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Abstract For f,g € o® let c;‘ P be the minimal number of uniform g-splitting
trees needed to cover the uniform f-splitting tree, i.e., for every branch v of the
f-tree, one of the g-trees contains v. Let caf be the dual notion: For every branch
v, one of the g-trees guesses v(m) infinitely often. We show that it is consistent that

ci o= ¢% =, forcontinuum many pairwise different cardinals k. and suitable pairs

s

€
(fe, ge). For the proof we introduce a new mixed-limit creature forcing construction.
Keywords Creature forcing - Large Continuum - Cardinal Characteristics - Slaloms
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0 Introduction
We continue the investigation in [4] of the following cardinals invariants:

Let f, g be functions from w to w such that f(n) > g(n) for all n and further-
more lim(f(n)/g(n)) = oco. An (f, g)-slalom is a sequence ¥ = (Y (1)), Such
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50 J. Kellner, S. Shelah

that Y(n) € f(n) and |Y(n)| < g(n) for all n € w. A family Y of (f, g)-slaloms is
a (v, f, g)-cover, if for all r € ]_[new f(n) thereis an Y € ) such that r(n) € Y (n)
for all n € w. The cardinal characteristic c\}’ P is defined as the minimal size of a
v, f, g)-cover.

There is also a dual notion: A family Y of (f, g)-slaloms is an (3, f, g)-cover, if
forall ¥ € [],c, f(n) there is an Y € Y such that r(n) € Y (n) for infinitely many
n € w. We define c} g 10 be the minimal size of an (3, f, g)-cover

It is easy to see that Ry < ¢3 <% < 2%,

Answering a question of Blass related to [1], Goldstern and the second author [2]
showed how to force ®; many different values to c; e More specifically, assuming
CH and given a sequence ( fe, ge, ke )een, Of natural functions fe, g with “sufficiently
different growth rate” and cardinals « satisfying K? O = k., there is a cardinality pre-

serving forcing notion that forces c\;@ o =Ke for all € € Ry. In [4] we additionally

3 _ v
forced Chge =€l g = Ke-

In this paper, we improve ! this result to continumm many characteristics c? g =
€r5€

c\}e o in the extension (something which is a lot easier for v only; this was done
in [3]).
So the main theorem is:

Main Theorem Assume that CH holds, that u = uX°, and that k¢ < . satisfies K? 0=
ke for all € € . Then there is an w®-bounding, cardinality preserving forcing notion
P that forces the following: 280 = i, and there are functions f., ge for € € u such
that ci’ge = c\;e’gg = Ke.

(We can find such p and (k¢)eey such that the k¢ are pairwise different. Then we get
continuum many pairwise different invariants in the extension.)

The construction builds on the theory of creature forcing, which is described in the
monograph [5] by Rostanowski and the second author. However, this paper should
(at least formally) be quite self contained concerning creature forcing theory; we do
however (in 2.1) cite a result of [4].

This paper has two parts: In the first part, we introduce a new creature forcing
construction (to give some “creature keywords”: somewhat in between a restricted
product and an iteration, with countable support, basically a lim-inf construction but
allowing for lim-sup conditions as well). Using this construction, we get a much nicer
and more general proof of properness compared to the construction in [4].

This construction (actually a simple case, in particular a pure lim-inf case without
downwards memory) is used the second part to construct the required forcing. It turn
out that we can use very similar proofs to the ones in [4] to show that the forcing
notion constructed this way actually does what we want.

' Note that once we have R many different cardinals between R and the continumm, then the continumm
has to be much bigger than X1.
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Creature forcing and large continuum 51

1 The creature forcing construction
1.1 The basic definitions

Definition 1.1 Let /™ be some (index) set, and for each i € I* and n € w fix a finite
set POSSZ,, ;).
Foru C I* and n € w we set

POSS,,, = {n : nis afunction, dom(n)
=n xu, and n(m,i) € POSS*zm’{l-}for allm enandi € u}.

The name POSS is chosen because this is the set of possibile trunks of conditions, see
below.

We will use the following notation for restrictions of n € POSS,, ,: ForO <m <n
and forw € u weusen [ m € POSS,, ,, n | w € POSS,, andn [ (m x w) €
POSS,;,,, (with the obvious meaning). We will sometimes identify an n € POSS,, (;,
i.e., a function with domain n x {i}, with the according function with domain 7.

Definition 1.2 VAL, , is the set of functions f : POSS,, , — POSS,,;1,, satisfying
f(n) | n = nforall n € POSS, ,.

(This is the set of possible elements of the value-set val(c) of an n-ml-creature, see
below.)

Definition 1.3 Fix n € w. An n-ml-creature parameter p,, consists of

e K(n), the set of n-ml-creatures,
e the functions supp, suppls, nor, nor's, val and ¥, all with domain K(n),

satisfying the following (for ¢ € K(n)):

(1) supp"(c) C supp(c) are finite > subsets of I*. We call supp(c) the support of c.
(2) nor(c) (called norm) and nor'®(¢) are nonnegative reals. 3
(3) val(c) is a nonempty subset of VAL, supp(c)-
For n € POSS,, supp(c)> we set c[n] := {f(n) : £ € val(c)}. So ¢[n] is a nonempty
subset of POSS,, 11 supp(c)» and every v € c[n] extends 7.
(4) X(c), the set of ml-creatures that are stronger than (or: successors of) ¢, is a
subset of K(n) such that for all 9 € X (c) the following holds:
(a) ifd € X(d),thend’ € X(c) (i.e., X is transitive).
(b) ¢ e X(c) (i.e., X is reflexive).
(¢) supp(d) 2 supp(c) and supp’(d) N supp(c) < supp® ().
(d) o[n] [ supp(c) < ¢[n | supp(c)] for every n € POSS(n, supp(?)).

2 We will later even require: There is a functions maxsupp : @ —  such that every n-ml-creature c satisfies
|supp(¢)| < maxsupp(n).

3 More particularly, elements of some countable set containing (Q and closed under the functions we need,
such as In etc. We can even restrict nor and nor' to values in N. However, this sometimes leads to slightly
cumbersome and less natural definitions.
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52 J. Kellner, S. Shelah

Of course, with 9[n] | supp(c) we mean {v | supp(c) : v € 0[n]}.

Remarks 1.4 o “ml” stands for “mixed limit” (the construction mixes lim-sup and
lim-inf aspects). “Is” stands for lim sup; supp's and nor' will correspont to the
part of the forcing that corresponds to a lim-sup sequence. The objects supp and
nor will correspond to the lim-inf part.

e  Our application will be a “pure lim-inf” forcing: We can completely ignore supp's
and nor'®, or, more formally, we can set supp'(¢) = supp(c) and nor's(¢) = n for
all n-ml-creatures c.

e Usually we will also have: if 9 € X(c¢) then nor(?) < nor(c) and norls(b)
< nor'(c), but this is not required for the following proofs.

e In our application (as well as in other potential applications) we will not really
use val(c) (i.e., a set of functions f each mapping every possible trunk 7 af height
n to one of height n + 1). Instead, we will only need (C[W])nePOSSn,supmo (i.e., the
function that assigns to each n the (nonempty, finite) set of possible extensions
c[nD.

We can formalize this simplification in our framework as the following additional
requirement:

Assume that f € VAL, supp(c) 18 such that for all n € POSS,;, supp(c) thereisa g €
val(c) such that f(n) = g(n). Thenf € val(c). Or, in other words: f € VAL, supp(c)
is in val(c) iff £(n) € c[n] for all n € POSS,, ,¢.

e We could have required the following, stronger property instead of 1.3.(4d) (how-
ever, in the case referred to in the previous item, the two versions are equivalent
anyway):

For all f € val(0) there is some g € val(c) such that for each n € POSS,, supp(2)

f(n) | supp(c) = g(n | supp(c)).

e Our application will even have the following property: c[#] is essentially indepen-
dent of n; there is no “downwards memory”, the creature does not look at what is
going on below.

More exactly: We will define p,, in a way so that for all 7, n" in POSS,, supp(c) and
v € ¢[n] the possibility n U (v N ({n} x I)) is in c[5'].

e So while the application in this paper only uses a simpler setting, we give the proof
of properness for the more general setting. The reason is that this properness-proof
is not more complicated for the general case, and we hope that the general case
can be used for other applications.

Definition 1.5 A forcing parameter p is a sequence (p,),ce such that each p,, is an
n-ml-creature parameter. Given such a p, we define the forcing notion Qy: A condition
p consists of trnklg(p) € w, the n-ml-creatures p(n) for n > trnklg(p) (i.e., p(n) is
in the K(n) defined by p,,), and an object trunk(p) such that:

e supp(p(n)) C supp(p(n + 1)) for all n > trnklg(p).

e Wesetdom(p) := Unew supp(p(n)), and for i € dom(p) we set trnklg(p, i) =
min{n > trnklg(p) : i € supp(p(n))}.
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Creature forcing and large continuum 53

e trunk(p) is a function with domain {(m, i) : i € dom(p),m < trnklg(p,i)}
such that trunk(p)(m, i) is in POSS*:m’{i}. For i € dom(p), we set trunk(p, i)
= trunk(p) | {i} (which we identify with a function with domain trnklg(p, i)).
lim inf,,—, oo nor(p(n)) = oo.
For eachi € dom(p) the set X = {nor'®(p(n)) : i € supp's(p(n))} is unbounded,
in other words: lim sup(X) = oo. In particular there are infinitely many n with
i € supp®(p(n)).

For better readability, we will write supp(p, n) instead of supp(p(n)), and the same
for nor etc.

Note that Qy, could be empty (for example, if all norms of ml-creatures are bounded
by a universal constant). In the following we will always assume that Qy, is nonempty.

We still have to define the order on Q. Before we can do this, we need another
notion: poss(p, n), the sets of elements of POSS,;, gom(p) that are “compatible with p”:

Definition 1.6 For a condition p (or just an according finite sequence of creatures
together with a sufficient part of the trunk), we define poss(p,n) as a subset
of POSS,, dom(p) by induction on n. If n < trnklg(p), then poss(p,n) contains
the singleton trunk(p) [ (n x dom(p)). Otherwise poss(p, n) consists of those
v € POSS; gom(p) such that v is compatible 4 with trunk(p) and such that v |
nxsupp(p,n—1) € p(n—1)[n | (n—1) xsupp(p, n—1)]forsomen € poss(p, n—1).

Definition 1.7 For p,q € Qp, we set g < p if the following holds:

trnklg(q) > trnklg(p).
If n > trnklg(q) then
- ) e Z(p.n),
— supp(g, n) Ndom(p) = supp(p, n), (This implies: trnklg(q, i) is the maxi-
mum of trnklg(p, i) and trnklg(q) for all i € dom(p).)
~  supp'®(g, n) N'dom(p) < supp"(p, n).
e trunk(g) extends trunk(p) (as function), i.e., trunk(q)(m, i) = trunk(p)(m, i)
whenever i € dom(p) and m < trnklg(p, i).
e trunk(q) [ (trnklg(g) x dom(p)) € poss(p, trnklg(q)).

Remark 1.8 Note that our ml-creatures have an “answer” c¢[n] to all € POSS,, supp(c);
so in particular p(n) has answers to all ¢ poss(p, n). In this respect, our creatures
carry a lot of seemingly irrelevant information. This is neccessary, however, to allow
simple proofs of properness and rapid reading: this way we can, e.g., start with a
condition p, then increase the trunk to some height %, strengthen this new condi-
tion to some ¢, and then “merge” p and ¢, by setting r(n) = p(n) forn < h and
r(n) = g(n) otherwise. This would not be possible if we dropped the information
about “impossible” n € POSS,; supp(c) from the creatures.

Facts 1.9 o Assume that p is a Q) condition, n > trnklg(p), choose u such that
supp(p,n — 1) € u € dom(p) and n € POSS, ;. Then we can modify p by

4 e, v(m, i) = trunk(p)(m, i) for all m < min(n, trnklg(p, i)).
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enlarging the trunk-length to n and replacing part of the trunk by 5. Let us call the
resulting creature p A n. (More formally: trunk(p A n)(m, i) = n(m,i)ifm <n
and i € u, and trunk(p)(m, i) otherwise.)
pAn = pifn € poss(p,n).
{p An:neposs(p,n)}is predense below p.
We set " to be the name for | ¢ trunk(p). So Qy forces that v&°" is a function
with domain @ x J for some J C I*. Note that it is not guaranteed that J = I'*.
(But p forces that dom(p) < J and that v&" | (n x dom(p)) € poss(p, n) for
alln € w.)

e Ifn e€poss(p,n),then p Anlkgiff plFn C ve" — ¢.

One simple way to guarantee that J = I* is the following: Giveni € [* and a
creature ¢, we can strengthen ¢ by increasing the support by (not much more than) {i}
while not decreasing the norm too much:

Lemma 1.10 Assume that for all i € I* there isan M € w and a u € [I*]<%0
containing i sucht that for alln > M and all ¢ € K(n) with nor(c) > M there is a
0 € X(c) such that

e nor(d) > nor(c) — M and nor(®) > nor*(¢) — M,
o supp(d) = supp(c) U u and supp™ ) = supp™(c) U u.

Then the domain of v8¢" is forced to be w x I*.

Proof Given p € Qp andi € I* we can find a g < p such that i € supp(q): For
sufficiently large n we get nor(p, n) > M and dom(p) Nu < supp(p, n). So we can
setset g(n) =0 € X(p(n)) as above. O

1.2 Properness: bigness and halving

Definition 1.11 e For cin K(n) and x > 0 we write 0 € X\ (¢) if 9 € Z(c), supp(0)
= supp(c), supp"® () = supp's(c), nor(d) > nor(c)—x and nor's(d) > nor'(c) — x.

e The n-ml-creature ¢ is (B, x)-big, if for all functions G : POSS,, 11 suppcy — B
there is ad € X% (¢c) and a G’ : POSS,, supp(c) — B such that G(n) = G'(v) for
all n € 0[v]. Le., modulo 0 the value of G () only depends on 1 | n.

e Ki(n)is (B, x)-big, if all ¢ € K(n) with norm bigger than 1 are (B, x)-big. (Note
that we do not require that ¢ has large nor's.) >

Definition 1.12 e A condition p decides a name t, if there is an element x € V
such that p forces T = X.

e 1 isn-decided by p, if p A n decides 7 for each 1 € poss(p, n).

e p essentially decides 7, if 7 is n-decided by p for some n.

5 Of course there are some other natural definitions for bigness. We briefly mention two of them, however

the reader can safely skip this. In our setting, all these notions are more or less equivalent: Firstly, we will

assume that k := |POSS;;, supp(c) | is “very small” compared to the bigness B. Secondly, val(c) will be

determined by the sequence (¢[7]).

—  The n-ml-creature ¢ is weakly-(B, x)-big, if for all n € POSS,;; sypp(c) and all G : ¢[n] — B thereisa
0 € X (¢) such that G [ ?[n] is constant.
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Creature forcing and large continuum 55

e Letr:w — wbea Qp-name. p reads r continuously, if p essentially decides
r(n) for all n.
e prapidly reads r (above M), if r | n is n-decided by p for all n (bigger than M).

Sufficient bigness gets us from continuous to rapid reading:

Lemma 1.13 Fix B : w — w. Assume that

e Kn)is([],, B(m),1)-big foralln € w.
e p continuously reads® r € 11B.
e M > trnklg(p), and nor(p, m) > 1 forallm > M.

Then there is a q < p such that

e trnklg(qg) = trnklg(p), trunk(g) = trunk(p), and q(n) = p(n) for trnklg(p) <
n<MmMm,

e g(n) e X (pm) forn>M,

e g rapidly readsr. Le., r | nis n-decided by q for alln > M.

Proof Forn € w, let h(n) > 0 be maximal such that r | i (n) is n-decided by p. So
h(n) is a weakly increasing, unbounded function. Set

Xpg =r | min(h(n),l).

Note that x, , is n-decided by p, and that there are at most [[,, _; B(m) many possi-
bilities for x;, ;.

For all n > M, we define by downward induction for/ =n,n—1,... M +1, M
the creatures 9, ; € X iL( p(1)) and the function v, ; with domain poss(p, n):

00 = p(n), Yn n(n) is the value of x, , as forced by p A 7.
For! < nandn € poss(p, [+1) we know by induction that v, ;41 () is a potential
value for x, ;1. Let ¥, ;| (17) be the corresponding value of x, ;. Using bigness,

wegetao, € Eﬂ_(p(l)) such that ¢, . (1) only depends on n [ [ € poss(p, [).

We set ¥,,1(n [ 1) to be this value ¥, ", (m).

Foreveryn € w,sety, = (val(0,.1), ¥n.1) M<i<n. For all [ there are only finitely many
values for val(d, ;) and for v, ;. So the set of the sequences y, together with their
initial sequences form a finite splitting tree. Using Konig’s Lemma, we get an infinite
branch: A sequence (], ¥;");>n such that 9} € Eﬂr( p(1)) and such that for all n the
sequence y; = (val(d}), ¥;") </ <y is initial sequence of y,, for some m > n.

We define ¢ < p by q(I) = p(l) forn < M and ¢g(I) = 0] otherwise (and, of
course, trunk(g) = trunk(p)).

Footnote 5 continued

—  The n-ml-creature cis (B, x)-big*, if forall G : val(c) — B thereisad € Ei‘._( ¢) such that G restricted
to val() is constant.

We obviously get: (B, x)-big implies weakly-(B, x)-big.

Weakly-(B, x/k)-big implies (B, x)-big: We just iterate bigness for all n € POSS;; gypp(c). i.€., at most k

times.

(B, x)-big® implies (B, x)-big: Apply big* to the function that maps f € val(c) to the sequence

(E)yePOSS,, supp(e) -

6 Le., r is a name, p forces that 7 (m) < B(m) for all m € w, and p continuously reads r.
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Fix n > M. We claim that r | n is n-decided by g.
Pick some m such that (m) > n and some k such that y is initial sequence of yy.
Recall the inductive construction of 0 ;:

Modulo p and 0k ,, Ok n—1, ..., O,k any n € poss(p, n) decides xi ,. (1.1)

Also, xi , contains r [ n (since h(k) > n). In facteven h(m) > n, sor | nis decided
by p A v for all v € poss(p, m). Therefore we can improve the previous equation:

Modulo p and 04 j—1, - - ., Ok k any n € poss(p, n) already decides x ,. (1.2)

Now recall that 0 ;,—1, ..., 0k are conditions in g, so xi , (and therefore r | n) is
n-decided by ¢. O

To get properness, we need another well established creature forcing concept:

Definition 1.14 The n-ml-creature c is x-halving, if there is a half(c) € X7 (¢) sat-
isfying the following: If 0 € X (half(c)) has non-zero norm, then there is a 9’ (called
the un-halved version of 0) satisfying:

v e X(o),

supp(d') = supp(d), and supp'(d’) = supp®(2),
nor(®) > nor(c) — x and nor’s(?’) > nor's(c) — x,
?/'[n] € 0[n] for all n € POSS, supp(d)-

K(n) is x-halving, if all ¢ € K(n) with nor(c) > 1 are x-halving. (Note that we do
not require nor'*(c) > 1.)

Definition 1.15 A forcing parameter p has sufficient bigness and halving, if there is
an increasing function maxposs : @ — w such that for alln €

(1) |poss(p,n)| < maxposs(n) forall p € Qy.
2) K(n)is (2, 1)-big.
(3) K(n) is 1/ maxposs(n)-halving.

Remark 1.16 The natural way to guarantee (1) is the following: There is an increasing
function maxsupp : @ — o such that for every n €

e every n-ml-creature ¢ satisfies [supp(c)| < maxsupp(n),

e thereis an M (n) € w such that IPOSS”;m’{i} | < M(n) foralli € I* and m < n,
and

e maxposs(n) > M (n)maxsupp(n—1)),

A bit of care will be required to construct such creatures, since on the other hand we
will also need

7 Analternative, stronger definition would be: val(?’) C val(d). In the special case mentioned in Remark 1.4
these versions are equivalent.
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e the norm of a creature does not decrease by, say, more than 1 if we “make the
support twice as big” (we need this to prove Rs-cc, cf. Definition 1.20), and
e there is an n-ml-creature ¢ with nor(c) > n (this guarantees that Oy, is nonempty).

Lemma 1.17 Assume that p has sufficient bigness and halving, that T is the name for
an element of V, that py € Qp, that My > trnklg(po), no > 1 and nor(pg, m) >
ng + 2 for allm > My. Then there is a g < po such that®

e g essentially decides T,

e g(m) = po(m) for trnklg(po) < m < Mo,
e nor(q,m) > ng forallm > M.

Then the usual standard argument gives us properness and w®-boundedness, and
Lemma 1.13 gives us rapid reading:

Corollary 1.18 Assume that p has sufficient bigness and halfing.

e QO is proper and w®-bounding. Moreover, for each condition py and name r :
w — w there is a g < po continuously reading r.

e [fadditionally every K(n) is ([],,-, B(m), 1)-big, we get rapid reading: If r is a
name for an element of || B then for every p there is a q < p suchthatr | m is
m-decided by q for allm € w.

Let us first give a sketch of the (standard) argument of the Corollary:

Proof e w®”-bounding: Assume that r is a name for a function from » to @ and
that pg is in Q. Using the previous lemma, we iteratively construct M,, € w and
Pn+1 < pn such that
— M, is big enough to satisfy the following: for some i € dom(p,,, n) (chosen
by suitable bookkeeping) there is anm < M,, such thati € suppls( Pn,m) and
norls(pn,m) > n. Also, M,, > trnklg(po) = trnklg(p,) and nor(p,, k) >
n—+2forallk > M,.

—  Pa+1(m) = py(m) forall m < M,

—  nor(ppy1,m) > nforallm > M,.

—  pn+1 essentially decides r(n),

This guarantees that the sequence of the p,’s has a limit ¢, which essentially

decides each r(n). This in turn implies that (modulo ¢) there are only finitely

many possibilities for each r(n), which gives us w®-boundedness.

e Properness: Fix N < H(x) and pp € N. We need a ¢ < p which is N-generic,
i.e., which forces that [G] € N for all names for ordinals that are in N. Enu-
merate all these names as {r, 7| ...}. Now do the same as above, but instead of
r(n) use 1,; and construct each p, inside of N. (The whole sequence of the p,’s
cannot be in N, of course.) Then ¢ leaves only finitely many possibilities for each
T, each possibility being element of N, which gives properness. O

Proof of Lemma 1.17 (a) Halving, the single step S¢(p, M, n):
Assume that

8 Note that in contrast to the previous lemma, the supports of ¢g(n) will generally be bigger than those of
p().
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58 J. Kellner, S. Shelah

e peP,
e M > trnklg(p),
e n>1,nor(p,m)>nforallm > M.

We now define S®(p, M,n) < p. Enumerate poss(p, M) as nl, ...,r;’. So [
maxposs(M). Set p° = p. For 1 < k <[, pick p* such that

IA

° trnklg(pk) = M and pk < pk_1 A 7. (So in particular, trunk(pk) [ dom(p) =
Nk-)
e Forallm > M, nor(p¥,m) >n —k/ maxposs(M).
e One of the following cases holds:
dec: p* essentially decides T, 0r
half: it is not possible to satisfy case dec, then p*(m) = half (p*~!(m)) for all
m> M.

So in case half, we get dom(p*¥)=dom(p*~!), but in case dec the domain will gen-
erally increase.

We now define ¢ = S¢(p, M, n) by g(m) = p(m) form < M and g(m) = pl(m)
otherwise.” Note that nor(g,m) >n — 1 forallm > M.

(b) Iterating the single step:

Given pg, Mo and ng as in the Lemma, we inductively construct p; and My for
k> 1:

e Choose by some bookkeeping an & € dom(pj_1).
e Choose

My >k + My (1.3)

big enough such that
— thereisanl < M with o € suppls(pk_l, I) and nor (py_1, 1) > k,
— nor(pg—1(m)) > k +ng + 2 forallm > M.

e Let py be S¢(px—1, My, k +ng + 2).

Assuming adequate bookkeeping, the sequence py has a limit g9 < po, and
nor(go, m) > ng + 1 forallm > M.

(c) Bigness, thinning out ¢

We now thin out gg, using bigness in a way similar to the proof of Lemma 1.13.

For all n € w, we define by downward induction for! =n,n—1, ..., My+ 1, My,
a subset A, ; of poss(qo, [) and ml-creatures 0,,; € EL(qo D)):

On.n = qo(n);and n € Ay, iff go A 1 essentially decides 7.

Forl < n, we use bigness to get0,; € Zfr(qo(l)) such that for all n € poss(qo, /)
either 9, ;[n] € Ap 41 010, 1[n1 N Ay 41 = 0. We set A, ; to be the set of those
n € poss(qo, [) such that 9, ;[n] € Api41.

So by this construction we get: If n € poss(qo, Mo) N A, M, thenevery v € poss(qgo, n)
that extends 7 and is compatible with (0, ;)m,<i<n satisfies go A v essentially
decides 1.

If on the other hand

9 And, of course, we set trunk (g, i) = trunk(p, i) ifi € dom(p) and trunk(q, i) = trunk(pl, i) otherwise.
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n € poss(qo, Mo) \ An,my»

v is in poss(qo, M) for some My < M < n,
v extends 7, and

v is compatible with (0,,,/) mo<i<m, then

qo N v does not essentially decide t. (1.4)

We claim that there is some ng > My such that

poss(qo, Mo) € Ang,mo- (1.5)

Then we define ¢ < go by g(m) = 0,,,m for My < m < ng and g(m) = go(m)
for m > ng. According to the definition of Ay u,, we know that go A v essentially
decides 7 for all v € poss(q, ng), so g essentially decides t. This finishes the proof
of the Lemma, since ¢ satisfies the other requirements as well.

So it remains to show (1.5). For every n € w, we define the finite sequence

Xn = (Val(an,l)a An,l)Moglfn-

For each [, there are only finitely many possibilities for val(d, ;) and for A, , so
the set of the sequences x, together with their initial sequences form a finite split-
ting tree. Using Konig’s Lemma, we get an infinite branch. So we get a sequence
0}, A}) My<i<w such that 0 € Zﬂr(qo(l)) and for all n there is an m > n such that
the sequence

x;,k = (Val(b;’(), A?)Moflfn

is an inital sequence of xy,.
We claim

poss(qo, Mo) S A}y, (1.6)

Then we get (1.5) by picking any ng such that A, y, = Aj{,lo.

To show (1.6), assume towards a contradiction that there is some 7y €
poss(qo, Mo)\A’/‘;,]O. Define g1 < go by q1(I) = qo(l) if | < Mo and g1 (I) = 9] other-
wise. Findan s < g1 Ano deciding t. Without loss of generality, trnklg(s) = My > My
for some k, where M} was chosen in (1.3). Also we can assume nor(s, m) > 2 for
all m > trnklg(s). Let trunk(s) extend some v € poss(qi, My) < poss(qo, My). In
particular, v extends ng. We claim:

qo A v does not essentially decide T (1.7)
Pick m such that x,, extends x;"‘,lk. In particular, Am,MozA*MO, $0 10 & Am,m,- Since

v € poss(qr, M), v is compatible with the sequence Val(bz“)Mokok and val(D}") =
val(0,,.7). So by (1.4) we get that go A v does not essentially decide t. This proves (1.7).
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By (1.7) we know: when we were dealing with v in stage k, we were in the half-
case. In particular, s is stronger than some p,l{_1 that resulted from halving p,lc__]l. Let
M’ be such that nor(s, m) > k + ng + 2 for all m > M’. We can now un-halve s(m)
for all M < m < M’ (and leave it unchanged above M’), resulting in a condition
s’ that is stronger than pf(__ll and essentially decides 7, a contradiction to the fact that

p,lc_] was constructed using the half-case. So we have shown (1.6). O

Remark 1.19 The proof actually shows that it is not required that all n-ml-creatures
are 1/ maxposs(n)-halving. It is enough to have an infinite set w € w such that for all
M € wand n > M every n-ml-creature is 1/ maxposs(M)-halving. (Just choose all
the My in (1.3) to be in w.)

1.3 Ny-cc

To preserve all cofinalities, we will use 8>-cc in addition to properness. To guarantee
that Qy, is R-cc, we need additional properties of p and we have to assume CH in the
ground model.

We will argue as follows: Assume towards a contradiction that A is an antichain of
size R;. By a standard A-system argument we can assume that any two conditions in
A have (more or less) disjoint domain; we assume that there are only continuum many
different conditions “modulo isomorphism of the domain™; and then we have to argue
that two identical (modulo domain) conditions with disjoint domain are compatible.

There are many ways to achieve this, one sufficient conditions is the following:

Definition 1.20 Fix n € w. The n-creature-parameter p(n) has the local A-property,
if we can assign one of continuum many'? “local types” to each pair (c, i), where ¢
is an n-ml-creatue and i : |supp(c)| — supp(c) is bijective, such that the following
holds:

If

(c1, fl) and (¢, sz) are as above and have the same local type,
nor(c¢q) = nor(cz) > 1 and nor'™(¢c;) = nor'(c»),
the enumerations i1 and 7> agree on supp(ci) N supp(ca).
More formally: if i € supp(cy) N supp(cz), then there is an m such that i1(m) =
i(m) =i,
then there is ad € X (c;) N X(cp) such that

e supp(0) = supp(cy) U supp(cp) and suppls(b) = suppls(cl) U suppls(cz),
e nor(d) > nor(c;) — 1 and nor'(d) > nor'(¢cy) — 1.

Lemma 1.21 Assume CH and that p(n) has the local A-property for all n. Then Qy
is Nr-cc.

Proof Assume towards a contradiction that A is an antichain of size X;. We can assume
that there is a A C 7™ such that dom(p) Ndom(g) = A for all p # ¢ in A, and that
|dom(p)] = M < wforall p € A. Pick for all p € A abijectioni” : M — dom(p).

10 1 practise, we can get finitely many.
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We can also assume that the following objects and statements do not depend on the
choice of p € Afori® e A,m <M andn € w:

e The trunk of p “modulo the enumeration of the domain”, i.e., trnklg(p), trnklg
(p, iP(m)) and trunk(p, i? (m)).

The norms, nor(p, n), norls(p, n).

The local type of (p(n), j/), where j/ is i? restricted to supp(p, n). !!
Whether i? (m) € supp(p, n).

Whether i? (m) = i2.

Now pick p # g in A. We show towards a contradiction that p and g are compat-
ible: Pick & such that nor(p, n) > 1 for all n > h. The local types of (p(n), f,f) and
(q(n), ji) are the same. If i® € supp(p, n) N supp(q, n), then i® = i?(m) = i9(m)
for some m < M, and i?(k) € supp(p,n) iff i9(k) € supp(q,n) for all k < m,
therefore i® = j/(I) = j/(I) for some [. So we can apply the local A property and
getd € X(p(n)) N X(qg(n)). The sequence of these creatures, together with the union
of the stems of p and ¢, form a condition r < p, gq. O

2 Continuum many invariants

We now apply this creature forcing construction (actually, only the pure lim-sup case
and the simplified setting described in Remark 1.4) to improve the result of Decisive
Creatures [4]. We have to make sure to define the ml-creatures and the norms in a way
to satisfy sufficient bigness and halfing (see Definition 1.15 and the Remark following
it). Once we have done this, it turns out that the rest of the proof of the Main Theorem
is a rather straightforward modification of the proof in [4].

2.1 Atomic creatures, decisiveness

We will build the ml-creatures from simpler creatures, which we call atomic creatures.
An atomic parameter is a tuple a = (A, K, val, nor, X) such that

e A is a finite set.
e Kiis a finite set (the set of a-atomic creatures),
e val, nor and X are functions with domain K

such that for all a-atomic creatures w € K the following holds:

nor(w) > 0,

val(w) € A is nonempty,

Y (w) is a subset of K,

w € X(w); and if wy, € X (wq) and w3 € X (wy) then w3 € X (wy),
if v € X (w) then val(v) C val(w) and nor(v) < nor(w),

if | val(w)| = 1 then nor(w) < 1.

' More formally, J_,é) : |supp(p, n)| — supp(p, n) is defined by j,{’ (I) = iP (k) for the minimal k such
that iP (k) € supp(p, n) \ jI”L.
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As usual we get notions of bigness and halving, as well as decisiveness as introduced
in [4]:

e v e X (w)means v € X(w) and nor(v) > nor(w) — x.
w € Kis (B, x)-big, if for all F : val(w) — B thereisav € X (w) such that
F [ val(v) is constant.
w is hereditary (B, x)-big, if every v € X (w) with norm at least 1 is (B, x)-big.
The atomic parameter a is (B, x)-big, if every w € K with norm at least 1 is
(B, x)-big.

e w € Kisx-halving,ifthereisahalf (w) € X (w) suchthatforallv € X (half(w))
with norm bigger than 0 there isa v’ € Zi (w) with val(v") C val(v). We call this
v/ “unhalved version of v”, or we say that we “unhalve v” to get v'.

e The atomic parameter a is x-halving, if every w € K with norm bigger than 1 is
x-halving.

e w e Kis (K, m, x)-decisive, if there are v, vT € 4 (w) such that

|valw™)| < K and v is hereditarily 25", x)-big. 2.1

v~ is called a K -small successor, and v a K -big successor of w.

w is (m, x)-decisive if w is (K, m, x)-decisive for some K.

Kis (m, x)-decisive if every w € K with nor(w) > 1is (m, x)-decisive.

An atomic-parameter is M -nice with maximal norm m, if it is (2M 1 /M 2)-big,
1/M-halving and (M, 1/M?)-decisive and m = max(nor(w) : w € K).

Facts 2.1 (1) Given M, m € w there is an M -nice atomic-parameter with maximal
norm .
Another way to formulate this:
For all M, m € w there is a K(M, n) € w such that for all k > K (M, n) there
is an atomic-parameter a = (A, K, val, nor, ¥) which is M-nice with maximal
norm m such that A = k.

(2) Assume that an atomic paramter is M-nice, that nor(w;) > 2 forall i € M,
and that F : H,-eM val(w;) — 2M . Then there are v; € Z:_/M(wi) such that
F [ [1;e,, val(v;) is constant.

Proof This is shown in [4]: (1) is Lemma 6.1, (2) is Corollary 4.4. |

2.2 The forcing

Definition 2.2 We define by induction on n € w the natural numbers maxposs(n),
maxnor(n), maxsupp(n), B™"(n), k*(n), g™"(n) and f™*(n); as well as f, ,, and
gn.m form € k*(n):

(1) Set fM™*(—1) = maxsupp(—1) = 1.

(2) Set maxposs(n) = 1 4+ (f™(n — 1))" maxsupp(r—1)
(By induction, we will see that |poss(p,n)| < maxposs(n) for every
condition p.)
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Set maxnor(n) = 1 + 2/maxposs(n)

(This will later be used to guarantee there is an n-ml-creature with norm n, i.e.,
that Oy is nonempty.)

Set maxsupp(n) = 1 + 2maxnor(m)

(We will later define the n-ml-creatures so that [supp(c)| < maxsupp(n) for all
c e K(n).)

Pick B™"(n) large with respect to maxsupp(n).

More specifically: larger than f™2% (n— 1)/ ("= DHmaspetn)
2 maxsupp(n)>.

Pick k* (n) large with respect to B™" (1), which means that we can fix a B™" (n)-
nice atomic paramter a, . = (k;, K, «, val, s, nor, ., X, ) with maximal
norm maxnor(n). (Use 2.1(1).)

Pick g™"(n) = gn.0 large with respect to k*(n).

More specifically, we will need: larger than ™ (1 —1)" M&SUPP(). maxposs(1)-
k* (n)maxsupp(n) and than fmaX(n _ 1)nf"“”‘(nfl).

Pick f;, m large with respect to g,_,,, which means that we can fix an g, _,,-nice
atomic parameter dn ;m = (fu.m, Kom, valy m, 00ty 1, Xy ) with maximal
norm maxnor(n). (Again, use 2.1(1).)

Pick g, m+1 large with respect to f;; .

and larger than

More specifically, we need: larger than ( f;,.,,)/ h~"1k*(n).

Set fM*(n) = fukxm)—1-

We choose an index set I* containing u and sets I for all € € u:

For every € in pu, pick some /¢ of size . such that u and all the /. are pairwise
disjoint. Set 7* = u U ¢, Ie.

We define ¢ : I\ u — I* by () = € for a € I. A subset u of I* is e-closed,
ifforall e(w) e uforalla € u \ pu.

For € € 1 we set POSS_,, (¢} to be k*(m), and for o € I* \ u we set POSS_,, jq)
to be fM*(m).

Definition 2.3 We define the ml-parameter p(n): An n-ml-creature ¢ is a triple

(u,

w¢, d°) satisfying the following:

u® C I'* is nonempty, e-closed, and of size at most maxsupp(n).

w* consists of the sequences (w{)eeycny, and (w;’k)aeurmﬂkeval(w;) such that w
is an a,_s-atomic-creature and w; & 18 an ay g-atomic-creature. We will write A ¢
(or A;’k) for val(w) (or Val(w;’k), respectively).

d® e Ry.1?

Given such an ml-creature ¢, we define the creature-properties of ¢ as follows:

supp(c) := u®.

val(c) is the set of those f € VAL, ,c that satisfy the following for all n €
POSS,, yc:Ife € u*Np,thenf(n)(n, €) € AL, andifa € u*NI andf(n)(n, €) =k
then f(n)(n, a) € A;,k.

12 We could restrict this to a countable set; moreover given w® we can even restrict d° to a finite set.
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e nor(c) := (1/maxposs(n)) - log, [minnor(c) — log, (|supp(c)|) — d], where we
set minnor to be the minimum of the norms of all atomic creatures used, i.e.,

minnor(c) := min ({nor,,,*(wg) reeunuly {norn‘k(w;’k) :
acunle,keAf}). (2.2)

(If nor(c) would be negative or undefined when calculated this way, we set it 0.)
e supp"(c) := supp(c) and nor'(c) := n (so here we have the pure lim-inf case).

So our ml-creatures have rather “restricted memory”, they do not “look down” at
all, and horizontally only “look from « to €(«)”. More exactly:

Fact n e poss(p, n) iff

e 7 is compatible with trunk(p),

e for all m with trnklg(p) < m < n, ¢ := p(m), and o € I N supp(c) we have:
n(m,e) € Al and n(m, o) € Agt,n(m,e'

Lemma24 o K(n)is (f"*(n — 1)V 0=D 1)-pig.

e K(n) is 1/ maxposs(n)-halving.

e p satisfies the local A-property.

e The generic element lives on all of I* (i.e., the domain of the generic sequence is
w x I*).

So we can use Lemma 1.21 and Corollary 1.18 (since maxposs(n) witnesses that p
has sufficient bigness and halving, as defined in 1.15), and get:

Corollary 2.5 Qy is proper, w”-bounding and Ra-cc. If p € Qy forces that r(n) <
Fmax @) ") for all n, then there is a g < p that n-decides r | n for all n.

Proof (Proof of Lemma 2.4) First note a few obvious facts: For all n-ml-creatures c,
we have

|POSSn,supp(C)| < fmax(n _ l)n maxsupp(n) (23)
and for a condition p we get, according to 2.2(2),
Iposs(p, n)| < fM(n — 1)"MWPP=D — maxposs(n), (2.4)
According to 2.2(4), we get: If |supp(c)| > maxsupp(n)/2, then
nor(c) < 1/ maxposs(n) log, (maxnor(n) — log, (maxsupp(n)) + 1) =0. (2.5
The local A property: We only have to check that “taking the union of identical
creatures with disjoint domains” decreases the norm by at most one, the rest is just
notation:

Given an n-ml creature (1€, w°, d°) and an enumeration i : |u¢| — u®, we define
the local type to contain the following information for m, m" < |u®|: d®, |u®|, whether
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i(m) € W, whether e(i(m)) = i(m’), and the sequence of the atomic creatures (enu-
merated by 7). '® Take ¢; and c; as in the Definition 1.20 of the local A property. Since
nor(cy) > 1, we know by (2.5) that [supp(c)| < maxsupp(n)/2. So we can define the
n-ml-creature 0 by d° = d = d%; u® = u® Uu®; and for € € u we set wf to be
ws' or w2, whichever is defined (if both are defined, they have to be equal, since the
type is the same); and in the same way we define wg_ g fora € I and k € AS.

As already mentioned, the only thing we have to check is that nor(?) > nor(c) — 1
(for ¢ = ¢; or ¢ = ¢, which does not make any difference). Since 0 consists of the
same atomic creatures as ¢, we get minnor(0) = minnor(c), and therefore

nor(d) > 1/ maxposs(n) log, (minnor(b) — log, (2|supp(c)|) — d)

1/ maxposs(n) log, ((minnor(c) — log,(|supp(c)|) — d) /2)
= nor(c) — 1/ maxposs(n).

>
=

The domain of the generic: Given o € I*, we can just enlarge any n-ml-crea-
ture creature ¢ = (u€, w¢, d°) in the following way: Increase the domain by « and (if
o ¢ ) additionally by €(«), and pick for the new positions atomic creatures with norm
maxnor (n). The same argument as for the local A-property shows that the norm of the
new creature decreases by at most 1/ maxposs(n). So we can modify any condition to
a stronger condition with a domain containing « (as in Lemma 1.10).

Halving: Halving follows directly from the definition of the norm: Given ¢ =
w®, w*, d°, set half (¢) = (1%, w*, d’") with

d' =d*+ 1/2 [minnor(c) — log, (supp(c)) — d*].

Fix 0 = (u®, w°, d°) € X(half(c)) (so in particular, d° > d’). We can unhalve d to
0 = (u° w°,d". Straightforward calculations show that the halving properties are
satisfied. In particular: If nor(9) > 0, then

minnor(0) — log, (supp(?)) — d® > 1.
To calculate nor(d), we use

minnor(d) — log, (supp(@®)) —d® > 14+d° —d*>1+d —d* >
> 1/2 [minnor(c) — log, (supp(c)) — d‘].

So nor(d) > nor(c) — 1/ maxposs(n).

Bigness: Let c be an n-ml-creature. Set B := f™*(n—1)"/ " =1 To show (B, 1)-
bigness, we pick some G : POSS,, 1 supp(c) — B, and we have to find a d € ZL_(C)
such that G only depends on 7 | n. (More formally: there is a G" : POSS,, supp(c) — B
such that G (1) = G{(v) for all n € ?[v].)

and (W m<jul, Fom) g, ke AS

13 More formally: the sequences (w< o
e(i(m))

Fomy m<lulimyep
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Set § = POSS,;; supp(c) and M = Heesupp(c)ﬂ;l. A%(¢€). (S and M stand for “small”
and “medium”, respectively.) Note that according to (2.3) and 2.2(7),

IS x M| < fmax(n o 1)n maxsupp(n) _k*(n)maxsupp(n) < gmin(n). (2.6)
If we fix n € S and x € M, then G can be written as a function from [ [, cqupp(e)\ .
A;’x(s(a)) to B.
We get:

e All the atomic creatures involved are g™ (n)-nice.
o [supp(c) \ | < maxsupp(n) < g™"(n).
o B <28

So we can apply Fact 2.1(2) and get successors vy € Eir/gmm(”) (wy,
G is constant (with respect to the new creatures).

We can iterate this for all (n, x) € § x M, each time decreasing the norm of some
of the atomic creatures on supp(c) \ p by at most 1/ g™in(n). By (2.6), in the end we
get vy k € Zﬂr(w;’k) forall € u®\ wand k € Ag(a) such that (modulo these new
creatures) G only depends on (17, x) € S x M; or, in other words, G can be written as
function fomr M to BS.

It remains to get rid of the dependence on M. For this, just note that all the atomic
creatures w; (fore € uNpu) are B™i"(n)-nice, maxsupp(n) < B™"(n) and B™"(n) >
BS, so we can find successors on which G is constant. O

’x(s(a))) such that

2.3 Proof of the main theorem

Definition 2.6 ¢ v; := v&" | {i} forall i € I'*. (We interpret v; as a function from
w to w.)
o fe(n) := fu v.(n) for € € u, and analogously for g..

V. 3
e ¢ :=cy , fore ey, and analogously for c .

So Qy, forces that ve(n) < k*(n) for all n € w, and that v, (n) < fe(n) for all but
finitely many n. (There might be finitely many exceptions, since the initial trunk at «
might not fit to the initial trunk at &(«).)

To prove the main theorem, it is enough to show the following:

Oy forces 280 = pand ¢2 = ¢} =k, forall € € p.

This will be done in Lemmas 2.7, 2.3 and 2.12.
Lemma 2.7 Qy, forces 280 = 4.

Proof First note that trivially all v; are different: Fix p € Qp andi # j in I*. We
already know that Q) forces that the domain of the generic is @ x I, in particular
we can assume that i, j € dom(p). Choose n so that nor(p, n) > 1. In particular, all
the atomic creatures involved have norm bigger than 1 and therefore more than one
possible value. So we can choose an 1 € poss(p, n + 1) such that n(n, i) # n(n, j).
Then p A n forces v; # v;.
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This shows that the continuum has size at least u in the extension.

Due to continuous reading of names, every real r in the extension corresponds to a
condition p in Q) together with a continuous way to read r off p.

More formally: For each n € w there are h(n) € w and a function eval(n) :
poss(p, h(n)) — wsuchthat p Anforces r(n) = eval(n)(n) forall n € poss(p, h(n)).

Since there are only ;™ = p many such pairs of conditions and continuous read-
ings, there can be at most ¢ many reals in the extension. O

We now mention a simple but useful property of the atomic creatures:

Lemma 2.8 Assume wo and wi are two atomic creatures that appear in some
2 Bmin 3
n-ml-creature c¢. Then there are v; € Z_,_/ (n)(wi) (for i € {0, 1}) such that

val(vg) N val(vy) = @.

Proof Apply decisiveness to get successors w* of wg and w” of wy (or the other way
round) such that the norms decrease by at most 1/ B™i"() and | val(w®)| < K and
w? is hereditarily K + 1-big for some K € .

[In more detail: Since wy is decisive, there is a natural number K such that there
is a K-small successor wy as well as a K-big successor wg of wg. On the other hand,
again using decisiveness, wy has a successor w that is either K-small (then we set
w® = w] and wh = wg) or K-big (then we set w? = w} and w* = wé).]

Enumerate val(w®) as {xg, ..., xx—1}, and define G from val(w”) to K + 1 as
follows: If I € val(w?) is equal to x; (for some k € K), then set G(I) = k + 1.
Otherwise, set G(I) = 0.

Using K + 1-bigness, we get a G-homogeneous successor v of w’,i.e., G | val(v) is
constant m for some m € K + 1. Of course m has to be 0. (Otherwise val(v) = {x;;,41}
is a singleton and therefore nor(v) = 0.) Therefore val(v) N val(w®) = @, so v and
w® are the required successors wg and wj. O

A simple application of this Lemma gives us “separated support™:

Lemma 2.9 For p € Qy there is a g < p such that q(n) € Zi(p(n)) for all
n > trnklg(q) and AZO(") N AZI(") = @ forall n and €y # €1 in supp(q, n) N u.

Proof Fix n and a pair €y # € in supp(p, n) N . According to Lemma 2.8, we can
find v, € Zi/B(")(wfi(")) for i € {0, 1} with disjoint values. Iterate this for all pairs
in supp(p, n) N w (note that there are less than maxsupp(n)2 < B™in(p)/2 many,
according to 2.2(5)). m]

Lemma 2.10 Fix €y € p. Then Qy, forces that cgo < Kep-

Proof Set I' = {€o} U I,. We will show that in the Qy extension of V the family
of those (fe,, ge,)-slaloms that can (in V) be read continuously from I’ alone form
a V-cover. This proves the Lemma, since there are only K:f)" = K¢, Many continuous
readings on I’.

Assume that r is a name for an element of [ [ fe,. Fix p € Qy. Using Corollary 2.5,
without loss of generality we can assume that p rapidly reads r (i.e., r [ n is n-decided
by p) and that it satisfies separated support as in the previous Lemma.
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We will construct a ¢ < p and a name for an (f¢,, g¢,)-slalom Y that can be con-
tinuously read from ¢ [ I’ such that g forces r(n) € Y (n) for all but finitely many
n € w. (This proves the Lemma.)

Fix ng such that nor(p, n) > 2 for all n > ng and set g(n) = p(n) forn < ng. We
construct Y (n) and g(n) by induction on n > ng. We set supp(q, n) := supp(p, n)
and trunk(q) := trunk(p). Le., the supports and trunks do not change at all. So by
induction poss(g, n) < poss(p, n).

Let us denote the n-ml-creature p(n) by c. We have to define the n-ml-creature g (n)
(let us call it 9) with u® = u* (call it u). We set d° := d°. On 1, we do not change any-
thing: For e € uNu we set w? := w¢ (call it w,, and set A, := val(w,) = AS = A?).
It remains to define wg_k € Zﬂ_(w;’k) fora € uNlc and k € w,. Then, since the norms
of all the atomic creatures only decrease by 1, we know that nor(0) will definitely be
bigger than nor(c) — 1, as required.

Let T (for “trunk™) be the set of pairs (1, x) such that n € poss(g,n) and x €

Heeuﬂp_ AG'
IT| < g™ (n). (2.7)

We now partition supp(c) \ ¢ into sets called S, M, L (small, medium, large): Set
M = supp(c) N I¢,. Using separated support, we know that every € # €pin u N pu
satisfies either x (¢) < x(€g) (then we put all elements of Ic Nu into S) or x(€) > x(€p)
(then we put them into L).

Rapid reading implies that (modulo the pair (1, x)) the natural number r (n) can be
interpreted as a function

r(n) : H X H X H = fax(e)-
N M L
where we set (for X € {S, M, L})

[T= 1T Avxcen:
X

aeX

Our goal is to get a name Y (n) for a small subset of f; (¢, that only depends on M
and and contains r(n).
First note that we can rewrite r(n) as a function

MgxIT
r(n) : H = fSi,
L

Using the fact that the atomic creatures in L are nice enough, '* we can find succes-
sors of these creatures that evaluate r(n) to a constant value, and such that the norms

HSXHM’

14 They all satisfy g, x(¢y)+1 niceness, andin 2.2(9) we assumed that g, y(¢;)+1 is bigger than n,x(e0)

. . k*(n)
since [[ S x [[ M has size less than f

n.x(e0)" Now use Fact 2.1(2). So the norms decrease at most by

l/gn,x(eo)+l < 1/gmin(n).
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decrease by less than 1/g™"(n). We define wl’x’ (e 0 be these successors for € € L;

and leave the other atomic creatures unchanged. Now for every y € I1,, there are only
|I1s| many possible values for r(n), call this sets of possible values Y (1, x, y).

Iterate this procedure for all pairs (1, x) € T. The same atomic creature may be
decreased more than once, but at most g™"(n) many times, according to (2.7). So
in the end, the norms of the resulting atomic creatures decrease by less than 1. This
finishes the definition of g (n).

We still have to define Y (n) as a function from the possible values (kg, yo) on
{eo} U ¢, 1.e., as a function with domain {(ko, yo) : ko € Ay, Yo € Haeléo Ag,ko}'

We set Y (n) to be U, v)e7. x(eo)=ko Y (1, x, yo). This set has size less than g, k., as
required. 13 O

Lemma 2.11 Fix |J| < maxsupp(n) and for eachi € J an atomic creature w; that
is (maxsupp(n), 1/g™"(n))-decisive. Then there are wl/. € ZL_/k (n)(wi)for alli € J
and a linear order <j on J such that each wlf is hereditarily Hj<,i | val(w;)| big.
Proof For any i € J, apply decisiveness to the atomic creature w;. This gives some
K; and a K;-big as well as a K;-small successor of w;. Pick the i with a minimal K;,
let this i be the first element of the < j-order, set wl/. to be the K;-small successor, and
pick for all other j the K ;-big successor. Repeat this construction for J \ {i}.
Sointhe end we order the whole set J, decreasing each creature at most maxsupp(n)
many times by at most 1/g™"(n). O

It remains to be shown:

Lemma 2.12 Q,, forces that c?o > Kep-

Proof Note that it is forced that fc,(n)/ge,(n) converges to infinity, therefore (by the
usual diagonalization) it is forced that CEO > Ro. So if k¢, = Wy there is nothing to do.

So assume that 81 < A < k¢, and assume towards a contradiction that some pg
forces {Y; : ¢ € A} is an 3-cover.

For each ¢ € A we can find a maximal antichain A; below pg such that every
condition in A; rapidly reads Y;. Let D be the union of the domains of all elements
of any of the A; for ¢ € A. Due to 8-cc, D has size [Ng x 81 x A| = A which is less
than k. So we can pick a 8 € I, \ D and a p; < po deciding the Y, that 3-covers
vg. From now an, we will call Y; just Y. Pick some p < p; that is stronger than some
element of A;. To summarize:

e prestricted to dom(p) \ {8} rapidly reads Y. (I.e., Y does not depend on the values
at 8.)

e p forces that Y (n) is a subset of f¢,(n) of size less than g, (n) for all n,

e p forces that there are infinitely many 7 such that vg(n) € Y (n).

We will now derive the desired contradiction: We will find anng € wandag < p
forcing that vg(n) ¢ Y (n) for all n > ny.

15 1Y (2, 9| = [Tl 50 [Y(n)] < |T x Tlg| < maxposs(e) - K*(n)SUPP0) . pHiPPOD) yhich is
smaller than g, x, according to 2.2(9).
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Pick ng such that nor(p, n) > 2 for all n > ng. We will construct g(n) =: 0 by
induction on n > ng. Denote p(n) by ¢. We set trunk(g) := trunk(p) and u° := u®
(call it u), so the supports and the trunks do not change at all, and by induction
poss(q, n) € poss(p, n). We also set d° := d*. On p, nothing changes: Fore € uNp
set w? := w¢ (call it w,, and set A¢ = val(we) = AS = AD).

It remains to construct wg’k € Zi(wg!k) fore eunli.andk € Ac.

Let T (for “trunk™) consist of all pairs (1, x) such that n € poss(g,n) and n €
[Tecun . Ae. Note that |T| is smaller than g™ (n), as already stated in (2.7).

Given (7, x) in T, we apply the previous Lemma to J := u \ p and the sequence
(w;’x(e(a)))aej. This gives us successor creatures (w,)qes as well as an order < of
J. Partition J into S = {i < B}, {B},and L = {i >, B}.

So (given n and x), we can write Y (n) (which does not depend on ) as a function
from [],c; val(wy) x [],cg val(wy,) to the family of subsets of f, r(¢,) Of size less
than g, ,(¢,)- Therefore we can use bigness to once more strenghen the atomic crea-
tures indexed by L and thus remove the dependence of Y (n) from L. We now take
the union Y of all the remaining possibilities for ¥ (n) and get a set of size less than
8n.x(eo) - | [1yes Val(wy)|, which is smaller than the bigness of w}}. So (just as in the

proof of Lemma 2.8) we can strengthen this creature wl’3 to be disjoint to Y.
As usual, we now iterate this construction for all pairs (n, x) € T. The resulting
n-ml-creature g (n) guarantees that vg(n) is not in Y (n), as required. O
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