (u—a)? <r?}
the ¢-th Laguerre circle and by V; the respective Laguerre cell. Define
Uiy (I) = inf{v (1) : L = {(ay,r]), ..., (an,r2)} with B; C I fori=1,...,n}.

1. First, we show that there is a constant § such that

p
/
formn=1,2,....
Let k= 1,2, ... and take the common tiling of I by k%! squares of side-length
1/k. Let a;, i = 1,..., k%1 be the centers of these squares, set r; = ... = 11 =

0 and L = {(a1,71),...,(aga-1,7rpa-1)}. Then

d-1
C12k27

1 1
Vo (1) < vi (1) < kd—l/_”; / (W24 . 4 @) du . du®
2k T2k

For given n, choose k such that k4! < n < (k+ 1)d_1. Then, there is a 3 such
that

d—1
UEH)(I)nQ/(d_l) < Wiga-1y (1) (k + 1)? <

< elriss

and (2.4) is proved.
2. The next step in our proof is to show that there is a positive constant « such

that
o

UEn)(I) > 2/@-1) (2.5)

forn=1,2,....



To show this we use the following mean inequality

En:o_z(d—&-l)/(d—l)nQ/(d—l) > (zn:az)(dﬂ)/(d—l) (2.6)
i=1 i=1
where 0; > 0,7 =1,...,n, and the following inequality for the polar moment of
inertia for a measurable set D C IE?! (see, e.g., [2], p. 51)
d—1 |D| \ (d+1)/(d—1)
2 2
du> [ o du= . 2.7
otz fyrt =g () 7

where B is the (d — 1)-dimensional circle of volume |D| centered at the origin and
Kq—1 is the volume of the (d — 1)-dimensional unit circle.

Let L be chosen such that vz (1) = v, (I) and let [(u) be the piecewise linear
function given by L. Then, as ¢ — 0

/\q u)+e) du=uvr(I) —ed_ [VA\Bi|+>_|B;NVi| + o(e).

i=1 i=1
Since L is optimal, this implies
S BNVl = Y [VAB (2.8)
i=1 i=1
For every facet F; of the polyhedron given by L, the cone with base F;N(Q and
apex at the point where the tangent plane of () is parallel to F; is contained in

Q\ P and has volume r?|B; N V;|/d. Moreover, these cones have pairwise disjoint
interiors. Thus,

Zr2\B NVl <d Z/ (u — a;)?) du. (2.9)

BﬂVL
Consequently,
Z /(rf—(u—ai)2)du = ZrﬂBﬂﬂﬂ—Z /(u—ai)Qdu
i=lg oy i=1 =1p,nv;
< dZ/r—u—al ) du — Z/u—@l
=lp.ny, =lp.ny,
and by (2.7)
T AL URTRCPARSS o) AU
Z BinV; (w—af)du 2 Z B-OV-(u @) du
d B;,NYV; d+1)/d1)
> 4y (B0

i=1 Rd—1



Therefore, by (2.6) and (2.8)

V(D40 = S [ (52— (= a0)?) dun? D
i=1 7 BiNVi

1 n
- |BZ N %|(d+1)/(d—1)n2/(d—1)
(d + 1)r/@Y ;
1 n d+1)/(d—1
= 2/(d=1) (Z |B; N Vi’)( oy
(d+ Dy 7 im
1 1\ (d+1)/(d—1)
2 (5) =«

(d+ 1)y

and (2.5) is proved.
3. Define
1divg—; = lim inf vzn)([)'n?/(d*l).

By (2.5) and (2.4) 0 < ldivy—; < co. We have to show that

Idivgy = lim vEn)(I)nQ/(dfl). (2.10)

To prove this it suffices to show the following for every A > 1. If ng is chosen
such that
Vi (D™D < Aldivg_y, (2.11)

then

Uy (10?70 < N2 1divg-y (2.12)
for all n sufficiently large.

Let £ = 1,2,... and take the common tiling of I by squares [y, ..., [ja-1 of
side-length 1/k. Choose L; such that v(,(I;) = vr,(I;). Then, since in the
definition of v(, ,(I;) we have B = {u € E*" : (u —a)*> < r?} C I for every
(a,7?) € L;, we obtain

/ |min{(u — a)* —r*: (a,r*) € Ly U... U Lya—1 }| du < vp, (1),
I.

J

and by (2.3)
1
v, (15) = szng)(l)

for j =1,..., k%' Therefore,

’UEnOkd—l)<I) S 'UL1U--~ULkd71 (Il J...uJ Ikd—l)
< ULl(Il)+"‘+ULkd—1([k:d_1)
1
S ﬁvéno)(])
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and
Vo) (1) (nok 1)@= < ugno)u)ng/ (d=1), (2.13)

Choose kg such that ((k+1)/k)? < X for k = ko, ko + 1,.... For n sufficiently
large we can find a k > ko such that ngk?=t < n < ng(k + 1)1, By (2.13) and
(2.11) we have

vy (T4

IN

gy (1)l £ 1414

n,k+1
< vEnO)(I)n(Q)/(d 1)(_]: )2 < Ndivg_;.
Thus, (2.12) and (2.10) are proved.
4. Obviously,
V) (1) < vy (). (2.14)
We have to show that
Jim. vgn)(l)nW(d_l) < lim inf Uy (1)@=, (2.15)

Let A > 1 be chosen and let I’ be a square concentric with I and with
I'l = 1/X. Choose L, such that v, (I) = vr, (I). (2.2) implies that for n
(n) n
sufficiently large

| {V : V is Laguerre cell of L,, with Laguerre circle BC I} D I’ (2.16)

and we denote by L! the subset of L,, defining such cells. It follows from (2.3)
and (2.4) that we can choose n’ < (A — 1)n points ay, ..., a, lying in I\I’ and
define L = {(ay,0),..., (ay,0)} such that

/ 1 d+1 6
v\ = (1=3) (A= 1)n)2/@-1)°
Combining this with (2.16) gives
Lias &
UL'nUL(I) S U(”)<I) + (1 - X) (()\ — 1)n)2/(d_1) .

L UL has less than An cells and for all of its Laguerre circles B we have B C I.
Therefore,

,UED\n-\)(I) < vpur({)
and

lim o(y 1) (D ([AR])Y @ = Tim vy ) (1D (An)>/ )

n—oo n—oo

< MN/E@=D1im inf U(n)(I)nQ/(d_l) + (L _ 1)(d2’3)/(d*1)ﬁ_

n— oo A



Since A > 1 was arbitrary, this shows (2.15). Combined with (2.10) this completes
the proof of the lemma. O

Next, we extend Lemma 1 from the unit square to Jordan measurable sets
and from ¢(u) = u? to general positive definite quadratic forms. For a convex
function f: F4! — IR define

vp(J: ) = [ 1f() = l(u)| du

where [(u) describes the convex polyhedron P, and define v(,)(J; f) as above.

Lemma 2 Let J C E%! be compact and Jordan measurable and q a positive
definite quadratic form. Then

1

v(n)(J; g) ~ ldiva_s(det q>1/(d71)’J|(d+l)/(d—l)nQ/(d_l)

as n — 0o, where det stands for determinant.

Proof. We only have to prove the lemma for q(u) = u?, the more general case
can then be obtained by applying a linear transformation.
First, we show that
lim sup v(y (J)n? @ < 1divyy | J|EFD/ A0, (2.17)
Let A > 1 be chosen. Since J is Jordan measurable, we can find m squares
L, ..., I, of equal area |I| such that

Jc U1 (2.18)
=1
and
mlI] < A|J|. (2.19)
Thus, we have by (2.18), (2.10), (2.3), and (2.19)

U(km) (J)(km)Q/(d—l) < Z Uzk) (]z)k2/(d_1)m2/(d_1)
=1

< Mdivg_y |T|@HD/(d=D g (d+1)/(d-1) (2.20)
< ACD/E@Dgiy, | 7|@+D/ @D

for k sufficiently large. Choose kq such that for k = ko, ko + 1,... (2.20) holds
and ((k+1)/k)?@=1 < X\, For sufficiently large n we can find a k > ko such that
mk <n < m(k+1). Therefore,

U(n)(J)TLQ/(d_l) < ’U(km)(J)((k’ + 1)m)2/(d_1)

< AD/EDgiy e/ E ey
= k
)\(3d*1)/(d*1)1divd71’J|(d+1)/(d*1)

IA

and (2.17) is proved.
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Second, we show that

lim inf v,y (J)n? @ > 1div,_,|J| @D/, (2.21)

n—oo

Let A > 1 be chosen. Since J is Jordan measurable, there are pairwise disjoint
squares [y, ..., I, such that

G LcJ (2.22)

and .
7] <AL (2.23)
=1

Choose L such that v(,)(J) = vr(J) and denote by n; the number of Laguerre
cells of L which intersect [;. Because of (2.2), we see that no Laguerre cell of L
intersects two different squares for n sufficiently large. Therefore,

ni+ ...+ n, <n. (2.24)

By Lemma 1 and (2.3) there is a ng such that

1
1:2/(d=1)

Idiv,_ _
v (L) > %‘[l’(d—i—l)/(d 1) (2.25)

for k > ngand [ =1,...,m. Since v(n)(J) — 0 as n — oo,
n; > ng fori=1,...,m

and n sufficiently large. Therefore, we have by (2.22) and (2.25)

m ldin_l m |[l|(d+1)/(d71)
Uy (J) = D vy (1) = b\ > 2/(d—1)
=1 =1 Ty

By using Holder’s inequality

m m || 9/(d+1) m | LA/ ED a-1) /(a1 JN | 2/(d+)
2 | ;( s < (;nlz/un) (2”0

(2.23) and (2.24), we obtain

Idivg_{ / & (d+1)/(d—1) 1 2/(d—1)
() > I
() = (le) (z;zln)
diva—1 | 7 arny/@-1y_ 1
= \2d)/(d-1) [7]f n2/d1)

for n sufficiently large and (2.21) is proved. O
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As second case, we consider the problem of approximating a paraboloid by a
convex polyhedron with n vertices. Define

vo(J) = inf{op(J): P €P,}

= inf{v () : L defines a Laguerre tiling of I with at most n vertices}

and define v, (J; f) as above. Similar to the case of approximation by polyhedra
with n facets we have the following results.

Lemma 3 Let [ = {u € E¥ ' :0 < u' < 1}. Then, for fized d, there exists a
positive constant 1dely_q1 such that

ldely—q

onll) ~ oy

as n — Q.

Lemma 4 Let J C E*" be compact and Jordan measurable and q a positive
definite quadratic form. Then

1

0 (/1) ~ Mdely_y(det ) /(| HDIED g o

as n — oQ.

We omit the proofs of these lemmata because they are similar to the proofs of
Lemma 1 and Lemma 2. The upper and lower bounds for v, (I) needed in the
proof of Lemma 3 can be obtained with the help of (1.2).

3 Proof of Theorem 3

We will only give the proof of (1.8). (1.7) can be obtained along similar lines.
3.1 We may assume that the origin o € int C'. We use the following local rep-
resentation of bd C' (compare [9]): Given p € bd C, consider the ray R through
p starting at o and let H be a hyperplane with C N H = () which intersects R
orthogonally. Choose a Cartesian coordinate system in H. Together with the
normal unit vector of H which points to C' it forms a Cartesian coordinate sys-
tem in EY. We write “’ " for the orthogonal projection of E¢ onto H = IE41.
Next, represent the lower side of bd C' in the form {(u, f(u)) : w € C'}. Then
f=1[,:C"— Ris a convex function and f|intC" is of class C?. To each
u € int C" we let correspond the quadratic form ¢, = ¢,,, defined by

qu(8) =D fuj (w)s's’ fors=(s',...,s" ") e H=E""
1,J
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(i,j =1,...,d —1). Here we denote by f,; the first partial derivatives of f. If
x = (u, f(u)) € bdC, we write also k¢ (u) for ko(z) and have

Ke(u) =

det q,
(1+ 35 £y (w)?) a2

(3.1)

for u € int C".

3.2 Choose A > 1. Since k¢ > 0, the quadratic forms ¢, all are positive defi-
nite. Their coefficients are continuous. Therefore, we can choose an open convex
neighbourhood U’ of p’ in int C” such that

Lar(5) < 0u(s) < Aa () (32)

forueU', s € B4, and
1
X det ¢y < detq, < Adet gy

for u € U’. We denote by U the inverse image of U’ with respect to the projection
“” on the lower side of bd C'.
The main step of the proof is to show the following result.

Proposition 1 Let J be a compact Jordan measurable subset of U'. Then

1

2/(d—1
od k2/(d=1) .

A _ _

ldivd_ 1
2)\9d

(det qp’)l/(d_l) | Jl(d+1)/(d—1)

for k sufficiently large.

Proof. First, we establish the estimate from below for vgy(J; f). There is a
piecewise linear convex function [(u) = max;—; _x l;(u) such that

-----

wo(: ) = [ 170 =@l du =3 [ 170) = 1iw)| du

where Q; = {u € J : l;(u) > [;(u) for j =1,...,k}. We can choose a; € J such
that the tangent plane to f(u) at a; is parallel to the plane determined by [;(u),
ie.,

() = X Fa () (! = o) + 1),

As in the case of paraboloids, it is easy to see that every [;(u) intersects f(u),
and we set 72 = [(a;) — f(a;) > 0. By Taylor’s formula, there is, for fixed u € J,
a1, 0 <71 <1, such that

d—1
flu) =Li(w) = fla) + > fala)(u' = a) + 5 Gorirfu—an(u — @) = li(u)
=1
= % Qai—i-n(u—ai)(u - a’i) - T’LZ' (33)
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Define

and

where we write ¢ for g, and set B = Ule B
For u € J and u ¢ B, we have by (3.3) and (3.2)

1 1
f(u) - lz(u) = §Qai+n(ufai)(u - ai) - TZ‘Q 2 7(](“ - a’i) - TZ‘Q Z 0.

Thus,

[l = tlde = 3 [ (5w~ ) du

(3.4)

AV,
=
S~
o
o]
O
>~
=2
I
|
=)
N
|
<
N
=¥
<

ci=1,...,k} du.
Next, we show that

/mB|f( ) —U(u)| du > Algd/ | in{;)\q(u—a,-)—rf:z':l,...,k:}|du. (3.5)

Note that by (3.2) and (3.3)

21)\Q(u —a ) ;QQZ-i-n(u a; )( - ai) S |f(u) - lz(u)| + Ti2' (36)
We have
[ARUCRIDIETED 3y IR MuZ/ (u)|du. (3.7)

We need estimates for the right-hand side of (3.7). For the first expression we
have by (3.3), (3.2) and (3.6)

1

|f(u) - lz(u)| = |§Qai+n(u—ai)(u - ai) - 7’22|
1 1 1
2 2)\ (U - al) - 7“12‘ - §‘qai+7'i(u—ai)(u - ai) - Xq(u - az)’
1 -1
> — r?| — —a
> Joyale—a) =1 - S a(u - a)

1 2 2 2 2
> [gyate—a) =1 = (= DIF (W) = bw)] = (3¢ = 1)

14



and

1 A —1
£~ L] > gl gvalu —a) — 2 = o L2
Thus
k )\2 -1 k
> [ 1=t duz Ly [ Ipgatu—a)—rldu—""2 5 S VN Bl
=ly.Ap, =ly.Ap, i=1
(3.8)
As in (2.9), we have
r 2 - 1 2
S r2ViN By gdz/m Sxalu—a) = 72| du. (3.9)
i=1 =1 i i
Therefore, we get for (3.8)
k 1— (A1) d k
Z/VnB- () — 1 (u)| du > — 2 — D¢ /VQB g(u—ar) — 12| du. (3.10)
=1 g 4

For the second expression on the right-hand side of (3.7) we obtain the following.
For u € Q; N'V;, we have by (3.3)

0 <i(u) = li(u) = 1i(u) = Li(u)
= (f(uw) = li(w) = (f(u) = ;(u))

1 1
- <2q ctriu—an) (U = @) = 7"3) - <2q“j+7j(u_aj)(u — ;) = 7“32)
1
- (o)~ (-
1
+ < Ga;+7i(u— a1)< - ai) - ﬁQ(U - az))

1
- <QQGj+Tj(u—aj)<u - aJ) - ﬁQ(u - a])) :
By the definition of V;, we have for u € V;

1
ﬁQ(

Thus, we obtain by (3.2)

1
u—a;) —1r; < ﬁq(u—aj) -7,

1 1
) = () < (Gtoentuman (= @) = (e —a))
|

S o
(/\2—1)<21)\ (u—al)—r2|+r>

q(u — a;)

IN

15



which holds for all u € V;. Using (3.9) now gives

> [ L)

=1 v:AB,
k 1 k
< (A2—1)<Z/ il —a) - |du+Zri2|ViﬂBi\>
ileJTB =1
< (M-1)(d+1 Z/ u—al) 2| du.

Using this and (3.10), we obtain for (3.7)

— - o 2
/m|<) l(u |du2)\8dZ/VB g(u — a;) — 2| du

for A not too large, which proves (3.5).
Combining (3.4) and (3.5) and using Lemma 2 gives

1 1
[ 15 =t du > WW; 59

1

1
L2/(d-1

>

for k sufficiently large, i.e., the estimate from below is proved.
Second, we establish the estimate from above for v, (J; f). Choose a4, ...,
ar and rq,...,r; such that

v (J'A)—zk:/ |é (u— a;) — 77| du
(k) ,2C] _i:1 Vi 2(] % 4

where Vi = {u € J : A/2q(u — a;) — 77 < A/2q(u —a;) — 75 for j = 1,... k}.

Define
d—1

li(u) = f(a;) + Z fo (@) (uh —al) + 77,
Qi:{uEJ:l(u) Li(u) forj =1,...,k}, and D; = {u € BT : f(u) <

)
li(u)} fori=1,... k. Setl(u):maxZ 1. kl( yand D =U", D
For u & D, we have by (3.3) and (3.2)

0 < flu) = liu) <

Thus, by the definition of (u) we have

k
Z/V\D Salw—a) = r¥ldu 2 ;/%\D(f(u)—li(u))du

16



v

k
;/%\D(f(U) —1(u)) du (3.11)
= [ 1f) — 1) du
J\D
Next, we show that
k A\ .
;/\GHD |§q(u —a;) =il du

Note that by the definition of the V;’s

;Sd [ 1)~ il de. (312

v

A ,
Z/vmg 21 i)_T?|du:/]mD|mln{§Q(U_aj)_7'32'3J=1,...,k}|du.
We have

(A :
]mln{gq(u—aj)—r?:j:1,...,k}] >

A A (A :
ate = ai) =i = |(Ga(u — ;) =) —min{Zq(u—a;) =17 j =1, k}]
(3.13)
For the right-hand side of (3.13), we obtain the following. By (3.3) and (3.2),
A A 1
Falu—ai) =ri] > [f(u) = L(w)] = 159(0 = 6) = Sdatmu—an (v — i)
>\2 - 1
> |f(u) = Li(u)] = q(u — a;). (3.14)
For u € V; N Q;, we see by the definition of QZ- and (3.2)

A A .
(Ga(u—a;) =r7) —min{Zq(u—a;) =17 : j=1,.... k}]

= (2 = Dqfu—a)) ~ (7~ Salu - 1
= (1y(0) ) = (1) ~ )~ (50 = 05) ~ Sy 1,00 (0~ %))

(Gl ) = Losrumag 0 — )
< iQ(U - Clz) - lqa-+7-(u—a')<u - ai)
- 2 27700 ‘
< Xl
< ;

< (V=D If(w) = L)+ (W = 1)rf
Combining this with (3.14) gives for (3.13)

fmin{ Ja(u—a;) 121 = 1. "l
(1= 200 = 1) |f(w) — b{w)] - 20 - 12

17
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Therefore,
i A ) , k
Sq\U—Gi) =T > (1-21 -1 — 1
;/ViﬁD 2q(u a;) —rildu = ( (A ));/DD |f(w) = Li(w)| du
k
=2\ = 1) 3_r7|Qi N Di.
i=1

Since we have as in (3.9)

k k
SN <dY. [ |f(w) ~ L) du.
i=1 i=1 7 QiND;

we obtain

i A
S [ Salu=a) = rFduz (1= 2d+ 1) = 1) [ |f(w) = Uu)| du
= JvinD 2 JnD
and (3.12) follows. Combining (3.11) and (3.12) completes the proof of Proposi-
tion 1. O

3.3 Further we use the following decomposition of C, see [9].

Proposition 2 There is a tiling of IE? with finitely many closed cones Cy,l =
1,...,m, with common apex o, each of which has the following property: There is
a point p; € C;NbdC =T, with corresponding Ry, H;, U, U], fi = fps @u = Qo
QG = Gp,.p,» and wy = w(p;) such that

7—‘l - Ul7
1
qu(s) < qu(s) < Aq(s) forueU,sec B
1
3 det ¢y < detq, < Adetq foru e Uj, (3.15)
and 1
W <w(z) < A, (3.16)

for x € Cy and x at a distance less than X\ — 1 from T;.

18



By our choice of T, (3.1), (3.15) and (3.16) we obtain the following.
/ w() @D/ ()@Y g ()

bdC
m (det qu)l/(d-i-l) .
=3 [ w((u, f(u)) =D/ = 1+ Z Foe (W)*)7? du
>/ eSS Sy
l
S Azwl(d—l)/(d'i‘l)(det ql)l/(d+1)|j'1l/’
=1
1z _
> X Zwl(d 1)/(d+1)<det QI)l/(CHl)’T’l/'-
=1
(3.17)

3.4 Next, we give an estimate from below for 6,,(C, P)).

Proposition 3 For all n sufficiently large,
1 (d+1)/(d-1) 1
(d—1)/(d+1) 1/(d+1)
0w(C, Pwy) > 2/\12d1d1Vd 1 (/bdcw(x) ko(z) da(a:)) ST

Proof. There is a P, € P, such that 0,,(C, P,) = 6,(C, P(n). Denote by n; the
number of facets of P, which lie entirely in C;. Then

ni+ ...+ n, <n. (3.18)
Choose ng so large that for k > ng Proposition 1 holds for f = f; and J = T} for
l=1,...,m. kg > 0 implies that C' is strictly convex. Since PRMC’ as n — 00,

this implies max{diam F' : F'is a facet of P,} — 0 as n — oo. Therefore, we
have

2 Mo
for n sufficiently large. We see by (3.16), by our choice of Cj, the definition of
vy (1]; fi) and Proposition 1 that

0w(C,P,) > = Z w(volume of the subset of C' A P, which lies in C))

Syt
= pzww(nn(ﬂ’;ﬁ)
> ! ——1div Zw (det g) ¥/ @117 |(d+D/ (= y_ L
= 9)9d+2 d— 1l / l aQ nl2/(d—1)'

By Holder’s inequality

Z wl(d—l)/(d—H) (det ql)l/(d—l—l) |Tl,|
=1

Z (w (d—1)/(d+1) detq)l/ d+1)|Tl|
=1
(iwz det q;) 1/(d-1) |T’| (di1)/(d-1) L )(d—l)/(d+1)<§:nl)2/(d+1)

2/ D)
=1 ny, =1

1 2/(d+1)
2/(d+1) )n

~
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we obtain by using (3.18) and (3.17)

ow (C, P)
Wdivg—1 /= (@-1)/(a+1) 1/(d+1) ) (4D (A1) 1
> D \9d+2 (Zwl (det q;) ‘TID (ny + --.+nm)2/(d_1)

1diva_y /" (d—1)/(d+1) 11y @D/ 1
ONIT2 (> wi (det g ) 12/(@-1)

1diV;1 (d—1)/(d+1) 1/(d+1) (d+1)/(d—1) 1
> 2)\9d+2+(d+1)/(d71)( / w(z) k() da(z)) n2/(d-1)

bdC

for all n sufficiently large. Since 6,,(C, P,) = 6.,(C, P(»), the proof is complete.
O

3.5 Next, we need an estimate from above for 0,,(C, Pp)).

Proposition 4 For all n sufficiently large,

13d

5w(C, P(n)> S Tldinil (/

bdC

(d+1)/(d-1) 1

w(SC)(d1)/(d+1)Kc(ﬂi)l/(dJrl)dO'(SU)) m

Proof. To obtain this estimate we construct a polytope P with < n facets in
the following way: For [ = 1,...,m, choose polyhedra with n; facets such that
the infimum in v, (17; fi) is attained and define P as the intersection of these
polyhedra. Then, P has at most ny + ...+ n,, facets and by (3.16)

0u(C, P) < XD w(volume of the subset of P A C' which lies in C))

=1
< N wive(T)s i)

=1

for ny,...,n,, sufficiently large. Define n; as the largest integer such that
(@=1/(@+1) (ot )1/ (@D T!
Z /(d+1 detq )1/ d+1 |T/‘
forl =1,...,m. Then,
ni+...+n,<n (3.20)

and

1 (clfl)/(d4r1)<det a )1/(d+1)’T/’ _ (3 21)
- ns=mn .

Z (d—1)/(d+1) (det g )1/ (d+1) |T'|
=1
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for n sufficiently large. We have by (3.20), Proposition 1, (3.21) and (3.17)
6w (C, Pry)

<MY wi v (T fi)

=1

- )\9‘”21 . = V(=1 i@t/ L
< dlvd,lzwz(det Q) 771 2/(d—1)
=1 ”l
\9d+2+2/(d-1) m 2/(d—1
< #ldivd,l(z (d-1)/ (d+1 (det g; )1/(d+1 !T’]) /(d=1)
7=1
m 1
1-2/(d+1)
XZ( /( detq)l/(d D=2/ (=) d+1) |y (@+1)/ (1) =2/ 1))n2/(d—1)
=1
\9d-+2+2/(d—1) T de1)/(dt) ) (@d+1)/(d-1) 1
AT /(d+1) | -
< 5 ldlvd—l(g det Q) T, |) n2/(d-1)
\13d (d+1)/(d-1) 1
: (d—1)/(d+1) 1/(d+1)
< 5 ldlvd_l(/deIU(:E) Ko(r) da(m)) n2/(d-1)

for n sufficiently large. This concludes the proof of Proposition 4. O

3.5 Since A > 1 was arbitrary, (1.8) follows from Propositions 3 and 4.
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