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Fig. 1. An abstract roof structure that we put into the context of a hypothetical train station. We replaced all faces of the given circular PQ-mesh by spherical
surface patches (left). The minimization of intersection angles of neighboring spheres produces a smooth appearance where the surface is positively curved
and a mild strip pattern in negatively curved regions (right). Furthermore, we optimized the sphere mesh for the existence of a geometric support structure,
consisting of annuli (center) which can be used to mount panels. Four annuli around a vertex intersect each other along a common axis.

Discrete surfaces with spherical faces are interesting from a simplified man-

ufacturing viewpoint when compared to other double curved face shapes.

Furthermore, by the nature of their definition they are also appealing from

the theoretical side leading to a Möbius invariant discrete surface theory.

We therefore systematically describe so called sphere meshes with spherical

faces and circular arcs as edges where the Möbius transformation group

acts on all of its elements. Driven by aspects important for manufacturing,

we provide the means to cluster spherical panels by their radii. We investi-

gate the generation of sphere meshes which allow for a geometric support

structure and characterize all such meshes with triangular combinatorics

in terms of non-Euclidean geometries. We generate sphere meshes with

hexagonal combinatorics by intersecting tangential spheres of a reference

surface and let them evolve – guided by the surface curvature – to visually

convex hexagons, even in negatively curved areas. Furthermore, we extend

meshes with circular faces of all combinatorics to sphere meshes by filling

its circles with suitable spherical caps and provide a remeshing scheme

to obtain quadrilateral sphere meshes with support structure from given

sphere congruences. By broadening polyhedral meshes to sphere meshes we
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exploit the additional degrees of freedom to minimize intersection angles

of neighboring spheres enabling the use of spherical panels that provide a

softer perception of the overall surface.
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1 INTRODUCTION
The manufacturing process of freeform surface patches as façades,

roofs, or in any other architectural context, heavily depends on the

scale, used materials, carrying loads, and many other aspects. An

overall smooth appearance of the visual surface skin is often a design

goal. To reach this goal, the freeform surface becomes segmented

into panels of manufacturable size. The segmentation, or better the

mesh resulting from the segments, can be part of the design. In

architectural designs the mesh is therefore quite often present be-

fore a geometry-aware segmentation process could produce simpler

panel shapes. Also crucial for a smooth appearance of the fabricated

surface is the use of doubly curved panels, e.g., double curved glass,

or metal sheets. Even though a smart design with planar panels

can improve visual appearance [Pellis et al. 2019], doubly curved

panels are unavoidable for perfect smoothness. However, since the

manufacturing of doubly curved panels requires the fabrication of

ACM Trans. Graph., Vol. 42, No. 6, Article 1. Publication date: December 2023.

https://doi.org/10.1145/3618345
https://doi.org/10.1145/3618345


1:2 • Martin Kilian, Anthony S Ramos Cisneros, Christian Müller, and Helmut Pottmann

Fig. 2. Spherical glass panels are used
by the Nur Alem Museum of Future
Energy in Astana, Kazakhstan.

a mold per panel, this easily exceeds the available budget. Depend-

ing on the material, like glass, for example, an additional uniquely

produced transport packaging form often needs to be made too.

Optimizing for repetitive shapes or potential mold re-use is a good

strategy to balance between production costs and aesthetic design

goals. Mold re-use or clustering panel types is an active research

topic [Eigensatz et al. 2010; Pellis et al. 2021; Wang et al. 2019].

The present paper contributes to the balancing of using double

curved panels and mold re-use by restricting to a panel type with a

very large symmetry group, namely spheres. We provide approxi-

mation and modeling methods, remeshing, and clustering strategies

to obtain meshes with spherical faces and circular arcs as edges. The
practicability of our paper is affirmed by the availability of machines

to produce spherical panels. See Fig. 2 for a recent building.

This topic belongs to the Möbius geometry of spheres. While

the few existing discrete surface theories in Möbius geometry are

usually only invariant under Möbius transformations applied to

vertices or spheres, a systematic study of sphere meshes is missing.

Our novel approach treats the entire sphere mesh (i.e., including

edges and faces) as a truly Möbius invariant object.
Not every mathematically computed geometric shape/mesh can

be realized as a stable building. Thus we also study and optimize for

viable and geometry-aware support structures. The visual smooth-

ness of intersection angle minimizing sphere meshes provides a

designer with a tool to create surfaces with a very soft and smoothly

pleasing appeal (see, e.g., Figure 3). For that we approximate given

surfaces with sphere meshes.

It turns out that sphere meshes with different combinatorics should
be treated differently even though there are overlaps between the

settings. Throughout the paper we denote sphere meshes with tri-

angle combinatorics, i.e., where the faces are spherical patches with

circular boundaries, by STriangle-meshes, those with quad combina-

torics by SQ-meshes, and those with hexagonal faces SHex-meshes.

1.1 Overview and contributions
The goal of the present paper is the start of a systematic study of truly

Möbius invariant sphere meshes. After a discussion of the related

work we provide the necessary concepts and notions of sphere

geometry. In particular, the central sphere as well as smooth and

discrete sphere congruences take up substantial space in Section 2.

• We discuss general properties that are involved in paneling

with spherical faces such as minimizing the intersection angles of
neighboring spherical faces (Sec. 4.2). This is particularly interesting

for circular meshes where we can choose from a one-parameter

family of spheres per face.

• The existence of a geometry-aware support structure of spherical
meshes is not for free. We characterize all sphere meshes which

allow for a geometric support structure in Section 4.1 and provide a

strategy to optimize for it.

• Especially useful for mold re-use of spherical panels is clustering
them by equal radii which we deal with in Section 4.3.

• Triangular sphere meshes (STriangle-mesh) automatically fall

into three types. This leads to a simple way of transforming con-

ventional triangle meshes into STriangle-meshes (Section 5).

• Quadrilateral sphere meshes (SQ-meshes) whose edges follow

discrete principal directions and allow for a discrete central sphere
congruence (Sec. 6.1) which in itself is almost an angle minimizing
SQ-mesh (Sec. 6.2). Our method to minimize intersection angles is

not restricted to quad combinatorics (see, e.g., Figure 3).

• Some sphere congruences (not all) can be remeshed into an SQ-

mesh with support structure. We introduce a scheme including a

novel remeshing idea in the space of spheres to transform existing

sphere meshes into SQ-meshes with support structure in Sec. 6.4.

• We intersect tangential spheres that must be chosen in a sensible

way (details in Sec. 7) to generate SHex-meshes approximating a

reference surface (Sec. 7). A nice feature is that we can choose

spheres such that even negatively curved surface regions can be

paneled by visually convex spherical faces (Figure 32).

1.2 Organisation of the paper — road map
The most important objects in this paper are spheres. We start in

Section 2 with representing them and provide the tools necessary

to study sphere meshes. We continue with a brief description of

the numerical algorithm for our optimization part (Sec. 3). It is

about minimizing an energy consisting of several energy terms that

enforce specific properties of sphere meshes. We will present the

definition of each energy term in the subsequent sections where

we introduce the respective geometric property. In Section 4 we

introduce the paneling problem with spherical panels and declare

what we mean by the existence of a geometric support structure. We

talk about general properties of sphere meshes like angle minimiz-

ing panels, clustering of face spheres by their radii, and introduce

energies for increasing the quality of the support structure.

It turns out that the combinatorics of a sphere mesh has a signif-

icant influence on the existence of a support structure and some

other properties. We therefore discuss triangular, quadrilateral and

Fig. 3. A mesh with semi regular combinatorics and spherical faces.

ACM Trans. Graph., Vol. 42, No. 6, Article 1. Publication date: December 2023.



Meshes with Spherical Faces • 1:3

hexagonal sphere meshes in separate sections (Sec. 5, 6, 7). We end

the paper with a short conclusion and discussion about limitations

and future work (Sec. 8).

1.3 Related work
Discrete and computational geometry. The alpha-shapes of [Edels-

brunner and Mücke 1994] are a generalization of the convex hull of

a point set using spheres and gave rise to a series of contributions in

discrete and computational geometry that involve spheres in their

construction. As this is not closely related to our work, we just point

to fundamentals on the union of balls [Edelsbrunner 1993], their

use to describe deformable surfaces and molecular skins [Cheng

and Shi 2005; Cheng et al. 2001; Edelsbrunner 1999] and their role

in computational topology [Edelsbrunner and Harer 2010].

Sphere geometries in classical and discrete differential geometry. A
mesh with spherical faces is a discrete version of a two-parameter

family of spheres, a so-called sphere congruence, whose differential

geometric theory within the classical sphere geometries is found in

the monographs by Blaschke [1929] and Hertrich-Jeromin [2003].

There is much less research in the discrete setting. Most contribu-

tions deal with principal curvature parameterizations, triply orthog-

onal surface systems and the closely related Ribaucour congruences

[Bobenko and Suris 2006; Bobenko and Suris 2007; Bobenko and

Suris 2008; Rörig and Szewieczek 2021].

A sphere geometric approach to the smooth extension of principal

nets by Dupin cyclide patches is found in [Bobenko and Huhnen-

Venedey 2012]; for a computational approach and applications in

architecture we also refer to the circular arc structures of [Bo et al.

2011]. Surface parameterizations whose parameter lines are sym-

metric with respect to the principal directions are sphere geometric

objects, and discrete versions of them have been proposed for appli-

cations in architecture and CNC machining [Pellis et al. 2020].

Geometry processing. Bobenko and Schröder [2005] developed

an elegant Möbius geometric formulation of the Willmore energy

based on triangle meshes and applied it to the modeling of fair

surfaces. For a recent stable and efficient computational approach

to the Willmore flow and constrained Willmore surfaces we refer

to [Crane et al. 2013; Soliman et al. 2021].

Meshes whose vertices are spheres rather than points constitute a

medial representation of shapes, with applications to shape approx-

imation and deformation, real-time hand modeling and tracking

[Thiery et al. 2013, 2016; Tkach et al. 2016]. Spheres appear as local

approximations within the generation of surfaces from point clouds

[Guennebaud and Gross 2007] and in recent work on design ratio-

nalization [Jadon et al. 2022]. A one-dimensional angle optimization

approach by replacing straight edges in planar combinatorial graphs

by circular arcs has been studied in [Aichholzer et al. 2015]. We

also point to surface deformation using Möbius transformations

[Vaxman et al. 2015] and Möbius invariant subdivision schemes

[Vaxman et al. 2018].

Paneling architectural surfaces. Paneling freeform surfaces is a

major task in Architectural Geometry [Pottmann et al. 2015]. Eigen-

satz et al. [2010] presented a computational solution that provides a

user-guided trade-off between cost of fabrication and quality of the

final skin. Recent work on paneling addressed the visual smooth-

ness achievable with flat panels [Pellis et al. 2019], the effective

use of panels of constant Gaussian curvature when working with

materials that can still be bent after being formed over a mold [Jiang

et al. 2021] and the advantage of slightly modifying a design surface

towards a Weingarten surface [Pellis et al. 2021]. Spherical panels of

constant radius have been suggested for paneling a special class of

surfaces, the hyperbolic linear Weingarten surfaces [Liu et al. 2023].

2 GEOMETRY OF SPHERES AND ENVELOPES OF
SPHERE FAMILIES

In this section we introduce basic notions of sphere geometry that

are important in our paper. In particular we present a practical

notion of intersection angle between spheres, the point model of

Möbius geometry, sphere pencils, sphere congruences and their en-

velopes. We discuss several parametrizations and classes of sphere

congruences and their discretizations with the view towards approx-

imating and generating freeform surface skins. The central type of

geometry which is important at many places throughout the paper

is Möbius geometry with its objects, notions and properties. Let us

start with quickly setting the scene.

Möbius geometry. A Möbius transformation is a bijective map

𝑚 : R3 ∪∞ → R3 ∪∞ which maps spheres and planes to spheres

and planes (possibly swapping between them), where ∞ denotes

a single point at infinity. A plane is considered as a sphere with

infinite radius and passing through ∞. Möbius geometry studies

objects, notions and properties that stay invariant under Möbius

transformations. Such objects, notions and properties are therefore

called Möbius invariant and will appear throughout the paper.

2.1 Representations of spheres
We declare basic notations starting with expressing a sphere through

the coefficients of its equation and then considering point models

for spheres by virtue of the stereographic projection. We express

intersection angles and sphere pencils in terms of these models.

Sphere equation. Any sphere or plane in R3
can be expressed as

set of points x = (𝑥,𝑦, 𝑧) fulfilling an equation of the form

𝐴(𝑥2 + 𝑦2 + 𝑧2) − 𝐵1𝑥 − 𝐵2𝑦 − 𝐵3𝑧 +𝐶 = 0,

with 𝐴, 𝐵1, 𝐵2, 𝐵3,𝐶 ∈ R, or simply

𝐴x2 − ⟨𝐵, x⟩ +𝐶 = 0, (1)

where 𝐵 = (𝐵1, 𝐵2, 𝐵3) and ⟨·, ·⟩ denotes the Euclidean scalar prod-

uct. If𝐴 = 0 then Equation (1) represents a plane with normal vector

𝐵 and distance 𝐶/∥𝐵∥ to the origin. If 𝐴 ≠ 0 then Equation (1) rep-

resents a sphere with center
𝐵
2𝐴

and radius

√︃
∥𝐵 ∥2−4𝐴𝐶

4𝐴2
. The radius

can be imaginary, in which case Equation (1) represents an imagi-

nary sphere (i.e., a sphere with negative squared radius). In the case

of a real sphere where we have ∥𝐵∥2 − 4𝐴𝐶 > 0, Equation (1) can be

multiplied with a real number such that its coefficients “normalize”

to ∥𝐵∥2 − 4𝐴𝐶 = 1.

Stereographic projection and point model of Möbius geometry. The
stereographic projection of a point x ∈ R3

is its central projection
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𝑠
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Fig. 4. Schematic illustration (one di-
mension lower) of the stereographic
projection of a two-dim. sphere 𝑠 in R3

to the three-dim. sphere 𝑆3 in R4. The
three-dim. affine subspace𝑈 intersects
𝑆3 in the stereographic projection of 𝑠 .
The pole of𝑈 is the point s̃which is pro-
jected to the center c of 𝑠 by the central
projection from the north pole.

with the north pole (0, 0, 0, 1) as center to the three-dimensional

sphere 𝑆3 ⊂ R4
and reads

x ↦−→
(

2x
x2 + 1

,
x2 − 1

x2 + 1

)
∈ 𝑆3 .

The same stereographic projectionmaps a 2D sphere 𝑠 with center

c ∈ R3
and radius 𝑟 to a 2D sphere contained in the intersection of

a three-dimensional affine subspace𝑈 with the three-dimensional

sphere 𝑆3
. See Figure 4 for an illustration (one dimension lower).

The pole of𝑈 with respect to 𝑆3
equals

s̃ :=

(
2c

c2 − 𝑟2 + 1

,
c2 − 𝑟2 − 1

c2 − 𝑟2 + 1

)
∈ R4 . (2)

The central projection of s̃ from the north pole to R3
yields the

center c of the sphere 𝑠 . Note that formula (2) only makes sense if the

denominator c2−𝑟2+1 does not vanish. For spheres with c2−𝑟2+1 =

0 the pole is a point at infinity. We therefore projectively extend

R4
by adding points at infinity to become the four-dimensional

projective space:

R4 −→ 𝑃4 = {[x] ⊂ R5 | x ∈ R5, x ≠ 0}
(𝑥1, . . . , 𝑥4) ↦−→ [𝑥1, . . . , 𝑥4, 1]

where [·] denotes the linear span. Consequently, spheres and planes
in R3

correspond to points in 𝑃4
which form the point model of

Möbius geometry. In this model the spheres are represented by

[(s̃, 1)] = [(2c, c2 − 𝑟2 − 1, c2 − 𝑟2 + 1)] = [(𝐵,𝐶 −𝐴,𝐶 +𝐴)] .
Any vector spanning this one-dimensional subspace is referred to

as pentaspherical coordinates which are only determined up to a

common multiple. We choose

ŝ := (2c, c2 − 𝑟2 − 1, c2 − 𝑟2 + 1) ∈ R5

as our “standard lift” of a sphere 𝑠 with center c and radius 𝑟 to the

space of homogeneous coordinates. A point p ∈ R3
– which can be

seen as a sphere with radius 0 – is therefore lifted to

p̂ := (2p, p2 − 1, p2 + 1) ∈ R5,

and a plane 𝜏 with equation ⟨x, n⟩ = 𝑑 with unit normal vector n is

lifted to

𝜏 := (n, 𝑑, 𝑑) ∈ R5 .

Viewing R5
as Minkowski space (R4,1, ⟨⟨·, ·⟩⟩) with the inner prod-

uct ⟨⟨·, ·⟩⟩ with signature (+ + + + −), we have ⟨⟨p̂, p̂⟩⟩ = 0 which

expresses that p̂ lies on the sphere 𝑆3
with equation ⟨⟨x, x⟩⟩ = 0.

Since also ⟨⟨ŝ, p̂⟩⟩ = 2(𝑟2 − ∥c − p∥2) we conclude that a point p lies

on a sphere 𝑠 if and only if

⟨⟨ŝ, p̂⟩⟩ = 0, (3)

𝜑

c c′
𝑟 𝑟 ′

Fig. 5. Left: An elliptic sphere pencil: all spheres passing through a real circle.
Right: The law of cosines yields for the intersection angle 𝜑 between the
two circles or spheres to fulfill ∥c − c′ ∥2 = 𝑟 2 + 𝑟 ′2 − 2𝑟𝑟 ′ cos𝜑 .

and similarly a point p lies on a plane 𝜏 if and only if ⟨⟨𝜏, p̂⟩⟩ = 0. The

set of all spheres passing through a point p is represented in 𝑃4
by

the three-dimensional polar hyperplane p̂⊥ given by the equation

⟨⟨p̂, x⟩⟩ = 0.

Sphere pencils. Any two different spheres

𝑠 : 𝐴x2 − ⟨𝐵, x⟩ +𝐶 = 0 and 𝑠 ′ : 𝐴′x2 − ⟨𝐵′, x⟩ +𝐶 ′ = 0, (4)

intersect in a circle 𝑘 which can be real or imaginary, or which can

degenerate to just a point. All points of this circle 𝑘 satisfy both

equations (4) and therefore all linear combinations thereof:

(_𝐴 + `𝐴′)x2 − ⟨_𝐵 + `𝐵′, x⟩ + _𝐶 + `𝐶 ′ = 0.

This equation represents for all homogeneous parameters (_, `) ≠ 0

all spheres of the sphere pencil spanned by the circle 𝑘 (see Figure 5

left). If the intersection of all spheres of the pencil is a real circle, [an

imaginary circle, or a point] the pencil is called elliptic, [hyperbolic,
or parabolic]. Sphere pencils spanned by two spheres 𝑠, 𝑠 ′ therefore
correspond in the point model 𝑃4

to straight lines parametrized in

homogeneous coordinates by _𝑠 + `𝑠 ′.

Intersection angles. The law of cosines implies that the intersec-

tion angle𝜑 of two spheres 𝑠 , 𝑠 ′ obeys ∥c−c′∥2 = 𝑟2+𝑟 ′2−2𝑟𝑟 ′ cos𝜑

(see Fig. 5 right). A simple computation shows that the intersection

angle can be computed in terms of the Minkowski inner product as

cos𝜑 =
⟨⟨ŝ, ŝ′⟩⟩√︁

⟨⟨ŝ, ŝ⟩⟩
√︁
⟨⟨ŝ′, ŝ′⟩⟩

,

(cf. [Bobenko and Suris 2008, p. 348]). With the notions of Equa-

tion (1) with normalized coefficients the intersection angle satisfies

sign(𝐴𝐴′) cos𝜑 = ⟨𝐵, 𝐵′⟩ − 2(𝐴′𝐶 +𝐴𝐶 ′), (5)

as follows again from rearranging terms. Consequently, two spheres

𝑠, 𝑠 ′ are orthogonal if and only if ⟨⟨ŝ, ŝ′⟩⟩ = 0 or they are in tangential

contact if and only if |⟨⟨ŝ, ŝ′⟩⟩| =
√︁
⟨⟨ŝ, ŝ⟩⟩

√︁
⟨⟨ŝ′, ŝ′⟩⟩. Therefore, in

analogy to the set of all spheres passing through a point p (expressed
by Equation (3)), the set of all spheres orthogonal to a given sphere

𝜔 is represented in 𝑃4
by the three-dimensional polar hyperplane

�̂�⊥
with equation ⟨⟨�̂�, x⟩⟩ = 0.

2.2 Sphere congruences and envelopes of spheres
The classical case of a sphere congruence is a two parameter family

of spheres or planes in R3
[Eisenhart 1962, p. 238]. With the termi-

nology of Sec. 2.1 a sphere congruence is a two-dimensional surface

ŝ(𝑢, 𝑣) in 𝑃4
. We will only consider regular sphere congruences
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where the surfaces traced out by the centers is regularly param-

etrized, i.e., where c𝑢 , c𝑣 are linearly independent. Note that not

all surfaces ŝ(𝑢, 𝑣) ∈ 𝑃4
represent sphere congruences with real

spheres and not all sphere congruences envelope real surfaces. In

the following we will discuss several classes and parametrizations

of sphere congruences which are important for us.

A sphere congruence where one family of spheres is constant, i.e.,

a one-parameter family of spheres, generically envelopes a canal
surface [Blaschke and Leichtweiß 1973, p. 188]. This is an important

surface class, but we exclude it due to our regularity requirement.

2.2.1 General sphere congruence. Let us denote the equation of the

spheres with centers c(𝑢, 𝑣) and radii 𝑟 (𝑢, 𝑣) by
𝑠 (𝑢, 𝑣, x) := ∥x − c∥2 − 𝑟2 = 0.

The elementary method to find the envelope of a two-parameter

family of implicitly given surfaces amounts to computing the set of

points fulfilling the surface equation and its two partial derivatives

(see e.g. [Pottmann and Peternell 2000]). In our case, where the sur-

faces are spheres with equation 𝑠 (𝑢, 𝑣, x) = 0, the enveloping points

at parameters (𝑢, 𝑣) are obtained by solving the three equations

𝑠 (𝑢, 𝑣, x) = 0, 𝜕𝑢𝑠 (𝑢, 𝑣, x) = 0, 𝜕𝑣𝑠 (𝑢, 𝑣, x) = 0.

The first equation represents the sphere at (𝑢, 𝑣), while the second
and third equation represent planes:

⟨x − c, c𝑢⟩ + 𝑟𝑟𝑢 = 0, ⟨x − c, c𝑣⟩ + 𝑟𝑟𝑣 = 0.

Note that the intersection of these three surfaces might not be real

for all (𝑢, 𝑣) in which case there is no real envelope. The following

lemma provides a criterion for the existence of real envelopes which

we prove in the appendix (Sec. A.1).

Lemma 2.1. A congruence of spheres with centers c(𝑢, 𝑣) and radii
𝑟 (𝑢, 𝑣) has two real envelopes if and only if

∥c𝑢 ∥2∥c𝑣 ∥2 − ⟨c𝑢 , c𝑣⟩2 > ∥𝑟𝑢c𝑣 − 𝑟𝑣c𝑢 ∥2 .

We denote the two envelopes by f+ (𝑢, 𝑣) and f− (𝑢, 𝑣), see Fig. 6.

Conjugate parametrization. We need the notion of conjugate di-

rections throughout our paper (cf. [Bobenko and Suris 2008, p. 2]).

Definition 2.2. Let f : R2 → R𝑛 be a surface parametrization.
Two directions t, t̄ ∈ R2 in the parameter domain describe conjugate
directions if they are orthogonal with respect to the second fundamental
form, i.e., t · II · t̄ = 0. The parametrization f is called conjugate if in
all points its two tangent directions are conjugate.

Equivalently, f is conjugate if there are functions 𝑎, 𝑏 such that

f𝑢𝑣 = 𝑎f𝑢 + 𝑏f𝑣 or f𝑢𝑣 ∈ [f𝑢 , f𝑣]. In terms of a projective map

ˆf : R2 → 𝑃𝑛 conjugate means f𝑢𝑣 ∈ [ˆf, ˆf𝑢 , ˆf𝑣].

f−

f+ Fig. 6. Sphere congruences
are two parameter families of
spheres. In this example the
sphere congruence (illustrated
by a sparse sampling of the two
parameter family of spheres) has
two envelopes f+ and f−.

2.2.2 Principal parametrization. Any sphere congruence can be

parametrized in such a way that the lift ŝ is a conjugate parametriza-

tion (see, e.g., [Bobenko and Suris 2008, p. 19]). It is then called a

principal parametrization. However this property only holds over

the complex numbers and not necessarily over the reals, meaning

that the conjugate parametrization might not be real. If it is real,

the centers c form also a conjugate parametrization (see [Bobenko

and Suris 2008, Th. 1.22]) which has important consequences for

applications (see Section 4.1).

2.2.3 Ribaucour sphere congruence. A sphere congruence is called

Ribaucour sphere congruence if the curvature lines on f+ and f− corre-

spond to each other via touching spheres in the congruence. This is

a special principally parametrized sphere congruence. Consequently,

the centers c of the spheres of a Ribaucour sphere congruence gen-
erate a conjugate net. Furthermore, for each parameter (𝑢, 𝑣) there
exist two orthogonally intersecting circles which are in tangential

contact with the two pairs of corresponding tangents of the princi-

pal curvature lines. Note that if one of the two envelopes, f+ or f−,
is a sphere or plane then this sphere congruence is automatically

Ribaucour (since all curves on a sphere or plane are curvature lines).

2.2.4 Principal curvature sphere congruences. Any surface f in R3

with unit normal vector field n and with principal curvatures ^1,

^2 gives rise to two principal curvature sphere congruences with
centers f + 1

^𝑖
n and radii

1

|^𝑖 | . They are not to be confused with

“principally parametrized sphere congruences” as considered above.

The principal curvature sphere congruences are the only ones which

envelope exactly one surface instead of two [Blaschke 1929, p. 343].

2.2.5 Central sphere congruence. The principal spheres, their con-
tact point on the surface f and its tangent plane belong to the same

parabolic sphere pencil. Its spheres can be oriented by assigning a

signed radius depending on which side of the tangent plane they lie.

Note that this orientation is not Möbius invariant. Now the central
sphere ormean curvature sphere is that sphere of the parabolic pencil
which has signed radius 1/𝐻 where 𝐻 = 1

2
(^1 + ^2) denotes the

mean curvature [Blaschke 1929]. In this way the central sphere rep-

resents the average curvature in a surface point. The central sphere

is Möbius invariant even though neither the mean curvature nor

the signs of the principal spheres 𝑠 , 𝑠 ′ or the principal curvatures
are Möbius invariant. The Möbius invariance of the central sphere

𝑠𝑧 follows immediately from its equivalent characterization via the

cross-ratio cr(ŝ^1
, ˆf, ŝ^2

, ŝ𝑧) = −1 (cf. [Blaschke 1929, p. 298]).

We will utilize the central sphere congruence, or discretizations
thereof, as initial guess for a discrete family of spheres approximat-

ing a given surface (Sec. 4).

2.3 Sphere meshes and discrete sphere congruences
Discrete surfaces are often understood as meshes that are “locally”

cell decompositions of a disc. If all faces of such a mesh are planar

we refer to it as polyhedral surfaces. In our paper we generalize

this notion by allowing spherical faces to replace the planar faces.

Such sphere meshes are combinatorially the same as conventional

meshes but with spherical faces and circular arcs as edges. Planar

faces are still allowed as we consider planes as spheres with infinite

radius. Consequently, it makes sense to talk about STriangle-, SQ-,
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or SHex-meshes depending on the combinatorics. Each face of a

sphere mesh defines a sphere which we call face sphere. All such
face spheres of a sphere mesh define a discrete family of spheres

which, considered in the space of spheres 𝑃4
, generate a mesh with

dual combinatorics (a vertex of the mesh in 𝑃4
representing a face

sphere). This leads us to the following definition.

Definition 2.3. A discrete sphere congruence is a family of
spheres each corresponding to a vertex of a combinatorial mesh under-
stood as a cell decomposition of a two-dimensional manifold.

Note that if a sphere congruence corresponds to a sphere mesh

(we will make that connection clearer below) their combinatorics

are dual to each other. Discrete sphere congruences also appear in

mathematical research (see e.g., [Bobenko and Suris 2008; Rörig

and Szewieczek 2021]). In the case of Z2
combinatorics it is natural

to consider the sphere mesh or the discrete sphere congruence as

discretely parametrized with coordinate directions.

2.3.1 General discrete sphere congruence. We can impose several

geometric properties upon a discrete sphere congruence which

we will specify in the following sections. Without any additional

specified requirements we refer to a discrete sphere congruence

as general. In that case, edge-neighboring spheres can intersect

each other or be contained in each other or can lie outside of each

other. However, in particular with the view towards applications

(e.g., architectural freeform skins) it is sensible to ask for edge-

neighboring spheres to intersect each other along real circles (as a

minimal requirement to make the surface skin “waterproof”). Here

we are only interested in congruences that define an envelope:

Definition 2.4. We say that a discrete sphere congruence en-

velopes a sphere mesh if the spheres corresponding to a combinatorial
face intersect each other in a point, the discrete contact point.

This discrete definition is motivated by the simple imagination

used in many – often older – differential geometry books to jus-

tify that an envelope is the limit of the intersection of (infinitesi-

mally) close elements of a family of surfaces. This idea would fail

if neighboring elements do not intersect at all. Like, for example,

the curvature circles of a planar curve with strictly monotonically

increasing curvature do not intersect at all no matter how close

they are. However, with our applications in mind we will neglect

such special cases and still require discrete neighboring elements

(in our case spheres) to intersect to form an envelope. Note that

the combinatorics of an enveloping mesh is by definition dual to the

combinatorics of the underlying sphere congruence.

The case where the spheres of a combinatorial face intersect in

two points yields two enveloping meshes and is treated later in

connection with support structures (Sec. 4.1). If the spheres inter-

sect in two points, their centers must lie in their symmetry plane

(see Figure 7 left). A special instance of that is the Q-congruence
of spheres [Bobenko and Suris 2008, p. 110], a discrete analogue

of a principally parametrized sphere congruence. It is a discrete

sphere congruence with Z2
combinatorics where all four spheres

corresponding to the vertices of a combinatorial face intersect in

two real points f+, f− (if the spheres intersect at all in real points).

2.3.2 Discrete Ribaucour sphere congruence. A Q-congruence of

spheres is a discrete Ribaucour congruence if the two enveloping

meshes f+ and f− are circular meshes, i.e., if each quadrilateral

face of f+ as well as of f− has a circumcircle. Circular meshes with

Z2
combinatorics are discrete curvature line parametrizations. The

two meshes f+ and f− are then two layers of a discrete orthogonal

coordinate system [Bobenko and Huhnen-Venedey 2012].

2.3.3 Discrete central spheres. The choice of a sensible notion for a

discrete central sphere heavily depends on the setting we are work-

ing in.Wewill present aMöbius invariant notion of a discrete central

sphere congruence in Section 6.1 with its relevance for applications.

3 ALGORITHM
Our final goal will be fitting spheres to the faces of a mesh 𝑀 =

(𝑉 , 𝐸, 𝐹 ), such that the resulting appearance is as smooth as possible.

To reach that goal wewill apply an optimization strategyminimizing

the energy

𝐸 = _2

sphere
𝐸
sphere

+ _2

unit
𝐸unit

+ _2

angle
𝐸
angle

(𝛼) + _2

reg
𝐸reg + _2

supp
𝐸supp + _2

dual
𝐸
dual

(6)

by using the Levenberg-Marquardt algorithm [Marquardt 1963].

Variables of the optimization are the five sphere coefficients per face

and the coefficients of the dual normals when _supp ≠ 0. The choice

of parameters and the performance of our algorithms is summarized

in Table 1 for a representative set of examples.

Table 1. Default values in Eqn. (6) are defined as _sphere = 1.0, _unit = 10.0,
_angle = 0.1, _reg = 3.5, _supp = 1.0, and _dual = 10.0. Times were measured
using a pure Python implementation of our algorithm on a laptop with
Intel i7-7500U CPU. The table exemplary lists a choice of meshes. The other
meshes from Figures 9, 10, 12, 13, 14, 21, 24 behave entirely similar to the
representative set of examples above.

Fig. |𝐹 | #iter time/iter [sec] residual

1 4982 40 9.8 5.8 · 10
−2

3 6144 40 4.3 7.7 · 10
−3

23 1766 60 0.9 6.0 · 10
−4

20 2240 60 1.4 3.3 · 10
−2

26 264 60 0.15 3.3 · 10
−2

28 390 120 0.7 1.1 · 10
−1

We will define our energy-summands in (6) throughout the paper

where they appear and use matrix notations (also for inner products)

for that. In general for dealing with the face spheres 𝑓 ∈ 𝐹 we

describe them by coefficients 𝐴, 𝐵,𝐶 , see Equation (1). All vertices

v ∈ 𝑓 have to satisfy the condition

𝐴v2 − 𝐵𝑇 v +𝐶 = 0. (7)

Center c and radius 𝑟 of the corresponding sphere are determined

as described after Eqn. (1). If the vertices of 𝑓 are circular, there is a

one-parameter family of spheres whose coefficients satisfy (7). This

is always the case for |𝑓 | = 3 and for a circular mesh𝑀 .

The coefficients 𝐴, 𝐵,𝐶 can be initialized in three different ways:

(i) using the Hessian normal form n𝑇 x = 𝑑 of the face plane of 𝑓 ,

(ii) as least squares sphere using the vertices of 𝑓 and the vertices
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of the faces adjacent to 𝑓 (i.e., those faces that share an edge with

𝑓 ), or (iii) as central spheres in the case of a circular mesh. Without

loss of generality we assume a normalization to 𝐵𝑇𝐵 − 4𝐴𝐶 = 1.

Sphericity of mesh faces. We summarize the above conditions with

the following functions defined on the faces and vertices of𝑀

𝜑
sphere

(𝑓 ) =
©«
v2

𝑖
1

−v𝑇
𝑖
1

1

.

.

.
v2

𝑖𝑘
−v𝑇

𝑖𝑘
1

ª®®¬
©«
𝐴𝑓
𝐵𝑓
𝐶𝑓

ª®¬ ,
where 𝑓 = (v𝑖1 , . . . , v𝑖𝑘 ) and

𝜑unit (𝑓 ) = 𝐵𝑇𝑓 𝐵𝑓 − 4𝐴𝑓𝐶𝑓 − 1.

This yields derived least-squares energy terms

𝐸
sphere

=
∑︁

𝑓 ∈𝐹 𝜑
2

sphere
(𝑓 ) and 𝐸unit =

∑︁
𝑓 ∈𝐹 𝜑

2

unit
(𝑓 ) . (8)

4 PANELING WITH SPHERICAL FACES
An advantage of using spherical faces instead of planar faces is that

neither the edges nor the vertices of a face must lie in a plane, but

rather on a sphere, which allows for more flexibility and smoother

panel transitions. In particular, in positively curved areas of a surface

the visual appeal of such panelings yields a smoother and softer

appearance (see Figures 1, 3, 23, 12, 13, 20, 21, 24, and 28). The gain

in flexibility is substantial as with spherical panels we do not lose

planar ones since planes are spheres with infinite radius. Paneling

architectural freeform skins becomes immediately more tangible if

we restrict to more specific panel types [Eigensatz et al. 2010]. The

isometry group of the sphere is bigger than for any other doubly

curved surface, resulting in different manufacturing possibilities.

4.1 Paneling with geometric support structure
The edges of our meshes are circular arcs and therefore contained

in planes. A natural and stable way to fabricate a support for such

a circular arc is by materializing a segment of an annulus whose

boundary curve is that circular arc (Figure 7 left). However, around

a vertex all these planes carrying the circular arcs of a general

sphere congruence, usually do not share a common edge but rather

v+

v−

Fig. 7. Support structure. Left: The circu-
lar arcs emanating from v+ (or v−) are con-
tained in planeswhichmeet in the node axis.
These arcs constitute a torsion-free node
which allows for a simple support structure
implied by its geometry. Top-Right: Torsion-
free node. We can think of it being materi-
alized by thickened circular annuli meeting
in a rotational cylinder. Bottom-Right: Node
with some torsion.

𝑅1

𝑟1

𝑑1𝑑1𝑑1𝑑1𝑑1𝑑1𝑑1𝑑1𝑑1𝑑1
𝑑1
𝑑1
𝑑1
𝑑1
𝑑1
𝑑1𝑑1

𝑅2

𝑟2

𝑑2𝑑2𝑑2𝑑2𝑑2𝑑2𝑑2𝑑2𝑑2𝑑2
𝑑2
𝑑2
𝑑2
𝑑2
𝑑2
𝑑2𝑑2

Fig. 8. Left: A chain of intersecting annuli. If two annuli intersect along
an axis, then the outer and inner radii satisfy 𝑅2

1
− 𝑟 2

1
= 𝑅2

2
− 𝑟 2

2
, which is

constant along a chain of such twice intersecting annuli. Right: A closed
chain of annuli with twice intersecting outer and inner circles.

introduce some torsion in the node. To get torsion free nodes (see

Figure 7 right) the planes carrying the circular arcs must meet in an

axis – the node axis.

Definition 4.1. A torsion free node can be seen as a manufactured
vertex star where the symmetry planes of the incoming beams intersect
in a straight line (node axis). The node has some torsion if these planes
do not intersect in an axis.

Proposition 4.2. A sphere mesh admits a support structure with
torsion free nodes if and only if the combinatorial dual mesh consisting
of the centers of the spheres has planar faces, i.e., the sphere centers
around each vertex lie in a plane (Figure 7 left).

Proof. If the centers corresponding to the spheres around a ver-

tex v+ lie in a plane, then all these spheres are symmetric with

respect to this plane. Consequently, they all pass through the point

v− which is mirror symmetric to v+. The line connecting v+ and v−

is the node axis of a torsion free node.

On the other hand if there exists a node axis then all planes

carrying intersection circles of neighboring spheres pass through

that axis. Normal to these planes are lines connecting centers of

neighboring spheres. These lines must all be orthogonal to the node

axis. Therefore the entire polygon of sphere centers around a vertex

must lie in a plane. □

Proposition 4.3. Sphere meshes admit a support structure with
torsion free nodes if and only if the combinatorial dual mesh in the
point model of Möbius geometry 𝑃4 has planar faces.

Proof. Proposition 4.2 and its proof imply that a sphere mesh

has a support structure if and only if the spheres around each ver-

tex intersect in two vertices v+ and v− symmetric to the plane

containing the centers. A sphere 𝑠 passes through the point v+ if

and only if ⟨⟨v̂+, p̂⟩⟩ = 0 (cf. Equation (3)). Likewise ⟨⟨v̂−, p̂⟩⟩ = 0.

Hence, all spheres through v+ and v− are represented in 𝑃4
as a

two-dimensional plane defined by ⟨⟨v̂+, p̂⟩⟩ = ⟨⟨v̂−, p̂⟩⟩ = 0. □

The proof of Proposition 4.3 suggests that all spheres represented

by the points of a two-dimensional plane 𝜏 in 𝑃4
meet in two points.

These two intersection points coincide if 𝜏 is tangent to the sphere

𝑆3
: ⟨⟨x, x⟩⟩ = 0, or are imaginary if 𝜏 intersects 𝑆3

in a real circle.
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Fig. 9. Surface from Figure 28 optimized for the existence of a geometric
support structure. The planes carring the circular edge-arcs around a vertex
meet in an axis. Proposition 4.2 implies that the dual mesh of the centers
of the spheres necessarily form a mesh with planar faces which is shown
in Figure 28 (bottom-right). To see inside we removed some panels of the
outer layer. This support structure consists of (parts of) chains of twice
intersecting annuli as depicted in Figure 8.

The annuli forming the support structure

of a spherical face can be arranged to bridge

concentric spheres as outer and inner layer.

Each of the two boundary circles of each an-

nulus intersects the corresponding bound-

ary circle of an adjacent annulus in two

points, i.e., the annuli have twice intersect-

ing boundary circles. This propagates through the entire mesh (see

Lemma 4.4 and Figure 8 for such chains and Figure 9 for an image

on how it could be applied).

Lemma 4.4. Any closed chain of twice intersecting circles comes
with a one-parameter family of interconnected annuli (see Fig. 8 right).

Proof. If the boundary circles of two annuli intersect each other

twice we have the relation (see Figure 8 left)

𝑅2

1
− 𝑑2

1
= 𝑅2

2
− 𝑑2

2
and 𝑟2

1
− 𝑑2

1
= 𝑟2

2
− 𝑑2

2
,

where 𝑅𝑖 denotes the radius of the outer circle, 𝑟𝑖 the radius of

the inner circle, and 𝑑𝑖 the distance of the center to the node axis.

Therefore, 𝑅2

1
− 𝑟2

1
= 𝑅2

2
− 𝑟2

2
which is a constant along a sequence of

twice intersecting annuli:𝑅2

𝑖
−𝑟2

𝑖
= const. Consequently, any (closed)

chain of twice intersecting circles with radii 𝑅𝑖 can be extruded to

twice intersecting annuli with second boundary circle radius 𝑟𝑖 such

that 𝑅2

𝑖
− 𝑟2

𝑖
= const. There is one degree of freedom, e.g., the choice

of 𝑟1, but not all choices of 𝑟1 might lead to real intersections. □

We enforce the existence of such a geometric support structure

by adding a planarity term 𝐸supp to the faces of the mesh of sphere

centers in our optimization (Sec. 3). Planarity of the faces of the

mesh of centers yields the theoretical existence of the geometric

support structure. However, the planes carrying the circular annuli

can lie rather tangential to the surface resulting in practically unde-

sirable situations. We therefore add a regularization term 𝐸reg to our

optimization which enforces these planes to be as close as possible

to the bisector planes of the corresponding faces. See Figure 9 for a

paneling with support structure.

Regularization energy. The plane carrying the circle we get from
intersecting two spheres (c, 𝑟 ) and (c′, 𝑟 ′) is orthogonal to the di-

rection c − c′. We want this plane to be close to the bisector plane

of neighboring faces 𝑓 and 𝑓 ′. Let n and n′ be the face normals

of 𝑓 and 𝑓 ′, respectively. The vector n𝑒 = n + n′ can be seen as

a discrete edge normal vector. Hence c − c′ has to be orthogonal

to the direction vector of the edge 𝑒 = (u,w) and the vector n𝑒 .
Expressing sphere centers in terms of corresponding coefficients of

Equation (1), this condition can be written as

𝜑reg (𝑒) =
(

n𝑇𝑒
(u −w)𝑇

)
(𝐴𝑓 𝐵𝑓 ′ −𝐴𝑓 ′𝐵𝑓 ) = 0.

The derived energy reads

𝐸reg =
∑︁

𝑒∈𝐸 𝜑
2

reg
(𝑒).

Energy for the existence of geometric support structure. Vanish-
ing of the regularization energy does not imply the existence of a

geometric support structure, i.e., the planes obtained by pairwise

intersection of spheres around a vertex might not intersect in a

line (except for so called conical meshes where the bisector planes

around a vertex v always meet in a line that coincides with the cone

axis (discrete normal) of vertex v; see [Liu et al. 2006]).

This is only true if the dual face formed by the centers of involved

spheres is planar (cf. Prop. 4.2); the node axis of a geometric support

structure is a normal of the dual face.

Let n∗ be a least squares estimate of the dual normal, i.e., the

normal of the dual face and (𝑓𝑖1 , . . . , 𝑓𝑖𝑘 ) the incident faces of a

vertex v ∈ 𝑉 . The centers of the assigned face spheres are the

vertices of the dual face. For notational convenience the sphere

coefficients associated with 𝑓𝑖 𝑗 are denoted by 𝐴 𝑗 , 𝐵 𝑗 ,𝐶 𝑗 . We define

𝜑supp (v) =
©«
(𝐴1𝐵2−𝐴2𝐵1)𝑇
(𝐴2𝐵3−𝐴3𝐵2)𝑇

.

.

.
(𝐴𝑘𝐵1−𝐴1𝐵𝑘 )𝑇

ª®®®¬n∗ and 𝜑
dual

(v) = n𝑇∗ n∗ − 1.

The associated energies are

𝐸supp =
∑︁

v∈𝑉 𝜑
2

supp
(v) and 𝐸

dual
=
∑︁

v∈𝑉 𝜑
2

dual
(v),

where 𝑉 denotes the non-boundary vertices of the mesh𝑀 .

4.2 Angle minimizing panels
One of the aims of our paper is paneling surfaces in such a way that

the generated surface skin is smoother than with planar faces. A

mesh with spherical panels is the smoother the smaller the inter-

section angle between neighboring sphere tiles is. We propose an

energy that minimizes the sum of intersection angles and can easily

Fig. 10. Minimization of intersection an-
gles is not the only goal that can be
achieved with the energy term 𝐸angle, see
Eqn. (9). It can easily be adapted to op-
timize for any prescribed angle resulting
in interesting surface features. The image
depicts an SQ-mesh optimized for inter-
section angles as close as possible to 𝜋/3.
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be adapted to optimize for any other prescribed intersection angle

(see Sec. 3 for the energy and Figure 10 for an SQ-mesh constant

intersection angle of 𝜋/3).

Let us explain some difficulties and coun-
terintuitive phenomena that can arise. Con-

sider (for simplicity) a polygon with three

different corresponding circular edges (see

inset). The two upper examples are angle-

minimizing realizations as neighboring cir-

cles perfectly touch each other. However the

difficulty arises on where they should touch,

from the outside or inside. The preferred

smoother solution is the upper one where

all 12 arcs coincide with only two touch-

ing circles. The example in the middle is 𝐶1
continous but rather

“bumpy”. The bottom solution, where all 12 circles have the same

radius and where neighboring circles have the same tangent, is not
𝐶1

continuous. This “spiky” example provides a visually nice feature

but produces a non-smooth surface effect (see also Fig. 27 left).

Initialization. The central sphere congruence (Sec. 2.2.5) consists
of spheres whose radii are the harmonic mean of the principal curva-

ture radii. Consequently, central spheres represent an average of the

local curvature. A sensible discretization of the central spheres (see

Sec. 6.1 for SQ-meshes) therefore constitutes a good initialization

for our angle minimizing algorithm.

Another simple idea for finding face spheres in a circular mesh

with an expectable low angle sum is the following.We insert vertices

per face (Figure 11 center) which together with the circumcircle of

the face determine the face sphere. We consider the triangle mesh

consisting of these newly inserted vertices per face together with

the vertices of the original circular mesh. Then we apply Laplacian

smoothing to this triangle mesh while keeping the original vertices

fixed. The so obtained spheres (Figure 11 right) can be used as initial-

ization for our angle minimizing algorithm or – as we experienced

in practice – constitute already a good result. Note that spheres

resulting from Laplacian smoothing are not Möbius invariantly con-

nected to the circular mesh, but provide in practical applications

already good solutions.

Even more flexible than that is the initialization of our optimiza-

tion with best fitting spheres through the vertices of the face and

its 1-ring neighbors. For that we solve a least squares system for

𝐴, 𝐵,𝐶 from Eqn. (1). The advantage of this method is that the given

mesh does not have to be perfectly circular and the spherical faces

Fig. 11. Sphere meshes from Laplacian smoothing. Left: A given circular
mesh. Center:We insert vertices per face and connect them with the original
vertices to a triangle mesh. Right: Laplacian smoothing while keeping the
original vertices fixed results in a fair triangle mesh. The inserted vertices
together with their circular 1-rings determine a sphere per each face.

Fig. 12. Comparison of two different levels of discretization of spheremeshes
to the mesh with planar faces. The original circular mesh (left) has a rougher
appearance than the SQ-meshes; with equal number of faces (center) and
with only a quarter as many faces (right). The visual smoothness between
the two SQ-meshes is comparable.

do not have to absolutely pass through the given vertices of the

mesh. We can easily make use of manufacturing tolerances which

are always present in applications. In this way we obtain solutions

where we can treat the vertices of the mesh as variables which are

then also subject to optimization, yielding more flexible solutions

within tolerances.

Multiple scales. The usage of spherical faces instead of planar

faces can contribute to a reduction in the number of panels while still

increasing its smoothness. In Fig. 12 we compare different scales of

“facattedness” and their visual smoothness by looking at reflections.

Smoothness energy. If 𝑓 and 𝑓 ′ are two neighboring faces with

common edge 𝑒 , the transition between corresponding spheres

across 𝑒 is smooth or angle minimizing when

𝐵𝑇
𝑓
𝐵𝑓 ′ − 2(𝐴𝑓 ′𝐶𝑓 +𝐴𝑓𝐶𝑓 ′)

is close to ±1, see Equation (5). Note that this assumes that the used

sphere coefficients are normalized. A non-smooth appearance can

be generated by replacing 1 with cos(𝛼) where 𝛼 ∈ [0, 𝜋/2] is the
target intersection angle of neighboring spheres, see Figure 10 for

an example. We get

𝜑
angle

(𝑒, 𝛼) =
(
𝐵𝑇
𝑓
𝐵𝑓 ′ − 2(𝐴𝑓 ′𝐶𝑓 +𝐴𝑓𝐶𝑓 ′)

)
2 − cos

2 (𝛼)

and derived energy

𝐸
angle

(𝛼) =
∑︁

𝑒∈𝐸 𝜑
2

angle
(𝑒, 𝛼) . (9)

4.3 Radii clustering
To simplify the manufacturing process it might be important to

reduce the variety of different sphere radii to a manageable amount.

The big sphere of the Nur Alem Museum of Future Energy (Figure 2)

consists clearly of sphere patches with just one radius. Our exper-

iments show that even on more complicated shapes, i.e., meshes

which exhibit a much wider curvature variation, a rather small

number of radii provides already a very good solution in the sense

of visual smoothness (see Figures 13 and 14). For that we use the

𝑘-means method to partition our spheres into 𝑘 clusters. After fix-

ing the sphere radii we run an optimization step to let the mesh
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relax with the newly chosen spheres. Depending on applications,

materials, scale and budget the designer/user can choose how many

different sphere radii should be used.

5 TRIANGULAR SPHERE MESHES
The existence of a support structure for a sphere mesh is character-

ized by Prop. 4.2 and 4.3. However, it turns out that the combina-

torics of a sphere mesh implies special properties and interesting

construction methods. We therefore distinguish between sphere

meshes with hexagonal (Sec. 7), quadrilateral (Sec. 6), and triangular

combinatorics (Sec. 5). We start in this section with the latter.

Wewill see that face spheres of triangular spheremeshes with sup-

port structure are orthogonal to a real or imaginary sphere, or pass

through a point. They can therefore be interpreted as polyhedral

meshes in conformal models of classical non-Euclidean geometries.

The results of the following sections should be usable even for

readers without any knowledge of non-Euclidean geometry.

Proposition 4.3 implies that an STriangle-mesh admits a support

structure if the combinatorial dual mesh consisting of the repre-

sentatives of the face spheres ŝ in 𝑃4
form a trivalent mesh with

planar faces (generically a PHex-mesh, i.e., a hexagonal mesh with

planar faces). Except stated otherwise we will therefore until the

end of this section only consider trivalent meshes ŝ ∈ 𝑃4
with planar

faces. Two neighboring planar faces in a trivalent vertex star of ŝ
in 𝑃4

intersect along a common edge and therefore span at most

a three-dimensional subspace Γ of 𝑃4
. The third face in the vertex

star is spanned by two edges already contained in Γ and is therefore

also contained in Γ. Propagating this reasoning, the entire mesh ŝ is
contained in Γ. Consequently, we have:

Lemma 5.1. The 𝑃4-representatives ŝ of the face spheres of an
STriangle-meshes with support structure form a trivalent polyhedral
mesh contained in a three-dimensional subspace Γ ⊂ 𝑃4.

The pole �̂� ∈ 𝑃3
of the three-dimensional hyperplane Γ with

respect to 𝑆3
is a point representing a sphere 𝜔 that is orthogonal to

all spheres represented by the points in Γ (cf. end of Sec. 2.1). This

sphere 𝜔 can be real, imaginary or degenerate to a point. A real

sphere intersects an imaginary sphere ∥x − c∥2 = −𝑟2
orthogonally

484 sph 6 sph orig

Fig. 13. Radii clustering. Given a circular mesh with 484 faces (right). We
compute angle minimizing SQ-meshes and cluster by radii. The light re-
flections come from light sources in form of three parallel straight lines.
Left: No clustering; spheres with 484 different radii. Center: Spheres with
6 different radii. Note that the differences in smoothness of the reflection
curves between the SQ-meshes is rather small, but the difference to the
original mesh with planar faces (right) is notable. Even the SQ-mesh with
only 6 different spheres has a much smoother appearance. The clustering
of the 6 spheres is depicted in Figure 14.

Fig. 14. Two views of the mesh from Figure 13 as SQ-mesh with sphere
patches taken from just 6 different spheres. The faces filled out with the
same sphere have the same color. The radii clustering has been done with
the 𝑘-means method (see Sec. 4.3).

if it intersects its so-called real representative ∥x − c∥2 = 𝑟2
along a

great circle. We summerize the above in the following proposition.

Proposition 5.2. The face spheres of an STriangle-mesh with sup-
port structure come in three types depending on 𝜔 :

(i) 𝜔 is a real sphere and all face spheres are orthogonal to 𝜔 .
(ii) 𝜔 is an imaginary sphere and all face spheres intersect a fixed

sphere (the real representative of 𝜔) in a great circle.
(iii) 𝜔 is a point and all face spheres pass through this point 𝜔 .

In all three cases, the planes and node axes of the support structure
pass through the center of 𝜔 .

The classification in types (i) to (iii) follows from the above and

the node axes property follows from the discussion below.

These three types have nice interpretations in terms of non-

Euclidean geometries. Non-Euclidean geometries are often studied

in several models such as the projective or the conformal model

(see, e.g., [Klein 1968]). We exploit the transition between the afore-

mentioned models. Knowledge of non-Euclidean geometry is not

needed to utilize the results of the following sections. Just apply

the maps from equations (10) and (11) according to Propositions 5.3

and 5.6, respectively. The following three sections discuss the three

different cases of Proposition 5.2.

p

p̃1 = (p,
√︁
𝑟 2 − ∥p∥)

p̃2

p1

p2

𝜏

𝛿 (𝜏)

𝜔 = 𝑟𝑆2

𝑟𝑆3

Fig. 15. Model change from the Cayley-Klein model of hyperbolic geometry
inside the absolute sphere 𝑟𝑆2 to the Poincarémodel including ideal points. A
point p is mapped to two points 𝛿 (p) = p1,2 first via vertical projection onto
the sphere 𝑟𝑆3 and then stereographically projected into the hyperplane.
This sequence of transformations maps a plane 𝜏 first onto a sphere on 𝑟𝑆3

and then to a sphere in the hyperplane. Note that this image is an illustration
of a four-dimensional setting. We therefore illustrate, for example, the two-
dimensional sphere 𝑟𝑆2 as circle.
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ppppppppppppppppp

p1

p2p2p2p2p2p2p2p2p2p2
p2
p2
p2
p2
p2
p2p2

𝜔 = 𝑟𝑆2

Fig. 16. Model change from the Cayley-Klein model inside the absolute
sphere 𝜔 = 𝑟𝑆2 to the Poincaré model including ideal points. The green
PHex-mesh with vertex p is given inside 𝑟𝑆2. Applying 𝛿 yields two SHex-
meshes with support structure with vertices p1 outside and p2 inside𝜔 . The
two points p1 and p2 are related by a Möbius inversion in the sphere 𝜔 .

5.1 Hyperbolic meshes
In the case of Proposition 5.2 (i), the face spheres can be interpreted

as planes in the Poincaré model of hyperbolic 3-space. Planes in this

model appear as spheres which intersect the boundary sphere or-

thogonally. Consequently, we see spherical faces with our Euclidean

eye, but within hyperbolic geometry the faces are actually flat. In the

Cayley-Klein model of hyperbolic geometry the hyperbolic planes

appear as planes in real projective space. We use𝜔 = 𝑟𝑆2
as absolute

sphere defining the hyperbolic metric. The transition between the

two models is depicted in Fig. 15. For that, the Cayley-Klein model,

is embedded as a hyperplane in a four-dimensional space by adding

an 𝑥4-coordinate. The absolute sphere is now the “equator” of the

three-dimensional sphere 𝑟𝑆3
. A point p on the inside of the abso-

lute sphere in the Cayley-Klein model is orthogonally projected in

𝑥4-direction to two points p̃1, p̃2 of the sphere 𝑟𝑆3
. These points are

then stereographically projected back to the equator plane to obtain

p1, p2. This double-valued function 𝛿 transforms points p from the

Cayley-Klein model to point pairs p1, p2 in the Poincaré model. It is

easily determined with the help of Fig. 15 and reads

𝛿 (p) := p1,2 = ∥p∥−2
(
𝑟2 ± 𝑟

√︃
𝑟2 − ∥p∥2

)
p. (10)

The map 𝛿 transforms planes inside 𝜔 to spheres orthogonally in-

tersecting the sphere 𝜔 . We can easily convince ourselves of this

fact in one dimension lower (as depicted in Fig. 15): The vertical

projections of lines to the sphere are circles intersecting the equa-

tor orthogonally, a property which is kept by the stereographic

projection.

This model change yields a very simple description as well as

construction method for all STriangle-meshes of type 5.2 (i):

Proposition 5.3. STriangle-meshes with support structure of type
5.2 (i) are the images of triangle meshes with planar faces contained
in a sphere 𝜔 = 𝑟𝑆2 under the transformation 𝛿 from Equation (10).
See Figure 17 for examples.

Remark 5.4. Note that the position of the triangle mesh with respect

to the absolute sphere 𝜔 has an influence on the result. Furthermore

note that ⟨p1, p2⟩ = 𝑟2
. This implies that p2 is a reflection (Möbius

inversion) of p1 in the sphere 𝜔 (see Fig. 16). This confirms the

node-axis property from Prop. 5.2. Thus, the two STriangle-meshes

resulting from 𝛿 only differ by a Möbius transformation.

Remark 5.5. Clearly, any other mesh with planar faces that is con-

tained in the Cayley-Klein model of hyperbolic geometry can be

transformed into a sphere mesh via model change 𝛿 . See Figure 17

(bottom-row) for an SHex-mesh constructed this way. Note that in

the hexagonal or quadrilateral case this method only produces a

subclass of sphere meshes with support structure.

5.2 Elliptic meshes
In the case of Proposition 5.2 (ii), the face spheres can be interpreted

as planes in the conformal model of elliptic 3-space. Planes in this

model appear as spheres which intersect the real representative of

𝜔 in a great circle. We see spherical faces with our Euclidean eye,

but within elliptic geometry the faces are flat. In the Cayley-Klein
model of elliptic geometry, the elliptic planes appear as planes in real

projective space (with a distinguished imaginary sphere as absolute

sphere defining the elliptic metric). The transition between the two

models is depicted in Figure 18 and works in complete analogy to

the hyperbolic case (Sec. 5.1). We therefore only give the formula

𝛿 (p) := p1,2 = ∥p∥−2
(
− 𝑟2 ± 𝑟

√︃
𝑟2 + ∥p∥2

)
p. (11)

Proposition 5.6. STriangle-meshes with support structure of type
5.2 (ii) are the images of arbitrary triangle meshes with planar faces
under the transformation 𝛿 from Eqn. (11). See Fig. 19 for examples.

orig.

orig.

Fig. 17. STriangle-mesh with detail and original (top-row) and SHex-mesh
with detail and original (bottom-row) resulting from a model change of
hyperbolic geometry. The existence of the support structure follows auto-
matically from its generation (cf. Proposition 5.3 and Sec. 5.1).
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5.3 Sphere bundle meshes
In case 5.2 (iii), the face spheres pass through a fixed point. AMöbius

transformation mapping this point to infinity maps all face spheres

to Euclidean planes and the STriangle-mesh to a polyhedral surface.

Proposition 5.7. STriangle-meshes with support structure of type
5.2 (iii) are Möbius transforms of triangular meshes with planar faces.

5.4 STriangle meshes without support structure
For any triangle mesh we can replace its planar faces by spherical

faces passing through the three vertices of the face. The spheres

are therefore members of the elliptic sphere pencil determined by

the circumcircle of the triangular face. An optimization with a good

choice of initial spheres (like fitting the sphere to the triangle plus

its 1-ring) converges very quickly to an optimal angle minimizing

solution (see Figure 20). Even surfaces minimizing a discrete Will-

more energy (under some constraints; see, e.g., [Soliman et al. 2021])

which are by itself already as-spherical-as-possible polyhedral trian-

gular meshes benefit from paneling with angle minimizing spherical

faces as illustrated by Figure 21.

6 QUADRILATERAL SPHERE MESHES
In contrast to sphere meshes with triangular combinatorics (Sec. 5),

in the quadrilateral case the existence of a support structure does

not imply that the sphere mesh is a polyhedral mesh in a non-

Euclidean geometry. The face spheres of a general polygonal quad

mesh are uniquely determined by the four vertices of the faces. In

the case of circular meshes though there is a one-parameter family

of spheres per face to choose from. Within this family, the so called

central spheres known in Möbius geometry are very close to angle

minimizing spheres.

p

p̃1 =
( −𝑟p√

𝑟2+∥p∥2

, 𝑟 + 𝑟2√
𝑟2+∥p∥2

)
p̃1 =

( −𝑟p√
𝑟2+∥p∥2

, 𝑟 + 𝑟2√
𝑟2+∥p∥2

)
p̃1 =

( −𝑟p√
𝑟2+∥p∥2

, 𝑟 + 𝑟2√
𝑟2+∥p∥2

)
p̃1 =

( −𝑟p√
𝑟2+∥p∥2

, 𝑟 + 𝑟2√
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p1

p2p2p2p2p2p2p2p2p2p2
p2
p2
p2
p2
p2
p2p2

𝜏𝛿 (𝜏)

𝑟𝑆2

𝑟𝑆3

Fig. 18. Model change from the Cayley-Klein model of elliptic geometry
in the projective space with an imaginary absolute sphere represented by
its real representative 𝑟𝑆2 to the conformal model. A point p is mapped
to two points 𝛿 (p) = p1,2 first via central projection onto the sphere 𝑟𝑆3

and then stereographically projected into the hyperplane. This sequence
of transformations maps a plane 𝜏 first onto a sphere on 𝑟𝑆3 and then
to a sphere in the hyperplane. Note that this image is an illustration of
a four-dimensional setting. We therefore illustrate, for example, the two-
dimensional sphere 𝑟𝑆2 as circle.

Fig. 19. STriangle-mesh (left) and SHex-mesh (right) resulting from a model
change of elliptic geometry. The existence of the support structure follows
automatically from its generation (cf. Proposition 5.6 and Sec. 5.2).

6.1 Discrete central spheres
The classical central sphere (see Sec. 2.2) is a particular sphere

of the parabolic sphere pencil touching the smooth surface in a

surface point. Such a parabolic sphere pencil contains a distin-

guished Möbius invariant sphere, namely the point sphere f , which
is used to define the central sphere as that sphere 𝑠𝑧 for which

cr(ŝ, ˆf, ŝ′, ŝ𝑧) = −1 holds, where 𝑠 and 𝑠 ′ are the principal curvature
spheres. Therefore the central sphere is also Möbius invariant. Note

that in an elliptic sphere pencil there is no distinguished Möbius

invariant sphere. However, for paneling circular meshes with spher-

ical faces, which come naturally with an elliptic sphere pencil per

face, it would be beneficial to have a central sphere that we could

use to initiate our algorithm.

Circular meshes with Z2
combinatorics have two-parameter fami-

lies of edge-parallel Gauss images [Bobenko et al. 2010]. Any such

Gauss image gives rise to a vertex-based congruence of parabolic

sphere pencils forming a so called contact element net [Bobenko

and Suris 2008]. However, with the view towards panelization, it is

more useful to consider spheres per face instead of vertices.

flat faces

spherical faces

Fig. 20. Top: A triangle mesh (The Blob by M. Fuksas) with flat faces –
with (left) and without edge beams (right). Bottom: An angle minimizing
STriangle mesh – with (left) and without edge beams (right). Note that the
reflection of the surrounding in the STriangle mesh is much smoother.
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flat

STriangle-mesh

Fig. 21. Surfaces minimizing a discrete Willmore energy (top-row with flat
faces) become locally as spherical as possible under some constraints such
as the conformal class (constrained Willmore surfaces) and given boundary
data as depicted in the image (cf. [Soliman et al. 2021]). It seems natural
to panel such surfaces with angle minimizing spherical faces (bottom-row).
Note that the already quite smooth surface appears even smoother with
the angle minimizing spherical faces.

Let us consider a face 𝑓 with its four neighboring faces 𝑓𝑖 , 𝑓𝑗 , 𝑓𝑘 , 𝑓𝑙
(see Figure 22 left). Two circumcircles of two edge-adjacent faces,

say of 𝑓 and 𝑓𝑖 , intersect in two points and therefore span a unique

sphere 𝑠𝑖 . This sphere estimates the principal curvature in the di-

rection transversal to the common edge and belongs to the elliptic

sphere pencil of the circumcircle of 𝑓 . So we obtain a sphere per

edge. Consequently two opposite edges in a face give rise to two

spheres 𝑠𝑖 and 𝑠𝑘 . They belong to an elliptic sphere pencil. We can

therefore define the angle bisecting sphere of 𝑠𝑖 and 𝑠𝑘 (bisecting the

smaller angle) as the principal curvature sphere 𝑠𝑖𝑘 corresponding to

the direction 𝑖𝑘 at 𝑓 . By angle bisecting we mean that the normal

vector of the “bisecting sphere” bisects the two normal vectors of

the two given spheres at a common point of the intersection circle

of the three spheres. Analogously we construct the other principal

curvature sphere 𝑠 𝑗𝑙 . The pentaspherical coordinates of the bisect-

ing sphere can easily be computed using the formula presented in

the following lemma which we prove in the appendix (Sec. A.2)

Lemma 6.1. Let 𝑠𝑖 , 𝑠𝑘 with radii 𝑟𝑖 , 𝑟𝑘 be two intersecting spheres
generating an elliptic sphere pencil. Their pentaspherical coordinates
are denoted by ŝ𝑖 , ŝ𝑘 . Then the angle bisecting spheres are given by

ŝ𝑖𝑘 = Y𝑟𝑘 ŝ𝑖 + 𝑟𝑖 ŝ𝑘 , ŝ𝑜 = Y𝑟𝑘 ŝ𝑖 − 𝑟𝑖 ŝ𝑘
where Y := sign⟨⟨ŝ𝑖 , ŝ𝑘 ⟩⟩. The acute angle is bisected by ŝ𝑖𝑘 .

The central sphere (green dashed) in a point of a smooth surface

is geometrically characterized as that sphere which is orthogonal to

all spheres of a sphere congruence that touch the oriented principal

spheres (red) in different orientations (cf. [Blaschke 1929, p. 299]).

In analogy to this geometric characterization we characterize the

discrete central sphere as that sphere which intersects all spheres

of a twice touching sphere congruence orthogonally. However, two

𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓

𝑓𝑖𝑓𝑖𝑓𝑖𝑓𝑖𝑓𝑖𝑓𝑖𝑓𝑖𝑓𝑖𝑓𝑖𝑓𝑖𝑓𝑖𝑓𝑖𝑓𝑖𝑓𝑖𝑓𝑖
𝑓𝑖𝑓𝑖

𝑓𝑗𝑓𝑗𝑓𝑗𝑓𝑗𝑓𝑗𝑓𝑗𝑓𝑗𝑓𝑗𝑓𝑗𝑓𝑗𝑓𝑗𝑓𝑗𝑓𝑗𝑓𝑗𝑓𝑗
𝑓𝑗𝑓𝑗

𝑓𝑘𝑓𝑘𝑓𝑘𝑓𝑘𝑓𝑘𝑓𝑘𝑓𝑘𝑓𝑘𝑓𝑘𝑓𝑘𝑓𝑘𝑓𝑘𝑓𝑘
𝑓𝑘𝑓𝑘𝑓𝑘𝑓𝑘

𝑠𝑖𝑠𝑖𝑠𝑖𝑠𝑖𝑠𝑖𝑠𝑖𝑠𝑖𝑠𝑖𝑠𝑖𝑠𝑖𝑠𝑖𝑠𝑖𝑠𝑖𝑠𝑖𝑠𝑖
𝑠𝑖𝑠𝑖

𝑠𝑖𝑘𝑠𝑖𝑘𝑠𝑖𝑘𝑠𝑖𝑘𝑠𝑖𝑘𝑠𝑖𝑘𝑠𝑖𝑘𝑠𝑖𝑘𝑠𝑖𝑘𝑠𝑖𝑘𝑠𝑖𝑘𝑠𝑖𝑘𝑠𝑖𝑘
𝑠𝑖𝑘𝑠𝑖𝑘𝑠𝑖𝑘𝑠𝑖𝑘

𝑠𝑘𝑠𝑘𝑠𝑘𝑠𝑘𝑠𝑘𝑠𝑘𝑠𝑘𝑠𝑘𝑠𝑘𝑠𝑘𝑠𝑘𝑠𝑘𝑠𝑘
𝑠𝑘𝑠𝑘𝑠𝑘𝑠𝑘

𝑠𝑖𝑘𝑠𝑖𝑘𝑠𝑖𝑘𝑠𝑖𝑘𝑠𝑖𝑘𝑠𝑖𝑘𝑠𝑖𝑘𝑠𝑖𝑘𝑠𝑖𝑘𝑠𝑖𝑘𝑠𝑖𝑘𝑠𝑖𝑘𝑠𝑖𝑘
𝑠𝑖𝑘𝑠𝑖𝑘𝑠𝑖𝑘𝑠𝑖𝑘

𝑠 𝑗𝑙𝑠 𝑗𝑙𝑠 𝑗𝑙𝑠 𝑗𝑙𝑠 𝑗𝑙𝑠 𝑗𝑙𝑠 𝑗𝑙𝑠 𝑗𝑙𝑠 𝑗𝑙𝑠 𝑗𝑙𝑠 𝑗𝑙𝑠 𝑗𝑙𝑠 𝑗𝑙
𝑠 𝑗𝑙𝑠 𝑗𝑙𝑠 𝑗𝑙𝑠 𝑗𝑙𝑠𝑧𝑠𝑧𝑠𝑧𝑠𝑧𝑠𝑧𝑠𝑧𝑠𝑧𝑠𝑧𝑠𝑧𝑠𝑧𝑠𝑧𝑠𝑧𝑠𝑧𝑠𝑧𝑠𝑧

𝑠𝑧𝑠𝑧

𝑠𝑜𝑠𝑜𝑠𝑜𝑠𝑜𝑠𝑜𝑠𝑜𝑠𝑜𝑠𝑜𝑠𝑜𝑠𝑜𝑠𝑜𝑠𝑜𝑠𝑜𝑠𝑜𝑠𝑜
𝑠𝑜𝑠𝑜

𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓

𝑠𝑖𝑘𝑠𝑖𝑘𝑠𝑖𝑘𝑠𝑖𝑘𝑠𝑖𝑘𝑠𝑖𝑘𝑠𝑖𝑘𝑠𝑖𝑘𝑠𝑖𝑘𝑠𝑖𝑘𝑠𝑖𝑘𝑠𝑖𝑘𝑠𝑖𝑘
𝑠𝑖𝑘𝑠𝑖𝑘𝑠𝑖𝑘𝑠𝑖𝑘

𝑠 𝑗𝑙𝑠 𝑗𝑙𝑠 𝑗𝑙𝑠 𝑗𝑙𝑠 𝑗𝑙𝑠 𝑗𝑙𝑠 𝑗𝑙𝑠 𝑗𝑙𝑠 𝑗𝑙𝑠 𝑗𝑙𝑠 𝑗𝑙𝑠 𝑗𝑙𝑠 𝑗𝑙
𝑠 𝑗𝑙𝑠 𝑗𝑙𝑠 𝑗𝑙𝑠 𝑗𝑙

𝑠𝑧𝑠𝑧𝑠𝑧𝑠𝑧𝑠𝑧𝑠𝑧𝑠𝑧𝑠𝑧𝑠𝑧𝑠𝑧𝑠𝑧𝑠𝑧𝑠𝑧𝑠𝑧𝑠𝑧
𝑠𝑧𝑠𝑧

𝑠𝑜𝑠𝑜𝑠𝑜𝑠𝑜𝑠𝑜𝑠𝑜𝑠𝑜𝑠𝑜𝑠𝑜𝑠𝑜𝑠𝑜𝑠𝑜𝑠𝑜𝑠𝑜𝑠𝑜
𝑠𝑜𝑠𝑜

Fig. 22. Elliptic sphere pencil with central sphere. Left: The circumcircles
of two neighboring faces 𝑓 , 𝑓𝑖 [or 𝑓 , 𝑓𝑘 ] span a sphere 𝑠𝑖 [or 𝑠𝑘 ] belonging
to the elliptic sphere pencil spanned by the circumcircle of 𝑓 . Both spheres
𝑠𝑖 and 𝑠𝑘 represent principal curvature spheres corresponding to edges.
Averaging both by taking the angle bisecting sphere 𝑠𝑖𝑘 defines a principal
curvature sphere for the direction 𝑖𝑘 at face 𝑓 . Center and right: The sphere
𝑠𝑧 bisecting the smaller angle of the two principal curvature spheres 𝑠𝑖𝑘
and 𝑠 𝑗𝑙 , is the discrete central sphere. The central sphere intersects a family
of 𝑠𝑖𝑘 and 𝑠 𝑗𝑙 twice touching spheres orthogonally (cf. Sec. 6.1).

spheres of an elliptic sphere pencil do not determine such a sphere

congruence uniquely but rather two (in contrast to a parabolic

sphere pencil). One congruence lies between the acute angle formed

by the two spheres, the other one between the obtuse angle (see

Figure 22 center and right). Consequently, we define the discrete
central sphere as that sphere which intersects the twice touching

sphere congruence between the acute angle orthogonally. Equiv-

alently, the discrete central sphere is characterized as that angle

bisecting sphere which lies in the acute angle between the two dis-

crete principal curvature spheres (see Figure 22 center and right).

The discrete central sphere 𝑠𝑧 has a simple description in its pentas-

pherical coordinates ŝ𝑧 as computed in analogy to Lemma 6.1 with

Y = sign⟨⟨ŝ𝑖𝑘 , ŝ𝑗𝑙 ⟩⟩:
ŝ𝑧 = Y𝑟 𝑗𝑙 ŝ𝑖𝑘 + 𝑟𝑖𝑘 ŝ𝑗𝑙 .

6.2 Angle minimizing SQ-meshes
Each planar face of a circular quad mesh
can be replaced by a spherical face chosen

from the one-parameter family of spheres

through the circumcircle of the face. Our

numerical optimization results (see Sec. 3)

confirm our concept that the central sphere

congruence (Sec. 2.3) is already very close

to the numerical angle minimization result.

Compare, for example, the images in Figure 26.

Circular meshes with mixed combinatorics like the semi regular

tesselation in Fig. 3 or the hybrid mesh (“The Cour Visconti” in the

Louvre) in Fig. 23 can be transformed into an intersection angle

minimizing sphere mesh in the same way. However in that case we

do not have a concept of discrete central spheres. The optimization

algorithm was initialized with locally best fitting spheres (see Sec. 3).
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Fig. 23. A hybrid mesh of spherical quadrilaterals and spherical triangles optimized for minimal intersection angle.

Fig. 24. An SQ-mesh over a discrete
isothermic net optimized for mini-
mization of intersection angles and
the existence of a support structure in
planes orthogonal to the surface.

6.3 Strip formation
The angle minimizing spheres which are close to the central spheres

approximate surfaces very smoothly and yield a different perception

of the surface than a realization with planar faces would. Since the

angle minimizing face spheres are very close to the central spheres,

the curvature of these face spheres approximates the arithmetic

mean of the principal curvatures. An interesting visual effect appears

whenwe use spherical patches which do not approximate the central

sphere but rather the principal spheres in one direction. It generates

curved strips along parameter curves of the surface (see Figures 1

and 25). This can be interpreted as approximating a surface with a

discrete sequence of canal surfaces.

6.4 SQ-remeshing
Suppose we want to approximate a given surfaceM by an SQ-mesh

with support structure.We could first approximateM with a circular

mesh and apply our strategies from the previous paragraphs, but we

Fig. 25. Strip formation. In negatively
curved surface areas angle minimizing
sphere meshes tend to form strips (see
also Figure 1). Since this phenomenon has
been identified as design feature we inten-
sify it by enforcing the angle minimizing
term only on selected edges and neglect-
ing or strongly reducing it on the others.

actually have more degrees of freedom. The vertices of a spherical

face of a sphere mesh do not have to lie on a circle. It follows from

Proposition 4.3 that the only thing we need is a PQ-mesh in 𝑃4

whose corresponding spheres approximateM.

We therefore propose a remeshing strategy to approximate an

arbitrary given sphere mesh or sphere congruence by an SQ-mesh

with support structure whose faces are not necessarily circular.

(a) (b)

(c) (d)

(e)(e)(e)(e)(e)(e)(e)(e)(e)(e)(e)(e)(e)(e)(e)(e)(e) (f)

Fig. 26. A circular mesh with different types of sphere panels. (a) No opti-
mization. The spherical panels are the discrete central spheres as described
in Sec. 2.3. Edges are intersection circles of neighboring spheres. (b) Edges
are intersection circles of neighboring spheres. These edges are enforced
to lie in bisector planes of neighboring faces. Note that the centers of the
sphere are therefore enforced to lie on one side of the surface. This can
imply the feature of spiky sphere panels in positively curved regions. (c)
Optimization for minimal angle but no additional constraints. Edges are
intersection circles of neighboring spheres which can lie in planes very tan-
gential to the surfaces and produce counterintuitive artifacts (e). (d) Edges
are intersection circles of spheres with bisector planes of neighboring faces.
The gaps that arise between two neighboring spheres are illustrated in (f).
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Fig. 27. Importance of initialization. The image on the left is obtained by
reflecting the discrete central spheres in the faces. The spiky features might
give an appealing appearance but are in general not close to angle minimiz-
ing anymore. The centers of this spheres in comparison with an optimal
result lie in the wrong side of the surface. Our angle optimizer runs into a
local minimum (right) which is not an optimal solution (see Figure 26).

This amounts to remeshing a surface in 𝑃4
into a PQ-mesh. The

input sphere mesh that approximates M could be generated for

example by intersecting tangential spheres as described in Sec. 7.

A comparable task is the remeshing of a triangular mesh in R3

into a PQ-mesh or a discrete principal mesh. While the result of

remeshing by a principal mesh is to some extent intuitively guess-

able from its geometric shape, the result of our new remeshing

scheme is less obvious.

We consider a given sphere congruence, for example, with triangle

combinatorics. Thus the sphere congruence is a triangulated surface

in the point model of Möbius geometry 𝑃4
. We know that the desired

SQ-mesh is represented in 𝑃4
as PQ-mesh. We therefore have to

remesh the given triangle mesh in 𝑃4
into a PQ-mesh in 𝑃4

which

is not a standard task in geometry processing. For smooth surfaces

that would mean to find a conjugate parametrization on the given

surface in 𝑃4
.

While surfaces in R3
have many conjugate parametrizations (we

can freely choose a one-parameter family of parameter curves) in

four-dimensional space R4
the conjugate parametrization is unique

(see, e.g., [Bobenko and Suris 2008, p. 2]). Note that this conjugate

parametrization is not necessarily real because its existence is only

guaranteed over the complex numbers.

Remeshing in 𝑃4. To remesh a triangle mesh in 𝑃4
into a PQ-

mesh we first choose the affine chart R4
by de-homogenizing with

𝑥5 = 1 and thus having spheres represented as in (2). Conjugate

parametrizations are invariant under projective maps (as they are

planarity preserving). Consequently, projecting the mesh vertices

v = (𝑥1, 𝑥2, 𝑥3, 𝑥4) into meshes in R3
by leaving out coordinates

keeps the property of a conjugate net: v′ = (𝑥1, 𝑥2, 𝑥3) and v′′ =
(𝑥1, 𝑥2, 𝑥4) or in terms of the sphere congruence that is

s̃′ =
2(𝑐1, 𝑐2, 𝑐3)
c2 − 𝑟2 + 1

and s̃′′ =
(2𝑐1, 2𝑐2, c2 − 𝑟2 − 1)

c2 − 𝑟2 + 1

.

If we find a parametrization of s̃ that is simultaneously conjugate for

s̃′ and s̃′′, it must also be conjugate for s̃: The existence of functions
𝑎, 𝑏,𝐴, 𝐵 with s̃′𝑢𝑣 = 𝑎s̃′𝑢 + 𝑏 s̃′𝑣 and s̃′′𝑢𝑣 = 𝐴s̃′′𝑢 + 𝐵s̃′′𝑣 yields 𝑎 = 𝐴

and 𝑏 = 𝐵 and thus s̃𝑢𝑣 = 𝑎s̃𝑢 +𝑏 s̃𝑣 . This shows that s̃ is a conjugate
parametrization. We have

Proposition 6.2. A generic parametrization s̃ : R2 → R4 is
conjugate if and only if its two projections s̃′ and s̃′′ are conjugate.

Fig. 28. Angle minimizing spheres paneling a circular mesh. Left: Just angle
minimization. Right: Optimized for the additional constraint such that the
intersection circle of neighboring spheres lies in the bisecting plane of the
corresponding faces. Top-Row: Edges/beams as exact intersection circles.
Second-Row: Edges/beams in bisecting planes. Third-Row-Left: The mesh
of centers of the face spheres is depicted in green. Note that there is no
constraint imposed on the centers resulting in a very chaotic mesh compared
to the one on the (right). Third-Row-Right: The mesh of centers of the face
spheres is depicted in green. Note that this green mesh is by construction
in a sense a parallel mesh. Bottom-Row: Histogram of intersection angles.
The values of the spherical panelization (in blue) compared to the values of
the paneling with planar faces (in orange) are much smaller.

Thus, to find the conjugate parametrization of s̃ we must find

tangent directions t, t̄ which simultaneously solve t · II
′ · t̄ = 0 and

t · II
′′ · t̄ = 0, where II

′
and II

′′
are the second fundamental forms of

s̃′, s̃′′, respectively. These directions are found as eigenvectors of

II
′−1 · II

′′. (12)

In practice s̃′, s̃′′ are triangle meshes. We approximate II
′
and

II
′′
through jet-fitting (cf. [Cazals and Pouget 2005]). In all our

experiments the triangle meshes had a shape where the matrix (12)

had real eigenvectors even though theoretically one can construct

surface pairs s̃′, s̃′′ for which the eigenvectors are imaginary.

In the case of real conjugate directions we apply the remesh-

ing algorithm by [Panozzo et al. 2014] to s̃′′. We could also apply

remeshing to s̃′, but in all our experiments the surface s̃′′ turned
out to be the smoother and more regularly parametrized mesh.
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Fig. 29. Remeshing of a sphere congruence. Top-Left: A given SHex-mesh
torus. Top-Right: SQ-remeshing of the SHex-mesh. Bottom-Left and Cen-
ter: The projections of the mesh in 𝑃4 to the first three coordinates
v′ = (𝑥1, 𝑥2, 𝑥3) (left) and projection to v′′ = (𝑥1, 𝑥2, 𝑥4) (center). Bottom-
Right: PQ-mesh of sphere centers after post optimization for planarity.

We obtain an “almost” PQ-mesh in R4
by mapping the remeshed

quad mesh back from s̃′′ to s̃. We finally apply a post-optimization

step to planarize the faces of the new mesh in 𝑃4
using the method

of [Tang et al. 2014]. A planar face in R4
is characterized by two

orthogonal unit normal vectors that are perpendicular to all edges of

that face. This quad mesh represents the face spheres of an SQ-mesh

with support structure enveloping the same surface as the given

sphere congruence. See Figure 29 for an example.

7 HEXAGONAL SPHERE MESHES
The mesh of sphere centers of a trivalent sphere mesh (in particular

an SHex-mesh) is a triangle mesh and therefore always polyhedral.

Therefore, SHex-meshes always have a geometric support structure.

However, not every such support structure is really useful in a

practical sense, since intersection circles of neighboring spheres

might be contained in planes closer to the tangent plane than to

normal planes which are more preferred. We will make use of an

optimization strategy to ensure good solutions.

Our goal is to find an SHex-mesh approximating a given triangle

mesh or smooth parametrization. A similar task is to approximate

a given surface with planar hexagons. Ways to attack the latter

problem, for example by intersecting tangent planes of the surface to

obtain PHex-meshes have been described in [Pluta et al. 2021; Troche

2008; Zimmer et al. 2013] also pointing out the many difficulties

arising there and suggesting solutions. However we have more

degrees of freedom when intersecting spheres instead of planes. We

get the following two insights from the PHex case: (i) positively

curved surfaces are generically covered by convex hexagons and

(ii) negatively curved surfaces are generically covered by bow-tie

shaped hexagons.

The Gaussian curvature 𝐾 is not Möbius invariant, not even

its sign. Away from an umbilical point there is always a Möbius

transformation that can locally change a positively curved region

into a negatively curved region and vice versa. For example by

mapping the central sphere to a plane the surface region becomes

negatively curved. Or by mapping a sufficiently small tangential

sphere (which does not intersect the surface locally) to a plane

generates a positively curved surface region. In theory we could

perform this curvature change if necessary and locally intersect

tangent planes and transform back.

From this observation we conclude that both,

positively as well as negatively curved surfaces

should be coverable with both types of spher-

ical faces, convex and bow-tie shapes, respec-

tively. By convex and bow-tie faces we refer to spherical polygons

which are Möbius equivalent to planar convex or bow-tie hexagons.

Spherical hexagons appearing convex. Spherical hexagons can look
rather complicated (crisscrossed) or degenerated. However, those

spherical hexagons which appear in practice have a convex hull that

is fairly two-dimensional. When looking at such a spherical hexagon

orthogonally to its two-dimensional extent, they only mildly deviate

from a planar hexagonal polygon, see Figure 30.

Fig. 30. Orthogonal projection of a spherical hexagon
along the direction of its in size largest shadow. Pro-
jecting hexagons which appear in practice in this way
will only mildly deviate from planar hexagonal poly-
gons. We call the left hexagon visually convex and the
right one visually bow-tie shaped.

Vaguely speaking, we visually identify the

spherical hexagon with a planar hexagonal

polygon. In this sense we can speak of a visu-
ally convex spherical hexagon if its close by

planar hexagonal polygon is convex. Anal-

ogously, we refer to visually bow-tie shaped
spherical hexagons.

Whenever we want to cover a surface with visually convex spheri-

cal hexagons we take the positively curved PHex-case as a prototype.

The corresponding planes are tangent planes which locally do not

intersect the surface. Consequently, to achieve a sphere mesh of

that sort we will intersect spheres 𝑠∅ tangential to the surface which
locally do not intersect that surface.

Whether a tangent sphere locally intersects the surface (like a

tangent plane in a negatively curved surface point) depends on

where it lies in the parabolic pencil of all touching spheres (see

Figure 31). The parabolic sphere pencil is represented by a projective

line in 𝑃4
which – topologically speaking – is a circle (see Figure 31).

Sufficiently small spheres 𝑠∅ in this pencil locally do not intersect

the surface. The “first” spheres that intersect the surface are the

principal curvature spheres. The central sphere always intersects

the surface. Thus, to obtain visually convex shaped spherical faces

after intersecting neighboring spheres we choose spheres 𝑠∅ among

those which locally do not intersect the surface (blue in Figure 31).

We want our face spheres to be as close as possible to the curva-

ture spheres, since those approximate the surface better than small

spheres. To achieve both goals, obtaining large enough spheres and

avoiding the “forbidden area”, our optimization approach is initial-

ized with a choice of small enough spheres and then evolves towards

the closest principal curvature spheres.

ACM Trans. Graph., Vol. 42, No. 6, Article 1. Publication date: December 2023.



Meshes with Spherical Faces • 1:17

We accomplish this evolution by fixing a triangle mesh on the sur-

face and initialize a congruence of spheres of equal and sufficiently

small radius. The centers thus lie on a close enough offset surface.

The evolution now brings the centers of these spheres closer to the

curvature centers. Recall that the node axis at a vertex is orthogonal

to the corresponding face of sphere centers. To obtain a good sup-

port structure we require this node axis not to exceed a prescribed

angle with the corresponding face normal of the fixed triangle mesh.

See Fig. 32 for examples where positively and negatively curved

surface areas have been paneled with visually convex spherical

hexagons. For negatively curved surfaces this effect could not have

been achieved by a PHex-mesh.

A similar strategy as in the visually convex spherical hexagons

case can be used to obtain visually bow-tie shaped spherical faces

even in positively curved surface regions. This time we require the

spheres to lie between the principal spheres on the same side as

the central sphere (see Fig. 31). Otherwise the strategy is the same.

Visually bow-tie shaped spherical hexagons in positively curved

regions also appear in the bottom row of Fig. 17. Also here the typical

difficulties arise, as pointed out by [Zimmer et al. 2013] in the case

of intersecting tangent planes. These include self-intersecting face

edges, extreme variations in edge lengths or uneven distribution of

angles between edges.

Generating hexagonal sphere meshes. After choosing a triangula-

tion𝑀 = (𝑉 , 𝐸, 𝐹 ) of the surface to be approximated we start with

congruent spheres which touch the given surface in the vertices

v𝑖 ∈ 𝑉 of the triangulation. Its centers c𝑖 are chosen on one side

of the surface and thus constitute a discrete offset: c𝑖 = v𝑖 + _𝑖n𝑖
where n𝑖 is the unit normal vector at v𝑖 . At first _𝑖 is constant. To
bring the spheres closer to one of the curvature spheres (whichever

one is closer) we minimize

𝐸cs =
∑
𝑖 |_𝑖 − 𝜌𝑖 |2,

where 𝜌𝑖 denotes the smaller principal curvature radius if 𝐾 > 0

or the only principal curvature radius if 𝐾 < 0. We exclude here

surfaces where different regions with positive 𝐾 have curvature

centers on different sides of the surface; keeping the sphere centers

on one side would result in “spiky” surfaces as in Fig. 26 (b) and 27.

Additionally we want to keep the intersection circle of neighbor-

ing spheres in planes nearly orthogonal to the surface. For that we
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Fig. 31. The parabolic pencil of tangent spheres contains the surface point
f , the tangent plane 𝜏 , the two curvature spheres 𝑠, 𝑠′ (red), and the central
sphere 𝑠𝑧 (green). In the projective model of Möbius geometry the sphere
pencil is represented by the points of a projective line which is topologically
a circle, split into two segments by the curvature spheres. On this circle ŝ𝑧
and ˆf lie in different segments. The spheres 𝑠∅ of the pencil which locally
do not intersect the surface (blue) lie in the same segment as the point.

Fig. 32. SHex-meshes with support structures from intersecting tangential
spheres. Top-Left: An SHex-mesh paneling with visually convex hexagons.
However note that these hexagons are not planar and the classical notion
of convexity does not apply here. Bottom-Left: An SHex-mesh paneling a
negatively curved surface. Again, the spherical hexagonal faces give the
impression of convex hexagons which is only possible because the faces are
proper spheres. Planar faces paneling a negatively curved regionwould result
in bow-tie shaped hexagons. Top-Right: These meshes posses a geometric
support structure as illustrated on a detail of the bottom-left SHex-mesh.
Bottom-Right: The vertices of the green mesh are the centers of the spheres.
Note that the combinatorics of the mesh of centers which is the same as
the combinatorics of the mesh of spheres in 𝑃4 is dual to the sphere mesh.

minimize for every combinatorial triangle 𝑡 = 𝑖 𝑗𝑘 the angle between

the unit normal vector n𝑡𝑐 of c𝑖c𝑗 c𝑘 and n𝑡𝑣 = (n𝑖 + n𝑗 + n𝑘 )/3:

𝐸
ortho

=
∑
𝑡 ∈𝐹 ∥⟨n𝑡𝑐 , n𝑡𝑣⟩2 − 𝛿2 − `2

𝑡 ∥2,

where 𝛿 denotes the chosen angle threshold and where `𝑡 introduce

“slack variables” to transform the inequality into an equation. A

regularizing Laplacian smoothing term 𝐸
fair

applied to the mesh of

centers ensures a fair arrangement. Our optimization is using the

Levenberg-Marquardt algorithm [Marquardt 1963]. Smooth sphere

congruences resulting from this method can also be used as an input

to be remeshed into an SQ-mesh (Sec. 6.4).

8 CONCLUSION
Limitations. A systematic study of meshes with spherical faces

is a new topic, and thus we could not aim at completeness in this

contribution. To give examples: We showed how to obtain smoother

skins with spherical panels than with planar ones, but we are lacking

good criteria on a given shape whether the use of spherical panels

will provide a clear advantage. Also, we did not address the problem

of self-intersections in hexagonal panels when working with the

bow-tie type.

Without optimizing for a support struc-

ture the intersection circles of neighbor-

ing spheres can lie in very tangential po-

sitions. This results in edges that might

not be usable as statically stable support

structure, but can still result in nice pat-

terns and is a design variant that needs

further investigation.
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Furthermore, the remeshing with SQ-meshes can lead to visually

non-pleasing results and is a direction for further research.

Conclusion. We presented a study of meshes with spherical faces

within Möbius geometry that has been motivated by applications

in architecture, but is expected to have impact beyond that. Our

focus has been on the relation to surface paneling and to sphere

congruences and their envelopes. We addressed the important case

where one envelope is a given design surface and the congruence

has to be computed in view of the application (hexagonal panels,

as smooth as possible skins, existence of a support structure). The

length of our paper also arises from our aim to make it accessible to

non-experts in sphere geometries.

Future research. While we hope to have made a substantial initial

contribution, the problem area is still wide open. Future work within

the setting of Möbius geometry includes the topics addressed under

limitations. We did not consider structural properties of support

structures, which raises the question whether the increased flexibil-

ity in having spherical rather than flat quad panels with a support

structure provides enough degrees of freedom to better align it with

principal stress directions. We have already started to work within

the other classical sphere geometries, namely the ones of Laguerre

and Lie. One obtains, for example, smooth skins whose panels are

spherical or parts of Dupin cyclides, arranged in a checkerboard pat-

tern. Most likely, such structures provide an advantage for discrete

differential sphere geometry, which is a largely unexplored area.
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A APPENDIX

A.1 Proof of Lemma 2.1
Proof. A sphere congruence has two real envelopes if and only

if the intersection line of the two planes

𝜕𝑢𝑆 (𝑢, 𝑣, x) = 0, and 𝜕𝑣𝑆 (𝑢, 𝑣, x) = 0.

intersects the sphere 𝑆 (𝑢, 𝑣, x) = 0 in two real points. This is the

case if and only if the distance of this line is closer to the center c of
the sphere than its radius 𝑟 .

The distance of the intersection line

to c equals the diameter of the circum-

circle of c,
a := c − 𝑟𝑟𝑢

∥c𝑢 ∥2
c𝑢 and b := c − 𝑟𝑟𝑣

∥c𝑣 ∥2
c𝑣 ,

which is

𝛿 :=
∥a−b∥

sin∠ (a−c,b−c) =

 𝑟𝑟𝑢

∥c𝑢 ∥2
c𝑢− 𝑟𝑟𝑣

∥c𝑣 ∥2
c𝑣


sin ∠ (c𝑢 ,c𝑣 ) .

Consequently, there are two real en-

velopes if and only if 𝛿 < 𝑟 or squared

𝛿

c

a

bbbbbbbbbbbbbbbbb

𝑟

𝜕
𝑢
𝑆
=
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=
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=
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=
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=
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=

0
𝜕
𝑢
𝑆
=
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=
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𝑆
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=
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𝑆
=
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𝑆
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0
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0
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𝑆
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 𝑟𝑢

∥c𝑢 ∥2
c𝑢 − 𝑟𝑣

∥c𝑣 ∥2
c𝑣
2

< 1 − cos
2 ∠(c𝑢 , c𝑣) = 1 − ⟨c𝑢 , c𝑣⟩2

∥c𝑢 ∥2∥c𝑣 ∥2
,

which is further equivalent to𝑟𝑢 ∥c𝑣 ∥ c𝑢
∥c𝑢 ∥

− 𝑟𝑣 ∥c𝑢 ∥
c𝑣
∥c𝑣 ∥

2

< ∥c𝑢 ∥2∥c𝑣 ∥2 − ⟨c𝑢 , c𝑣⟩2 .

Exploiting the identity ∥_p + `q∥ = ∥`p + _q∥ for vectors p, q with

∥p∥ = ∥q∥ the above condition simplifies to

∥𝑟𝑢c𝑣 − 𝑟𝑣c𝑢 ∥2 < ∥c𝑢 ∥2∥c𝑣 ∥2 − ⟨c𝑢 , c𝑣⟩2 . □

A.2 Proof of Lemma 6.1
Proof. We must show that ŝ𝑖𝑘 bisects the angle formed by the

two spheres ŝ𝑖 and ŝ𝑘 in its acute angle. We have

⟨⟨ŝ𝑖 , ŝ𝑘 ⟩⟩ = 2(𝑟2

𝑖 + 𝑟
2

𝑘
− ∥c𝑖 − c𝑘 ∥2)

and consequently ⟨⟨ŝ𝑖 , ŝ𝑖 ⟩⟩ = 4𝑟2

𝑖
and ⟨⟨ŝ𝑘 , ŝ𝑘 ⟩⟩ = 4𝑟2

𝑘
. Using

⟨⟨ŝ𝑖 , ŝ𝑖𝑘 ⟩⟩ = ⟨⟨ŝ𝑖 , Y𝑟𝑘 ŝ𝑖 + 𝑟𝑖 ŝ𝑘 , ⟩⟩ = 4Y𝑟2

𝑖 𝑟𝑘 + 𝑟𝑖 ⟨⟨ŝ𝑖 , ŝ𝑘 ⟩⟩
and

⟨⟨ŝ𝑖𝑘 , ŝ𝑖𝑘 ⟩⟩ = 4𝑟2

𝑖 𝑟
2

𝑘
+ 2Y𝑟𝑖𝑟𝑘 ⟨⟨s𝑖 , s𝑘 ⟩⟩ + 4𝑟2

𝑖 𝑟
2

𝑘

= 2𝑟𝑖𝑟𝑘 (4𝑟𝑖𝑟𝑘 + |⟨⟨ŝ𝑖 , ŝ𝑘 ⟩⟩|),

the cosine of the angle between the spheres represented by ŝ𝑖 and
ŝ𝑖𝑘 equals

| cos ∠(ŝ𝑖 , ŝ𝑖𝑘 ) | =
4𝑟𝑖𝑟𝑘 + |⟨⟨ŝ𝑖 , ŝ𝑘 ⟩⟩|√

2

√︁
(4𝑟𝑖𝑟𝑘 )2 + 4𝑟𝑖𝑟𝑘 |⟨⟨ŝ𝑖 , ŝ𝑘 ⟩⟩|

and analogously

| cos ∠(ŝ𝑘 , ŝ𝑖𝑘 ) | =
4𝑟𝑖𝑟𝑘 + |⟨⟨ŝ𝑖 , ŝ𝑘 ⟩⟩|√

2

√︁
(4𝑟𝑖𝑟𝑘 )2 + 4𝑟𝑖𝑟𝑘 |⟨⟨ŝ𝑖 , ŝ𝑘 ⟩⟩|

.

It follows that the cosine of the angles might only differ by the sign

implying that either

∠(ŝ𝑖 , ŝ𝑖𝑘 ) = ∠(ŝ𝑘 , ŝ𝑖𝑘 ) or ∠(ŝ𝑖 , ŝ𝑖𝑘 ) = 𝜋 − ∠(ŝ𝑘 , ŝ𝑖𝑘 ) .
Consequently, the sphere represented by ŝ𝑖𝑘 (and angalogously ŝ𝑜 )
bisects the two spheres ŝ𝑖 and ŝ𝑘 . To see that ŝ𝑖𝑘 lies in its acute

angle we compute

| cos ∠(ŝ𝑖 , ŝ𝑖𝑘 ) | =
4𝑟𝑖𝑟𝑘 + |⟨⟨ŝ𝑖 , ŝ𝑘 ⟩⟩|√

2

√︁
(4𝑟𝑖𝑟𝑘 )2 + 4𝑟𝑖𝑟𝑘 |⟨⟨ŝ𝑖 , ŝ𝑘 ⟩⟩|

=
4𝑟𝑖𝑟𝑘 + |⟨⟨ŝ𝑖 , ŝ𝑘 ⟩⟩|√

2

√︁
(4𝑟𝑖𝑟𝑘 + |⟨⟨ŝ𝑖 , ŝ𝑘 ⟩⟩|)2 − 4𝑟𝑖𝑟𝑘 |⟨⟨ŝ𝑖 , ŝ𝑘 ⟩⟩| − |⟨⟨ŝ𝑖 , ŝ𝑘 ⟩⟩|2

>
4𝑟𝑖𝑟𝑘 + |⟨⟨ŝ𝑖 , ŝ𝑘 ⟩⟩|√

2

√︁
(4𝑟𝑖𝑟𝑘 + |⟨⟨ŝ𝑖 , ŝ𝑘 ⟩⟩|)2

=
1

√
2

,

and conclude ∠(ŝ𝑖 , ŝ𝑖𝑘 ) < 𝜋
4
or 𝜋 − ∠(ŝ𝑖 , ŝ𝑖𝑘 ) < 𝜋

4
. □

Fig. 33. Sphere meshes. The smaller the faces (typically triangles) become
the less curvature must be covered by spherical faces resulting in spheres
which are almost planes.
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