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Abstract

By its dual representation, a developablesurfacecan be viewed as a curve
of dual projective 3-space.After intro ducing an appropriate metric in the
dual spaceand restricting ourselvesto special parametrizations of the sur-
facesinvolved, we derive linear approximation algorithms for developable
NURBS surfaces,including multiscale approximations. Special attention
is paid to controlling the curve of regression.

Keywords: computer aided geometric design, surface approximation, de-
velopablesurface,dual representation, NURBS

1 In tro duction

A developablesurface is a surfacewhich can be unfolded (developed) into a plane
without stretching or tearing. Mathematically speaking, there is a mapping of
the surfaceinto the Euclideanplane which is isometric, at least locally. Because
of this property, developablesurfacespossessa variety of applications in man-
ufacturing with materials that are not amenableto stretching. These include
the formation of aircraft skins, ship hulls, ducts and automobile parts such as
upholstery, body panelsand windshields(seee.g. [8]).

Sincecurrent CAD/CAM systemsare using rational B-splines (NURBS) as
standard for curve and surface representations [7, 18], there is a demand for
e�cien t computing with developableNURBS surfaces. There are basically two
approachesto dealing with rational developablesurfaces.On the one hand, one
can expresssuch a surfaceas a tensor product surfaceof degree(1; n) and solve
the nonlinear side conditions expressingthe developability [1, 2, 5, 14]. On the
other hand, wecanview the surfaceasenvelopeof its oneparametersetof tangent
planesand thus treat it as a curve in dual projective space[3, 4, 11, 12, 19, 20].
Basedon the latter approach, someinterpolation and approximation algorithms
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as well as initial solutions to special applications have been presented recently
[11, 12, 13, 20, 22, 24]

In the present paper we develop further the useof the dual representation for
the solution of fundamental approximation problemswith developablesurfaces.
The new algorithms are basedon appropriate metrics in dual spaceaswell ason
limitation to special surfaceclasses.Thus most of them are of a linear nature.
Only pushing out the line of regressionfrom the area of interest requires the
solution of convex programming problem.

2 The dual represen tation of developable sur-
faces

Developablesurfacescan be isometrically mapped (developed) into the plane, at
least locally. When su�cien t di�eren tiabilit y is assumed,they are characterized
by the vanishing of their Gaussiancurvature. A non-
at developablesurfaceis
the envelope of its one parameter family of tangent planes. Such a developable
surface locally is either a conical surface,a cylindrical surface,or the tangent
surfaceof a twisted curve. Globally, of course,it can be a rather complicated
composition of these three surfacetypes. Thus, developablesurfacesare ruled
surfaces,but with the special property that they possessthe sametangent plane
at all points of the samegenerator(=ruling ).

We will do our calculations in the projective extensionP 3 of real Euclidean
3-spaceE 3 and usehomogeneousCartesiancoordinates(x0; x1; x2; x3) for points.
For points not at in�nit y, i.e., x0 6= 0, the correspondinginhomogeneousCartesian
coordinateswill be denotedby

x =
x1

x0
; y =

x2

x0
; z =

x3

x0
;

we write X = (x; y; z).
A plane with equation u0x0 + u1x1 + u2x2 + u3x3 = 0, or, equivalently, u0 +

u1x + u2y + u3z = 0 can be represented by its homogeneous plane coordinates
U = (u0; u1; u2; u3).

Becausein all points of a generator line the tangent plane is the same,we
can identify a developablesurfacewith the one-parameterfamily of its tangent
planesU(t), or in other words, with a certain curve in dual projective space. If
this curve is a NURBS curve

U(t) =
nX

i =0

Ui N k
i (t); (1)

we call the original surfacea developable NURBS surface. Here the N k
i denote

normalized B-spline basis functions of degreek over a given knot vector. The
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word `normalized' means that the sum of the basis functions is the constant
function 1. The symbol Ui denotesa coordinate quadruple of the i -th control
plane Ui . Of coursethe coordinate quadruple contains more information than
just the plane as a point set, but for simplicity we just speak of the coordinates
of the plane.

There is no mathematical reasonwhy we restrict ourselves to the B-splines.
They have, however, a lot of properties which make them easyto deal with. A
theorem is easily veri�ed to hold for developablesurfaceswhich are modeledby
a di�eren t spline spaceas well, if this spline spaceenjoys all properties of the
B-spline spacewhich are usedin the proof of this theorem.

It is well known that the plane U(t) touchesthe envelope of the family U(t)
along the generatorline

U(t) \ _U(t):

In particular, the rulings which correspond to parametervalueswhich are(k+ 1)-
fold knots (usually t0 and tn ), can easily be expressedin terms of the control
planes.

The cuspoidal edge or line of regression of the surface is obtained as the
intersection

U(t) \ _U(t) \ •U(t):

In generalit is a rational B-spline curve of degree3k � 6.
Recently, algorithms for the computation with the dual representation, the

conversionto the standard tensor product representation and the solution of in-
terpolation and someapproximation algorithms have beendeveloped [11,12, 20].
In this paper we explorefurther approximation of and with developablesurfaces.
This is not a straightforward application of duality, as might be expected,since
duality doesnot extend to the Euclideanmetric and, moreover, Euclideangeom-
etry doesnot contain deviation measuresbetweenplanesthat would be useful in
the present context.

3 A special class of developable NURBS sur-
faces

3.1 De�nitions and elementary prop erties

For the approximation algorithms discussedin this paper, we will restrict the
class of developable surfaceswe are working with: We only consider surfaces
whosefamily of tangent planesis of the form

U(t) = (u0(t); u1(t); u2(t); � 1): (2)

For NURBS surfacesthis is equivalent to the choiceof control planesUi = (u0;i ,
u1;i , u2;i , u3;i ) such that always u3;i = � 1. This meansthat for all possibleplanes
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U we no longer allow to choosean arbitrary coordinate quadruple describingU,
but we restrict ourselvesto the uniqueonewhoselast coordinate equals� 1. This
is not possibleif the last coordinate is zero, so we have to excludeall surfaces
with tangent planesparallel to the z-axis. In most casesthis requirement is easily
ful�lled by choosingan appropriate coordinate system.

We can also useother basis functions (instead of the normalized B-splines),
which do not sum up to 1. The only di�erence is that we have to set u3(t) to � 1
and to ignore the third coordinate of planeswhen computing ui (t). This makes
the formulae more clumsy, but is no essential restriction.

Dual projective spacewith the bundle of planes(u0; u1; u2; 0) removed is an
a�ne spaceand (u0; u1; u2), describingthe plane (u0; u1; u2; � 1), are a�ne coor-
dinates in it. The surfaces(2) becomeordinary piecewisepolynomial B-spline
curves.

For most applications it is convenient to restrict the classof surfaceseven
further by prescribingthe parametrization:

U(t) = (u0(t); u1(t); t; � 1): (3)

Its generatorsg(t) lie in the �rst derivative planes,which now have the form

_U(t) = ( _u0; _u1; 1; 0) (4)

As it was with the surfacesof type (2), it does not matter whether or not the
spline spacecontains the identit y function t 7! t. The set of parametrizations
(u0(t); u1(t); t; � 1) with u0 and u1 from our spline spacestill is a well-de�ned set
of functions whoseproperties can be studied, and which metrics of an ambient
spacecan be restricted to (seelater).

The next lemma shows somelimitations of the class(3):

Lemma 1 The surfaces (3) do not possessin
e ction generators and generators
parallel to the plane x = 0.

Proof: The generator g(t0) is an in
ection generator if and only if U(t) has a
singularity as a curve in projective space.For surfacesof type (2) this happens
if and only if _U(t) = 0, and it never happensfor surfacesof type (3).

Further, direct calculation gives the intersection point of the three planes
U(t), _U(t) and x = 0, which never is situated at in�nit y. 2

Becausein
ection generatorsare singularities in dual space,they needa spe-
cial treatment anyway. In approximation problemswewill have to cut the surface
which we want to approximate into pieceswhich do not contain in
ection gen-
erators. For a detailed study of in
ection generatorsof developablesurfacesin
connectionwith applications in manufacturing, we refer the readerto [6].

For more insight into the geometryof the special developablesurfacesof type
(3), let us intersect the surfacewith the plane x = c.
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Lemma 2 The intersection curve Cc of a NURBS surface (3) with the plane
x = c is a polynomial B-spline curve of degree k and knot multiplicities one
greater than the knot multiplicities of (3).

Proof: The curve Cc is the envelope of the lines z = u0 + cu1 + ty. Thus the
geometric meaning of the parameter t is the tangent slope of the intersection
curvesCc. An elementary calculation givesthe parametric representation of Cc:

x = c; y = � _hc(t); z = hc(t) � t _hc(t); with hc(t) := u0(t) + cu1(t): (5)

We seethat theseare polynomial B-spline curves. The function t _hc is of polyno-
mial degreelessor equalk and its di�eren tiabilit y classat the knot valuesis one
lessthen the di�eren tiabilit y classof the ui . This implies the statement about
the multiplicities. 2

Corollary 3 A developableNURBS surface (3) can also be written as a polyno-
mial tensor product B-spline surface of degree (1; k),

S = (1 � u)Ca(t) + uCb(t);

where Ca and Cb are the intersection curvesin planesx = a and x = b.

Developabletensorproduct B-splinesurfaceswith boundary curvesin parallel
planeshave beeninvestigatedin several papers [1, 2, 5], but the computational
simplicity of our special subclass(3) remainedunobserved so far.

4 Appro ximation algorithms

Our treatment of approximation problemsis basedon two ingredients. First, we
are limiting our candidatesurfaceswhich we would like to usefor approximation
to special subclassesdiscussedin the previous section. Second,we are using
appropriate error measures,which will be discussednow.

4.1 Distance functions between planes

In order to approximate a given set of planes by another one, it is necessary
to introduce an appropriate distance between two planes. Euclidean geometry
doesnot directly provide such a distance function. All invariants are expressed
in terms of the angle between planes and are inappropriate for our purposes,
becausewe are only interestedin the distancesof points of the two planeswhich
are near someregion of interest, and this distancecan becomearbitrarily large
with the anglegetting arbitrarily closeto zeroat the sametime.

In order to keep certain algorithms linear, we approach the problem in the
following way. When designinga developablesurface,we do it in piecesfor which
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there existsa vector e 2 R3 such that the anglebetweenthe surfacenormalsand
e does not exceedsomeangle 
 0 < � =2. Then, e is taken as third unit vector
of a Cartesian coordinate system. Now all tangent planesof the surfacecan be
written as graph of a linear function in x and y as z = u0 + u1x + u2y.

For a positive measure� in R2 we de�ne the distance d� between planes
Ui = (u0;i ; u1;i ; u2;i ; � 1) as

d� (U1; U2) = k(u0;1 � u0;2) + (u1;1 � u1;2)x + (u2;1 � u2;2)ykL 2 (� ) ; (6)

i.e., the L 2(� )-distanceof the linear functions whosegraphsare U1 and U2. This,
of course,makessenseonly if the linear function which represents the di�erence
betweenthe two planesis in L 2(� ). We will always assumethat the measure�
is such that all linear and quadratic functions possess�nite integral.

A usefulchoicefor � is Lebesguemeasuredxdy times the characteristic func-
tion of a region of interest. If � = dxdy� D , we have

d� (U1; U2)2 =
Z

D
((u0;1 � u0;2) + (u1;1 � u1;2)x + (u2;1 � u2;2)y)2dxdy: (7)

We write dD (U1; U2) instead of d� (U1; U2).
Another possibility is that � equalsthe sum of several point massesat points

(x i ; yi ), see[11]. In this casewe have

d� (U1; U2)2 =
X

j

((u0;1 � u0;2) + (u1;1 � u1;2)x j + (u2;1 � u2;2)yj )2: (8)

Lemma 4 The distance d� de�nes a Euclidean metric in the setof planesof type
(2), if and only if � is not concentrated in a straight line.

Proof: The coe�cien ts of the planesenter (7) in a bilinear way. Symmetry and
positive semi-de�nitenessfollow from the respective properties of the L 2 scalar
product. The positive de�niteness is alsoseeneasily:

Supposethe zero set of the nonzerolinear function f (x; y) the line g. � is
not concentrated on g, so there is a measurableset E with � (E n g) > 0. Let
An = f P 2 R2j2� (n+1) � Pg < 2� ng. Then � (E ng) =

P
n2 Z � (E \ An ), so there

is an i such that � (E \ A i ) > 0. In A i the function f 2 is boundedfrom below by
c > 0, so kf k2

L 2(� ) � � (A i \ E) � c > 0 and the metric is positive de�nite. The
converseis obvious. 2

Becausethe spaceof symmetric bilinear forms in R3 is six-dimensional,the
variety of distancefunctions betweenplanesis not as great as it may seem.For
example, the problem, given a metric, to determine three points such that (8)
reproduces this metric up to a scalar factor, is quadratic in the six unknown
coordinates.
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4.2 Appro ximation of tangen t planes

Consider the following approximation problem. Given m planesV1; : : : ; Vm and
corresponding parameter values vi , approximate these planesby a developable
surfaceU(t), such that U(vi ) is closeto the given plane Vi within an associated
areaof interest, wherei rangesfrom 1 to m.

The meaningof `close'is the following: There is a Cartesiancoordinate system
�xed in spacesuch that all planesare graphsof linear functions of the xy-plane.
Its third unit vector may be found as solution of a regressionproblem to the
given plane normals. For all i there is a region of interest D i , or, more generally,
a measure� i , in the xy-plane. We want to minimize

F1 :=
mX

i =1

d� i (Vi ; U(vi ))2; (9)

for an unknown developablesurfaceU(t). If U(t) is a NURBS surfaceof type
(2), F1 is a quadratic function in the unknown coordinates of the control planes
Ui . Thesecan then be found by solving a linear systemof equations.

Figure 1: Approximation of a set of planesby a developablesurface

A good choicefor � i would be wi � D i dxdy. An exampleof this can be seenin
Fig. 1. The positive weights wi can be used to assignmore or lessimportance
to the single parameter valuesvi . It would also be possibleto choosedi�eren t
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Figure 2: Approximation of a developablesurfaceby a splinetorse. Left: original
parameter values. Right: Result after a parameter correction. Number of basis
functions: 5

coordinate systemsfor di�eren t planes Vi , but this is not necessary, because
it is equivalent to multiplying the weights wi with appropriate factors. With
wi = sin2 
 i , where 
 i is the Euclidean angle, which is enclosedbetweenVi and
the z-axis, we can correct the in
uence of measuringdistancesin the z-direction
of a �xed coordinate systemfor all i .

One may �x someboundary control planesin order to ensurea smooth join
of subsequent surfacesegments. Note that the computation of the surfaceU(t) is
equivalent to a polynomial B-spline curve approximation problem using di�eren t
Euclidean metrics at di�eren t points to be approximated. Working with the
same� or D for all planes,we get an ordinary curve approximation problem in
Euclidean3-space[7, 10, 18].

Sincethe parametersvi have to be �xed in advanceand another choicecould
have given better results, one will start with an initial guessand then improve
it by parameter correction. With the Euclidean norms de�ned above, we can
directly apply the known computational schemes[10]. An exampleis shown in
Fig. 2.

If a given developablesurfaceV(t) has to be approximated, we may either
work with discrete tangent planesas above, or approximate the parameterized
surfaceV(t); t 2 [v0; v1]; by minimizing the quadratic function

F2 :=
Z v1

v0

d� (t )(V(t); U(t))2dt: (10)

An application of this is approximate degree reduction of developableNURBS
surfaces.

4.3 Including data poin ts and generators

Let us now discussthe introduction of generatorsand surfacepoints into the
approximation. We assumethat a coordinate system has been de�ned and a
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Figure 3: Approximation of a developablesurface(light grey) by a developable
spline surface. Left: Approximation (result is shown black) using only tangent
planes(not shown, cf. Fig. 1). Right: Approximation of planesplus two genera-
tors (grey).

segmentation has beenperformed,such that the surfacesegment we are dealing
with does not possessa generatorparallel to the yz-plane or an in
ection gen-
erator. Then, the deviation � (g(t); h) of a given line h and the generatorg(t) of
the NURBS surfaceU(t) is measured,in analogyto subsection4.1, with the help
of a positive measureon the real line R. For simplicity, we will formulate the
de�nition only for the casethat this measureis Lebesguemeasurein an interval
I .

Becausethe generatorg(t) is contained in the plane _U(t) = ( _u0; _u1; 1; 0), the
projection of g(t) into the plane z = 0 is the line _u0 + _u1x + y = 0. Thus, we
de�ne

� I (h; g(t))2 :=
Z

I
(h0 � _u0(t) + (h1 � _u1(t)) x)2 dx: (11)

Here, 0 = h0 + h1x + y is the projection of h into the plane z = 0. As remarked
above, we could useherealsodiscreteunit massesor other measures� such that
the linear and quadratic functions are in L 2(� ). An Example of approximation
including generatorsis shown in Fig. 3

The function � alonedoesnot leada positive de�nite metric, but whenadded
to the distancemeasuredbetweenplanes,it will serve asa correction term which
accounts for the generator lines. In a similar way the distance of a point P =
(p1; p2; p3) to a generatorg(t) is given by

�( P; g(t)) := j _u0(t) + _u1(t)p1 + p2j (12)

together with the corresponding tangent plane deviation.

9



Given m tangent planesVi plus generatorsgi , we can approximate thesedata
by a NURBS surfaceof the form (3) as follows. After an appropriate segmen-
tation (seethe discussionabove) and the choiceof local coordinate systems,the
plane coordinates Vi = (: : : ; vi ; � 1) with vi 6= vj if i 6= j , already determine
the parametersvi which have to be used in formulas like (9). Then, with the
measures� i from (9) and intervals I i from (11), we de�ne the quadratic function

F3 :=
mX

i =1

�
d� i (Vi ; U(vi ))2 + � i � I i (gi ; g(vi ))2

�
: (13)

Again, weights � i can be used to correct error measurement directions or give
more importanceto certain indicesi . The surfaceU(t) then is found asthe linear
combination of the basisfunctions which minimizesF3.

Analogously, we can incorporate data points into the approximation. If data
points or generatorsare given without tangent planes, the latter must be esti-
mated beforethis method can be applied. There is no problem in setting up the
counterpart to (10) for the approximation of a given developablesurface.

4.4 Con trolling the curv e of regression

Sinceits line of regressionis a singularity of a developablesurface,it is desirable
that it should lie outsidesomepre-de�ned areaof interest. To achieve this when
approximating tangent planesand generatorslike in the previoussubsection,we
can do the following:

For a surfaceof type (3), the point of regressionat the parametert lies in the
plane •U(t), which is given by (•u0; •u1; 0; 0). Its x-coordinate is easily found to be
� •u0=•u1. Thus, we have the following

x   0

x   1

forbidden

-x  / x   = b     0       1

-x  / x   = a     0       1

Figure 4: Forbidden region (white) for •u0 = x0, •u1 = x1
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Lemma 5 In order to keep the point of regressionoutside the area a � x � b,
the surface U(t) of type (3) must satisfy � •u0=•u1 62[a;b], or, equivalently,

�
�
�
�
•u0(t)
•u1(t)

+ c

�
�
�
� > r; (14)

with c = (b+ a)=2 and r = (b� a)=2.

The forbidden areacan be seenin Fig. 4.
If the spline spacewhich contains the functions u0(t) and u1(t) has the prop-

erty that the secondderivativesof its membersare contained in the spline space
which enjoys the two-dimensionalconvex hull property, it is easyto formulate a
condition on the control points of the curve (•u0; •u1):

Lemma 6 In the situation mentioned above, if all control points of the curve
(•u0(t); •u1(t)) , are situated in one of the two connected components of the grey
area indicated in Fig. 4, then the line of regressionis outsidethe area a � x � b.

Proof: This followsimmediately from the convexhull property of the splinespace,
becausethen the curve (•u0; •u1) is entirely contained in oneof the two grey regions
above. 2

Note that `outside the area a � x � b' doesnot mean `on one of the two sides
of the area a � x � b'. The curve of regressioncan have points at in�nit y and
changefrom one side to the other. The two regionsin Fig. 4 do not correspond
to the two sidesof the region a � x � b.

We shouldalsoremark that we tacitly alsoexcludedthe case(•u0; •u1) = (0; 0)
as`forbidden', becausethe corresponding point of regressionis a point at in�nit y
which is contained in the projectiveextensionof all regionsof the form a � x � b.
This however doesnot matter very much becauseit doesnot occur in the generic
caseanyway, and if it does,we could apply a coordinate transformation.

It is well known that the secondderivativesof B-spline functions are B-spline
functions of a lower degree,so the lemma is applicable in this case.

Example: If ui (t) are B-spline functions of order two, their secondderivativesare
piecewiseconstant and it is very easyto test whether or not the line of regression
meetsthe region a � x � b.

Example: If ui (t) are B-spline functions of order three, their secondderivatives
arepiecewiselinear and lemma6 is sharp,which means,that the line of regression
avoids the region a � x � b if and only if the control points of the curve (•u0; •u1)
are contained in oneof the two convex regionsof Fig. 4.

We are going to describe an algorithm how to �nd the developablesurface
contained in a given spline spacewhich is closestto a given developablesurface
in somesensewhich was previously de�ned.

11



Chooseone of the two grey convex unbounded polytopes of Fig. 4 and call
it K . The spline spacewhich contains u0 and u1 shall have basis functions
f 1; : : : ; f n . The secondderivatives •f 0; : : : ; •f n are contained in a spline spacewith
basisfunctions g1; : : : ; gm and can thereforebe written as

•f i (t) =
X

j

r ij gj (t):

The r ij are either well known or can be found numerically by di�eren tiating the
f i twice and then approximating this function by a linear combination of the gj .

Thus there is a linear mappingL which mapsthe sequenceof control points of
the curve (u0(t); u1(t)) to the sequenceof control points of ( •u0(t); •u1(t)). Now the
sequenceof control points of the secondderivativecurveis contained in K � : : :� K
if and only if the sequenceof control points of the curve (u0; u1) is contained in
the convex polytope

eK = L � 1(K � : : : � K ):

The equationsof K are very simple, thereforesoare the equationsof the m-fold
product of K with itself. The equationsof its L-preimageare easily found by
solving a linear system.

Now we are able to reformulate the problem asfollows: Given a convex poly-
hedron eK in Rr together with a scalar product and a point o. Find the point
p 2 eK which is closestto o in the senseof the metric which is de�ned by the
scalar product. This problem is well known and there is an extensive literature
about it.

forbidden

Figure 5: Left: Top view of developablesurfacewith line of regression.Right:
Approximation such that line of regressionavoids forbidden area

In the caseof B-spline functions the linear mapping L is onto. Therefore
the structure of eK is that of a product of K � : : : � K with an Rs, s being
the di�erence in dimensionsof the spline spacewhich contains the ui and the
spline spacewhich contains their secondderivatives. So it is easyto �nd linear
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x

y

Figure 6: The (piecewiselinear) curves (•u0; •u1) before (black) and after (grey)
pushing out the line of regressionfrom the forbidden area.

equalities for eK none of which is redundant, and such that exactly d of them
de�ne a d-codimensional face of eK . Thus it is not very di�cult to seethat to
determine the point of eK which is closestto o we have to follow the following
Algorithm:

1. Choosean interior point p0 of eK . An obviouschoiceis a point of L � 1(( � 1; 0)�
: : : � (� 1; 0)). The sign in the de�nition of p0 dependson which oneof the
two possibleK 's we have chosen.

2. If o 2 eK , let s = o and go to 6. If not, intersect the line segment [p0; o]
with @eK . This givesthe point p1.

3. Initialize the value of the current face F with the perhaps not uniquely
de�ned 1-codimensionalboundary faceof eK which contains p1, and let the
current codimension d = 1. Let p = p1. In the following, the symbol [F ]
denotesthe a�ne hull of F , and n(o;F ) denotesthe point of [F ] which is
closestto o.

4. Let q = n(o;F ). If q 2 F , let s = q and go to 6. If not, follow the line
segment [p;q] until it leavesF at the point r .

5. For all d-codimensionalfacesG of eK which contain the (d+ 1)-codimensional
faceH of @F de�ned by r follow the oriented line segment [r; n(o;G)]. If
there is a G such that this line segment points from r towards the interior
of G, let F = G and p = r , and go to 4. If there is none, let F = H , p = r ,
increased by one,and go to 4.
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Figure 7: Perspective View of an approximation of a developable surface by
another devolopablesurfacesuch that the line of regressionis contained in the
half-spaceright of the vertical plane.

6. Repeat the whole processfor the other choice of K also. Among the two
valuesof s choosethe onewith smaller distanceto o.

Proof: (Sketch) If K is a smooth convex surfacein Rn , we considerthe regionK 0

of K which is illuminated if we think of o asof a light source.The distanceto the
point o is a smooth function de�ned in K with a nowherevanishinggradient �eld.
In K 0 the 
o w lines of this �eld never increasetheir distance. When following
the gradient 
o w we arrive at the solution in �nite time.

If K is a polyhedron, the 
o w linesarestraight lines. We considerthe smooth
surfaceK + �D , D being the unit ball of Rn . It contains 1-codimensionalplanar
parts F� which are translatesof the 1-codimensionalfacesF of K . Obviously, for
� ! 0 the 
o w lines of the gradient �eld in F� convergeto the lines in F which
passthrough n(o;F ).

Let G be a d-dimensionalfaceof K , and considerthe (d+ 1)-dimensionalfaces
G1; : : : ; Gk which contain G. Becausethe distanceof 
o w lines cannot increase,
it is not possiblethat 
o w lines are emanating from G into more than one of
the Gi . If no 
o w line leaves G, we say that the 
o w lines of G are trapped in
dimension d. The sameargument about the distance of 
o w lines shows that
once
o w lines are trapped in dimensiond, they stay in facesof dimension� d.

To �nd the solution, we have therefore to do the following: Check if o 2 K .
If not, go to a point of K 0. and follow the 
o w lines. The algorithm above does
just this. Becausethere are a �nite number of facesand each faceoccursat most
oncein the algorithm (becausefollowing the 
o w lines decreasesthe distanceto
o), it convergesto the solution in a �nite time. 2
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Figures5, 6 and 7 show examples.Of courseother standard methods of con-
vex programming can be employed also, for instance a barrier-generatedpath-
following method. Such a method is more recommendedwhen the structure of
the polyhedronis not completelyknown [17]. Wechosethis algorithm, and wede-
scribed it at length despitedthe fact that many algorithms for quadratic/convex
optimatization problemscan be found in the literature, becauseour polyhedron
hassuch a simplestructure that the mostsimpleandobviousgeometricalgorithm,
i.e., following the gradient lines on the polyhedron, does not lead to numerical
di�culties.

4.5 Appro ximation via multiresolution analysis

There are several ways to apply the conceptof multiresolution analysisto devel-
opable surfaces. One is, of course,to treat the surfaceof type (2) or type (3)
as a curve in a�ne R3 or R2, respectively. This is nothing but multiresolution
analysisfor curves,and leadslikewiseto e�cien t �lter bank decomposition and
storageof developablesurfaces.

A di�eren t problem is the following. Just like a planar curve can be approxi-
mated by an arc spline, i.e., a curve which consistsof circular arcs, we may ask
for an approximation of a developablesurfaceby a surfaceconsistingof certain
quadratic cones. We could useconesof revolution, or we could useconesall of
whoseintersectioncurveswith horizontal planesare circles. The latter will turn
out to lead to the planar arc spline approximation problem.

In [25] the support functions of (locally) convex curves have been approxi-
mated by trigonometric spline functions and analyzedby a generalizedmultires-
olution analysiswhich was introducedin [15]. Herewe are interestedonly in the
part of the developablesurfacewhich lies betweentwo parallel planes. Without
lossof generality we assumethat theseplanesare z = 0 and z = 1. Then the
surfacehasintersectioncurvesc0 and c1 with thesetwo planes.When we approx-
imate both c0 and c1 by arc splines,the unique developablesurfacedetermined
by the arc splineswill be an approximant to the original surface. In order to
diminish the number of lines of curvature disconinuity in the approximant even
further, we choose the samespline spacefor approximation of c0 and c1. An
examplecan be seenin Fig. 9.

To accomplishthis, we have to de�ne a distancebetweentwo such surfaces.
First we de�ne a distancebetweenplaneswhosecontour linesare parallel. It will
be a positive de�nite quadratic form of the oriented distancesh0 and h1 of the
contour lines in z = 0 and z = 1, respectively. One obvious possibility is

q(h0; h1) = h2
0 + h2

1: (15)

Another one is

q(h0; h1) =
Z 1

0
h(z)2dz =

1
3

(h2
0 + h0h1 + h2

1); (16)
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z=0

z=1

h  > 0   0

h  < 0   1

U   0 U  1h(z)

Figure 8: Deviation betweenplanesU1 and U2

0
curvature radii

support functions

Figure 9: Multiresolution analysisof developablesurfaces.The �gure showsa �ne
and a coarseapproximation as well as the support functions and the curvature
radii of the contour lines in the planesz = 0 and z = 1. At the bottom right the
support functions and curvature radii of the original surfareare shown.

16



whereh(z) = zh1 + (1 � z)h0.
Now supposethat f i (' ) and gi (' ) arethe support functionsof the intersection

curvesof two developablesurfaces� and 	 with planesz = i , i = 0; 1. For given
' , the distancebetweenthe tangent planesto � and 	 which belongto the angle
' , canbe expressedin terms of h0(' ) = f 0(' ) � g0(' ) and h1(' ) = f 1(' ) � g1(' ).
Thus we de�ne

d� (� ; 	) =
Z

q(f 0(' ) � g0(' ); f 1(' ) � g1(' ))d� (' ); (17)

with an appropriate positive measure� . Typically this will be Lebesguemeasure
in an interval. We further let

� ((u0; u1); (v0; v1)) =
1
2

(q(u0 + v0; u1 + v1) � q(u0; u1) � q(v0; v1)) ; (18)

which is the unique symmetric bilinear form whoserestriction to the diagonal
gives q. Then the distance (17) is induced by the following scalar product on
L 2(� ) � L 2(� ):

� � (( f 0; f 1); (g0; g1)) =
Z

� (( f 0(' ); f 1(' )) ; (g0(' ); g1(' ))) d� (' ) (19)

Lemma 7 The scalar product (19) is positive de�nite in L 2(� ) � L 2(� ).

Proof: Clearly
R

q(f 0; f 1)d� (' ) = 0 impliesq(f 0; f 1) = 0 almosteverywhere(a.e.),
so f 0 = 0 a.e.and f 1 = 0 a.e.,by positive de�niteness of � . 2

Supposewealreadyhavea generalizedmultiresolution analysisin L 2(� ), given
by the sequence

V0 � V1 � : : :

Vi +1 = Vi � Wi and Wi ? Vi

L 2(� ) =
S

Vi = V0 � W0 � W1 � : : :

(20)

Then we have the following

Theorem 8 The scalar product (19) is compatible with the direct sum topology
of L 2(� ) � L 2(� ). If we let

eVi = Vi � Vi � L 2(� ) � L 2(� ) and fWi = Wi � Wi ; (21)

then the following is a generalized multiresolution analysis:

eV0 � eV1 � : : :
eVi +1 = eVi � fWi and fWi ? �

eVi

L 2(� ) � L 2(� ) =
S eVi = eV0 � fW0 � fW1 � : : :

(22)
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Proof: Clearly
S eVi is densein L 2(� ) � L 2(� ) because

S
Vi is densein L 2(� ).

Let (aij ) be the coordinate (2 � 2)-matrix of � . If f 0; f 1 2 Wi and g0; g1 2 Vi ,
then �(( f 0; f 1); (g0; g1)) =

RP
aij f i (' )gj (' )d� (' ) = 0 becauseVi ? Wi . This

implies eVi ? �
fWi and the orthogonal direct sum decomposition L 2(� ) � L 2(� ) =

eV0 � fW0 � fWi : : :
Let � i denotethe orthogonal projection L 2(� ) ! Vi and e� i denotethe ortho-

gonal projection onto eVi . It is now clear that e� i (f 0; f 1) = (� i (f 0); � i (f 1)). We
have (f 0n ; f 1n ) ! (f 0; f 1) ( ) f 0n ! f 0 and f 1n ! f 1, so the topology de�ned
by � coincideswith the topology of the direct sum. 2

Corollary 9 Approximation of a developablesurface in thesensethat thesupport
functions of both contour lines are chosenfrom thesplinespace Vi of trigonometric
spline functions suchthat (17) is minimal, is doneby approximating each of the
support functions of the contour lines separately in the senseof L 2(� ).

Proof: The proof of the previoustheoremshows that the �-orthogonalprojection
e� i onto eVi coincideswith (� i ; � i ), where� i is the orthogonal projection onto Vi .
2
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