GENERAL URN MODELS WITH SEVERAL TYPES OF BALLS AND
GAUSSIAN LIMITING FIELDS

MICHAEL DRMOTA* *, DANIELE GARDY** *, AND BERNHARD GITTENBERGER* *

ABSTRACT. We study a system of m urns, where several types of balls are thrown, and an
additive valuation is assigned to each urn depending on its state. Examples are the join models
studied in a database context, and some models with two types of balls. The object of our
investigation is the evolution of the valuation with time, when a ball is thrown at each time
unit. By means of a generating function approach we show the weak convergence of the valuation
to a Gaussian field.

1. INTRODUCTION

Our main motivation is the analysis of specific random allocation models that have been pro-
posed to study the dynamical behaviour of relational databases. In particular, the second author
introduced urn models to study the so-called sizes of relations obtained by projection or joins [8, 9].
(The projection model is a generalization of the empty-urns model, see [15] for a detailed presen-
tation of this last model, both for the asymptotic distribution and for the limiting process under
a large set of assumptions) and in [6] we gave an analysis of the asymptotic process in a restricted
dynamic case (where balls are added one at a time and no deletions are allowed). The present
paper has its origin in more involved models which are related to joins, or where deletions in the
database are allowed.

The join operations in a database are basically obtained by making the cartesian product of
two tables and applying a restriction on the result. Let us assume that we have two tables T1[X, Y]
and T»[X, Z], each with two columns : The equijoin of T} and T> might be defined as the cartesian
product Ty x Ty, restricted to keep only those quadruples (z1,y, s, 2) such that z; = z5. The
semijoin of T1 with T is (best) defined as the set of couples (z,y) such that there exists some couple
(z,t) in Ty. The importance of the equijoin comes from the fact that it allows to build “new” data
from data already present in the database; however equijoins are prone to creating large tables,
which is not recommanded if one desires the database operations to be executed quickly. Semijoins
appear when selecting data to be transmitted from one place to an other, in a database distributed
over several places. In both cases, it is important that the database optimization system, which can
rewrite a query from the end user in several ways, and must then choose a “best” way, evaluates
the sizes of the tables created by a join operation.

Roughly speaking, the modeling of join sizes by urn models is as follows (see [8, 9] for the precise
definitions and models). Let us consider a table T} (X,Y"), which will be joined to a table T»(X, Z)
on column X. The values on Y have no influence on the join, as long as they belong to the relevant
domain with the right (for the underlying database problem) probability distribution and there
are no repetitions. Hence we deal with some number of distinct X values among all the possible
values for X (in a database context, there are usually a finite, if large, number of such possible
values) and their numbers of occurences. Now let us consider a sequence of urns, labelled by the
possible values for X : We associate to each tuple (z,y) a ball that goes into the urn labelled by z.
We can do this again for the next table T»(X, Z), using balls of a different type. The numbers
of balls of each type are exactly the sizes (i.e. numbers of rows) of the initial tables 77 and Ts.
Usually, these sizes of tables are parameters of the database, or at least can be known precisely
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(there is no randomness there). Finally, we represent each tuple of the (equi- or semi-)join by a
ball of a third type, according to the rules given below (from the definition of the join operations,
we can build tuples for the join by considering the X values separately, i.e. by taking each urn in
turn and investigating its contents). The number of balls of the last type is precisely the join size
that needs to be evaluated.

Such urn models have turned out to be of interest of their own as combinatorial objects; they
can also be applied to completely different fields, e.g. to biological problems etc.[13]

A mathematical formulation might be as follows. Consider a sequence of m urns into which we
throw different types of balls according to some rules. The balls are thrown one at a time and
independently. Moreover, we assume that the balls of one type are undistinguishable. Assign to each
urn U containing k; balls of type i, i = 1,2,...,d, an integer valued valuation f(ky, ks,...,kq) > 0.
We are interested in the random variable X,,, equal to the sum of all valuations. If we denote by
K;; the number of balls of type i in the jth urn, then we have

m
Xm:Zf(Klja"'ade)J (11)

j=1

where we condition on E;"Zl K;; =n;, i =1,2,...,d. This formulation allows us to present a
unified treatment of both the join models and of several urn models previously encountered :

e Semijoin and equijoin models in dynamical databases, where we have two types of balls and
the valuation is the join size :

_ | kilpg,se for the semijoin,
f kb, ko) = { ki ks for the equijoin.

A first study of the dynamic behaviour of join models under some assumptions was presented
in [11], where each case required an ad hoc treatment.

e Urns of balance ¢q : There are again two types of balls; the balance of an urn is the relative
difference between the numbers of balls of each type, and the valuation is the number of urns
with the specified balance : f(ki,k2) = 1{t,—k,44)- Such models were introduced in [3] to
study the behaviour of a learning process; they also appear in [6]. The model we consider in
the present paper differs somewhat, in that here the number of balls of each type is known,
whereas the former study assumed that only the total number of balls was known.

o It should be mentioned that the general urn model previously studied by the authors in [6]
also fits into this scheme : There we (in most cases) had one type of balls and we counted
the number of urns in a certain state C. For these urn models the function f can be defined

by
1 if the urn is in state C;
fk) = { 0 otherwise.
We shall prove in this paper that the (normalized) process X,, = Xn(n1,...,nq) with a
specified number n; of balls of each type i = 1,2,...,d converges weakly towards a Gaussian field

(with time variables n;/m), whose covariance function can be explicitly computed.

In fact, our main result (Theorem 2.1) is even more general. It just refers to properties of
corresponding generating function defining the process. For example, this result can be also applied
to model deletion of balls. The source of our interest in such a model comes again from databases,
that are now dynamic, i.e. the user can add or delete items.

The plan of the paper is as follows. In Section 2 we show that the above urn model can
be encoded in terms of generating functions and we formulate our main result concerning the
convergence of X,, towards a Gaussian field. We study several examples in Section 3 (join and
balanced urns models); for example the equijoin leads to the Brownian sheet. Section 4 introduces
a model for deletions and validates this approach on an empty-urns model. Finally Section 5 gives
the proof of our theorem.



2. CONVERGENCE TO A GAUSSIAN FIELD

2.1. Generating Functions for the Urn Model. First, let us consider the motivating urn
model described in the Introduction.

We assume that there are d types of balls which are thrown into m urns. First let us consider
just one urn and let an, p,,... n, denote the number of ways n; balls of type i = 1,2,... ,d can be
allocated in one urn. Then the exponential generating function! describing the allocation of balls
in one urn and marking the valuation of this urn with x is given by

br(x, 21, 24) = Z sz(m,---,nd)zlm...zgd_

nylng!- - ng!
nl,...,ndZO 1 2 d

In the standard model one has an, n,,... n, = 1 and hence the function

¢1(1,Zl,...,zd) = e*fle?2 ... ¢

splits into a product of exponential functions. Another example — which is frequently used in this
paper — is

Zd

d
Qny,na,...,ng = H 52(6t - 1) T (62 —ni+ 1)3
i=1
which means that every urn has exactly &; possible places for balls of type i = 1,2,... ,d. Here we
get
G1(1, 21, 2q) = (1 + 20)°0 (1 + 22)%2 - - (1 + 24)%4.

Note that in general there are no factorizations like that.

If we denote (as above) X, (n1,na,...,nq) the (additive) value of these m urns, where n; balls
of type i, 1 < i < d, have been thrown, then by additivity we have
E (me(nl,ng,...,nd)) — [z?l e zgd]¢1(xa Rlyeeey zd)m )
[21% - 2g% )1 (1, 21, o, 2a)™
In a similar way we can also consider the joint distribution of the valuations of X,,,(n; ), X, (n; +
ny),... , Xm0 +ny + --- 4+ ny) for some b > 1, where n; = (nyj,...,nq4), j = 1,...,b. Let
On; ns,... .n, denote the number of ways to allocate first n;; balls of type i = 1,2,... ,d, then n;
balls of type i = 1,2,... ,d etc. and set
¢b($11$27 cee sy Th3B1y .. ,Zb)
b d
_ z H <$;(n11+ +n1j,n21+-+n2j,...,nq1++ng;) H - '11‘1.,-.--.;;% _'zinj”> (21)
ni; >0 j=1 =1 ol

1<4<d,1<5<b
with zZ; = (le, .. -7Zdj)- Then we have

Xm Xm Xom
E(.’L’l (111):1:2 (n1+n2)___md (n14+na+ +nb))

_ (27" - 20" de(T1, T2y, b5 21,505 Zp)™ 2.9)
[z 20t (1,1, .., 1520, ..., 25)™ )
For example, for the standard model we get (for 1 =-- -z, = 1)
b d b
dw(1,...,1;21,...,Zp) = H Hez"f = H¢1(1,zj).
j=1i=1 j=1
For the second mentioned model we have a nice representation, too, (for £y = ---z = 1)
d
op(l,...,1521,...,2p) = H(1+2’i1 + 22 +"'+Zib)6i,

i=1

'We will apply the generating function technique for combinatorial enumeration (for an introduction to this
method see e.g. [7, 12]).
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but we do not have a factorization of the form ¢, = ¢1 - - - ¢1.-

2.2. Main Result. The nature of ®(z,21,...,24) (i-e., an m-th power) allows a straight-
forward application of proper limit theorems (e.g. Bender and Richmond [1]), which directly
show that (X,, — E X,,)/+v/VarX,, has a Gaussian limiting distribution where expected value

EX,.(n1,...,n4) and variance VarX,,(ny,...,nq) are both of oder m (if n; and m are propor-
tional). The idea is now to approzimate X, (n1,...,nq) by

Xm(ni, ... ,ng) ® EXp(na, ... ,nq) +vVm-G(ni/m, ... ,ng/m),
where G(t1,...,tq) is a proper Gaussian field. The following theorem shows that this can be

actually worked out. Note that Theorem 2.1 just refers to very general properties of generating
functions and is thus applicable in more general situations which need not be related to urn models.

Theorem 2.1. Let X,, = X,,(n1,...,nq) (m > 1, n; > 0 integers) be a sequence of discrete
stochastic processes, such that for every b > 1 there exist functions

¢b($1,$2,...,:cb;zl,...,zb)

which are analytic for z; = (215, ..,2q4;) around 0 and 2d + 2 times continuously differentiable
with respect to (x1,...,xq) such that

E (Z’i{m (nl)x;(m (n14n2) - ;L-L)i(m (n1+n2+~~-+nb))

_ [z?l B -zsb]¢b(ml7w27 cee s Thy L1, 'sz)m (2 3)
27" 23" (1,1, .., 1520, ..., 2Zp)™ )
and
$2(21, 225 21,0) = h1 (2122, 21). (2.4)
as well as
[z?l"'zsb]¢b(17]—7"' 71;z17'--7zb)m >0 (25)

for all n; > 0.
Then there ezists a centered and continuous Gaussian field G(t), t = (t1,...tq) € T°, (where

0 € T CR? is a proper connected set, see below) such that the following functional limit theorem

holds:
Vin(t) = X (|mite],---, Lmtdj);mEXm(Lmtlj,..., |mita]) w, G(t)

If Bs ¢ denotes the covariance function of G(t) then

COV(Xm(’I’Ll, v 7nd)7Xm(ﬁ17 e 7ﬁ/d)) = mBn1/m,...,nd/m;ﬁq/m,...,ﬁd/m +0 (1)

uniformly for m,n;,i; — oo such that n;/m resp. fi;/m are contained in a fized compact set
contained in T°. Furthermore, there exists a continuous function py, t € T° such that

EXm(nla N 7nd) =M ln, /m,...,na/m +0 (1) )
uniformly for m,n; — co such that n;/m are contained in o fixed compact set contained in T°.

Remark 1. We want to mention that the univariate case (d = b = 1) for the standard model
(i.e. ¢1(1,2) = €*) has appeared quite early in the literature, e.g. by Quine and Robinson [17].
They proved a (univariate) central limit theorem for X,,(n) under very general moment conditions
(which are much weaker than our analyticity conditions). Their method is based on the observation
that Xm(n) may be considered as the sum 77", f(Uj(n/m)) conditioned on 377", Uj(n/m) = n,
where U;(t) denote independent Poisson random variables with parameter ¢. (With help of this
interpretation it is also quite easy to interprete mean and variance of X,,(n) in terms of moments
of U;(t) resp. of f(U;(t)), compare with [17]).



In order to describe the Gaussian field G(t) in Theorem 2.1 we just have to provide the covari-
ance funcion Bgy and the set T. The formulas for Bs ¢ (and p¢) we present here depend on saddle
point equations (2.6) and (2.7) (resp. on (2.10)) and do not explicitly refer to the distribution of
K;; as it has been done in [17].2

Let ®5(z1,x2;21,22) be given. For s = (s1,...,84) and t = (t1,... ,t4) with 0 < s; < t;,
i=1,2,...,d, let p; = pi(s,t) = (p11,-.. ,pa1) and py = py(s,t) = (p12,... , p42) be defined by
d¢2(1,1, pq, .
il M = Si¢2(13 13p13p2)3 1= ]-a o '5d5 (26)
Zi1
and by

0¢2(1,1, py, .

piQM = (tz _Si)¢2(1517p15p2)7 L= 17'-'5d' (27)

0zi2
We will denote by T the set of all t such that p,(s,t) and p,(s,t) exists for all s with 0 <s < t.
Now set

2 v v w w
_ 0°(log p2(e™,e"2, pr1e®, ..., pg1e¥d, p1aet,. .. , pgae™?))
Kab == 5adb )
a UL=U2=V1='=Vg=w1=---=waq=0
where a,b € {u1,us,v1,...,v4,w1,... ,wq}), and we obtain

K/uluz K:ulvl ot K/ul'ud K/ulwl nte K/ulwd

Kjvluz K/'ul'ul ot K:vlvd Kfvlwl nte Kjvlwd

ﬁvduQ ﬁvdvl o H'udvd Kl'ud'wl oot K/vdwd

K:wl’u.g KJU)1U1 o Klwlvd K/’wl’wl oot K'w1wd

Rwgus  Kwgvy " RBwgva Rwagwi " Kwawg

Bs,t = (28)

Kyive " KBoujwg Bovijwn °70 Kojwg
Rygvi ot Kygvg Kygw Tt KRygwqg
Rwivy " Rwivg Bwiwr 77 Ruwjwg
K?wdvl ot '”"fwdvd K/wdwl nt Km)dwd

For general s,t € T we set Bst = Bmin(s,t),max(s,t)-
Furthermore, we have

_ %¢1(lap(s))

s = T T s 2.9
b = (L. p®) 2
in which p(s) = (p1,...,pd) denotes the solution of the equation
1
p PP ), =1 (2.10)

Remark 2. Note that the covariance function Bg ¢ is just defined if s; #¢; for alli =1,2,... ,d.
However, we will see in the proof of Theorem 2.1 that it extends continuously to the missing values
s; = t;. Especially we have

Var Xm(nla .- 7nd) = mBnl/m,... ,na/mini/m,... ,ng/m +0 (]-) -

21f we consider the urn model X,, = ;n=1 f(Kij,...,Kq;) conditioned by Z;”zl K;; = n; then, for given m
and n; we can choose properly scaled K;; such that Z;-"zl E K;; = n;. This relation is hidden in the (univariate)
saddle point equation (2.10). Thus, if one is interested in the asymptotics of E X, and Var X, this can be worked
out in the same vein as in [17]. However, for the covariance we need the joint distribution (X, (n), X,, (1)) and two
(differently) scaled versions K;; and I~(q;j with Z;-"Zl E K;; = n; and Z;-"Zl El?ij = 7i; which are encoded in (2.6)
and (2.7). This would lead to a probabilistic — however, not really elegant — interperation of our formulae.
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Furthermore, By is a little bit easier to calculate than Bgy.

’z‘luu Fauvl e kuvd

Kyiu  Boyjop °°° Bojoy

kvdu R?vdvl e P”vdvd

Bs;s = Us + = = ) (211)
Kjvl’l)l Tt K’Ul V4
kvdlh e "%vdvd
where &y (y,2 € {uv1,...,vq}) is defined by
2
R . 0 (10g¢1(eu7plev17"' deevd))
Y,z =
Oy0z U vy =g =0

and p(s) = (p1,...,pa) is defined in (2.6).

Remark 3. We also want to mention that the formula for Bg ¢ is much easier if

b
d)b(l;zl,... ,Zb) = HHezij,

which we usually refer as the standard model. Here we h
Fuw; =0 (1< j < d), (2.12)
K/v,-wj = ""711)]-'0,- =0 (]- S /LaJ < d) (213)

3. JOIN AND BALANCED URN MODELS

As discussed in the Introduction, some important cases appear when studying join sizes or
balanced urns. We specify now the results of Theorem 2.1 for these cases. We consider the case
d = 2 and models with factorization, i.e., where we have

¢1(layaz) = gl(y) 92(2), (31)

and give explicit results for equijoins and semijoins, and for balanced urns which generalize those
in [3, 8, 9, 10]. (For the sake of shortness we will calculate the covariance function only explicitly
for the standard model of infinte urns.)

3.1. Equijoin. For the equijoin models we have two types of balls and the valuation f(k,l) =
kl. Thus ¢;(z,y,2) = >k apbzklyk 2l with g1(y) = 3, axy® and g2(z) = Y, b2 and hence
8¢>1 1(1,y,2) = y9:(y) 295 (2). Throughout this section set s; := n;/m for i = 1,2, where n; denotes
the number of balls of type i. We give results for the four cases, where the urns are either bounded
or unbounded w.r.t. balls of type one and two. Denote these models by UU, UB, BU, BB, where
the ith letter indicates whether the urns are bounded (by d;) or not w.r.t. balls of type i. Inserting
the generating functions into Theorem 2.1 we get the results in Table 1.

model generating function EX,,(n1,n2) VarX,,(n1,n2)

uvu 91(2) = ga(2) = €* ms1s2 + O(1) ms182 + O(1)

UB a1(z) = €7, g2(2) = (14 2)% ms1s2 + O(1) ms152(1 — s2/d2) + O(1)

BU g1(2) = (1 +2)%, go(z) = €7 ms182 + O(1) ms182(1 — s1/01) + O(1)

BB 91(2) = (1 +2)%, go(2) = (1 + 2)%2 | msys2 + O(1) | msys2(1 — 81/61)(1 — 52/82) + O(1)

TABLE 1. Expectation and variance for the equijoin models (s; = n;/m)



50

FIGURE 1. Centered process for the equijoin size, infinite urns, m = 20 and
ni,n2 S 50.

In a similar way we can calculate the covariance function. For example, in the case of infinite
urns we have By, 5,1, 4, = 152 if 51 <t and sy < to. Hence the limiting process G is precisely a
Brownian sheet (cf. [19], see also Figure 1).

3.2. Semijoin. We now turn to the semijoin. By f(k,I) = k15 we have

#1(z,y,2) = g1(y) + g1(zy)(g2(2) — 1)

where g; and g are chosen as for the equijoin models UU, UB, BU, and BB, respectively. Thus
we get the results in Table 2.

model EX,,(n1,n2) VarX,,(ni,n2)
uvu msy (1— %) +O(1) msie %2 ((1+ s1)(1 — e %2) — 518057 5152) + O(1)

UB msy (1 - ( 1-— 3—2)62) +0(1) | msy ( - %)26271 [(1 + 51) (1 - fs_i) - 8182] +0(1)

BU ms1 (1—25) +0(1) msie *2 [(1 +s1—F)(l—e ) - 81326’5152] +0(1)
[ 2051
BB | ms (1 -(1-%) ) +0(1) msy (1- %)

X [(1+$1 — 3—1) ( - f;—z) —8182] +0(1)

TABLE 2. Expectation and variance for the semijoin models (s; = n;/m)

The generating function for the two-dimensional distributions is ®2 = ¢7*, where
$2 = g1(y1 + y2) + g1(T2y1 + 2292)(92(22) — 1) + gr(z122y1 + T2y2)(92(21 + 22) — g2(22)).
For example, infinite urns on both types of balls give

Bshsz;tl,tz =81 (_(tl - 81)(1 - 6_82) + e_tz(l +t - e [1 +t1+ Sztl])) .



FIGURE 2. Centered process for the semijoin size, unbounded urns, m = 80 and
ni,n2 S 200.

3.3. Urns of balance g. The valuation of the urn is equal to 1 if the difference between the
number of balls of the first type and the number of balls of the second type is ¢, and to 0 otherwise.
Recall that the Hadamard product of the two functions f(t) = >, fxt* and g(t) = 3, gut* is
(f ©9)®t) =X, frgrt®. We define a shifted version of the Hadamard product of the functions g;
and g» (defined by the equation (3.1)) as

Aq (t) = Z aH_qbltl.
l

Of course A(t) = g1 © g2(2).
We have here ¢1(z,y,2) = g1(y)92(2) + (z — 1)y9);(yz), which we can also write as
d1(z,y,2) = 91(y)g2(2) + (x — D)t (y,2)  with  ¢g(y, 2) ==y A (y2) = [u]g1(uy)g2(2/u).-

This comes from the fact that the generating function marking balls of the first and second kind
by y and z and the balance by w is simply g1(uy) (2/u). In the same vein, the generating function
for allocations in two batches can be written as

z z
b2 (21,22, Y1, Y2, 21,20) = (21— 1)(22 — 1) [u®)g1 (uys + vy2)g2 (El + ?2)

z
+(z1 — 1) [u) g1 (uyr + y2)g2 (El + 22) + (22 — 1) Yy(y1 + y2,21 + 22)
+91(y1 + 92) 92(21 + 22).
The asymptotic expectation is

. P Aq(p1p2)
EX,,(n1,n2) =m 51,524 +0(1 with s1,52\q) *= =<
(n1,mn2) 12 (9) (1) H (9) 91(p1)g2(p2)

and the asymptotic variance is VarX,,(n1,n2) = mBy, 5,(¢q) + O(1), with

B @ = o) (1= )14 TS LTl Ty

with 7 := p1pa X, (p1p2)/Ag(pr1p2) and oF = p22-(p1) + 51 — 5T and 0F = p3 % (p2) + s2 — 3 where

p1 and po are defined as solutions of p; %l(pl) = s191(p1) and ps %(m) = 89.92(p2). (In the
same way we can compute the covariance function.)
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For infinite urns the generating functions ¢; and ¢, can be expressed in terms of Bessel func-
tions. We have Aq(t) = t~9/2 I,(2v/t) and X (t) = t~(+1/2[, 1 (2v/) = g441(t) and obtain

fis1,52(@) = 81778597 I, (24 /5182)e 172

Furthermore

) = (1" Leve ).

Thus, we also obtain a (simple) representation of the covariance function

a/2
By, saita b, = (Z_;) e” 1721, (24/5182)
tl Q/2
x | Io(2v/(t1 — s1)(t2 — 82)) — & (E) e~ T2 (2vhts) |,

where n:= \/tltz Iq+1(2\/t1t2)/1q(2\/t1t2) and

§:1+(q+n—t1)(q+r—t1)+ (77—752)(7'—752)'

t1 t2

4. MODELS WITH DELETIONS

In some instances, e.g. when modeling dynamic databases to study the evolution of projection
or join sizes, we need to allow new operations, for example the deletion of items (balls), or the
existence of queries that do not modify the current state of the system (no ball is added or
deleted). In what follows we explicitly determine the corresponding generating functions with a
combinatorial approach. In a similar way general update models (including those with queries)
could be studied.

4.1. Allocations and deletions in a single urn. Our model is based on the following assump-
tions:

e The urns have infinite capacity and are chosen with uniform probability 1/m.

e The balls in the same urn are undistinguishable, when performing either an insertion or a
deletion.

o We first choose the urn, then the operation to be done in this urn; the only possible operations
are insertion or deletion of a ball.

e Assuming that the urn that has been chosen is not empty, the probabilities of insertion and
deletion in this urn are equal. If the urn is empty, then we perform an insertion.

We model this situation with two types of balls: White balls correspond to insertions, and are
thrown according to the usual rules (there is no upper limit on the number of white balls in an
urn); black balls correspond to deletions, and are thrown in such a way that the balance of an urn
(number of white balls minus number of black balls) is always positive or null. Thus the balance
is the actual number of balls in the urn.

Such a situation is related to the framework presented in [10]. There we proved that, starting
from a general combinatorial structure for which we have the enumerating generating function, and
assuming that the basic items can take two colors, we can easily obtain the bivariate generating
function marking the size and the color balance, by taking the Hadamard product of the initial
enumerating function and of the function associated with the sequence of balances. Requiring that
the sequence of balances is always positive simply means that this sequence is the prefix of a Dyck
path, for which the enumerating function is well-known. (If we consider also queries that do not
add or delete balls, we would simply take prefixes of Motzkin paths as allowed sequences.)

9
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FI1GURE 3. Decomposition of a Dyck prefix

4.2. Generating functions. In the generating function associated to an urn, we use the variables
z to mark the fact that the urn is empty, z to mark the balance of the urn, and ¢ to mark the
total number of balls (black and white) that this urn has received. The global generating function
relative to the sequence of m urns is obtained by taking the m-th power of the function for one urn,
where the variables x, z and t mark respectively the number of empty urns, the current number of
balls (balls inserted and not deleted) in the sequence of urns, and the total number of operations,
i.e., the time.

The function describing the allocation of balls into one urn is?

’\(taz) = g(t) OoF P(taz)a
where g(t) is the function describing the allocation of (white and black) balls into the urn (usually
g(t) = €'),and P(t,z) = 2 n,q Pngt™2? is the bivariate function enumerating the allowed sequences
of allocations of black and white balls into the urn. Now P(t, z) is simply the generating function
for prefixes of Dyck paths, with ¢ marking the length and z the final height: An up step corresponds
to an insertion, a down step to a deletion, we cannot go under the zero axis, and the final height
is positive (or null for Dyck paths). Let d(t) := (1 — /1 — 4¢2)/2t? be the function enumerating
Dyck paths; then P(t,2) = d(t)/(1 — tzd(t)). The function describing the behaviour of one urn is

$1(z,t,2) = At, 2) + (z — 1)A(t,0) = g(t) O (% + (z — l)d(t)) .

We consider now what happens at two successive times. Let 7y, n,.q:,¢o D€ the number of
sequences of balances of length n; + ns, such that after n, steps, the balance is ¢;, and that the
final balance is g2, and define the generating function of these numbers:

.— mi4n2 41 92
m(t1,t2, 21, 22) 1= E Tnima,qiga b1 b 21 22

ni,n2,q1,92

At least as long as we are working with unbounded urns, it is simply the generating function
for prefixes of Dyck path, enumerated according to their total length n; + no and final height
g2, and to some intermediate length n; and corresponding height ¢;. We decompose the paths
according to their minimal height min between the times ¢; and t5: Let i; be the time of last
passage at min before 1, and let iy be the time of first passage after ¢;. Obviously min < q1,¢2
and il S tl S ’iz S t2.

e The part between 0 and 4; is the prefix of a Dyck path, whose generating function is d(¢;)/(1—

t1 d(t1)). Taking into account the heights at times #; and t2 gives

d(t1)
1-— tlzlzgd(tl) )

e In the central part of the path, the minimal height min can be equal to ¢1: then i1 = t; = is.
Otherwise, the path begins by an up step, then stays at height at least min+1 in the interval
[i1 + 1,42 — 1]. We shall consider the times j; and j» of last passage to min + 1 before ¢, and
of first passage to min + 1 after ¢;. The path between 4; and j; is enumerated by z1t1d(¢1),

3In the case of multivariate functions, we index the Hadamard product by the relevant variable.
10



and the path between j; and iy is enumerated by t2d(#2). Hence the central part of the path
(including the case ¢ = min) is enumerated by
1
1 — 2ty tad(ty) d(ts)
e Finally, the part between the times i and ¢ is again a Dyck path, and we mark the final
height at time ¢2, which gives

d(t2)
1-— t2 z9 d(tz) ’
Concatenating the three parts of the path gives:

w(t1,t2,21,22) = d(t,) d(t2)
L ) T 2 20d () (1 — taz0d(t2)) (1 — titazrd(t)d(t2))
Now let k(t1,t2,21,22) = Do, 1o a1 4o Frasno,gn,aati 85221 25° be the function enumerating allo-

cations of black and white balls in two batches, such that, after throwing n; balls, the balance
is ¢q1, and after throwing again ny balls in the second batch, the balance becomes ¢y. As for the
one-dimensional case, we have that

K(t1,t2, 21, 22) = g(t1) O, (9(t2) O, w(t1, 12, 21, 22))

The function marking the emptyness of the urn at the end of the first or second batches by the
variables z; and x5 is

P2(x1,22,t1,82,21,22) = (@1 — 1)(x2 — 1)k(t1,%2,0,0) + (x1 — 1)k(t1,12,0, 22)
+(.’L’2 — 1)K,(t1,t2,21,0) + K/(tl,tQ,Zl,ZQ).

We have expressions for the x(t1,12,.,.) as Hadamard products of the entire functions g(t1) = e
and g(t2) = e*2, and of algebraic functions 7 (t1,%s,.,.). Hence the function ¢a(x1,xs,t1,1ts, 21, 22)
is an entire function in ¢; and ¢s.

It is now clear that we can write down all the desired multivariate generating functions, and
that they satisfy the assumptions of Theorem 2.1; hence the associated process converges towards
a Gaussian field G(s,t). Note that the first time s = n/m corresponds to the total number n of
operations (insertions and deletions) and ¢t = ¢/m to the difference. Hence, 7 = (n + ¢)/2 is the
number of insertions and § = (n — q)/2 is the number of deletions. We now define a modified
discrete process X,, by

t1

Xm(7,9) = Xm (R + 7,7 —7)
which counts the number of empty urns with 7 insertions and g deletions and another Gaussian
process G(s,t) (0 <t < s) by

such that
Xm(m,9) #EX (7,9 + vVm - Gm/m,q/m).

4.3. Number of empty urns. In this part, we consider the number of empty urns; for simplicity
we just take the total number of operations into account (which is a functional of the bidimensional
process we studied above) and show that we can effectively compute the parameters of the limiting
process. We get the functions ¢, and ¢, by putting z = z; = 25 = 1 in the corresponding functions
computed in Section 4.2:

hot) = =D g 0dl)+90)© s
¢2(£U1,.’132,t1,t2) = (5[31 - ].)(.CEQ - ].)Ki(tl,tz,o,O) + (.’L‘l - ].)Ii(tl,tQ,O, ].)

+(.Z'2 — 1)/13(t1,t2, 170) + Ii(tl,tz, 1, 1)

Set f(t) :== A(t,0) = g(t) ©d(t) and g1(t) == A(t,1) = g(t) © d(t)/(1 — td(¢)); so that ¢:(z,t) =
g1(t)+ (z—1) f(t). The asymptotic expectation is EX,(n) = mp,/n, +O(1), with u, = f(p)/g1(p),



where p is defined as the unique real positive solution of the equation tg;(t)/g:(t) = s, with
s = n/m. For g(t) = e we have f(t) = I1(2t)/t, with I; a Bessel function [10]. Further g;(t) =
e?t(1—K(t)), where the function K is defined as the solution of the equation tK' (t) = e=2I;(2t)/t
that becomes null for ¢ = 0; hence

91(t) = e (1 - /Ot e2u], (2u)‘i_“)

and the equation defining the saddle point becomes 2p — pf(p)/g1(p) = s. We also have p; =
2 — s/p. For example, s = 1 gives p = 0.6793222511... and p; = 0.527944582.... For s = 2 we get
p = 1.2154678... and pe = 0.3545302....

Next we obtain
B—2(2 s)A+1(s 2p% —4p + 3s) + i
PP p P T p? (2p(2p — 5)A —2sp + 52 —4p + 5)

with A := Io(2p)/I1(2p). Numerically we have B; = 0.17394268... and By = 0.1953331....

5. PROOF OF THEOREM 2.1

5.1. Existence of Limiting Gaussian Field with a.s. Continuous Sample Paths. In order
to prove Theorem 2.1 we first have to show that there exists a random field with a.s. continuous
sample paths and f.d.d.’s which are characterized by the limiting f.d.d.’s of Y,,,(¢1,...,t4). The
following two lemmata will be proved together.

Lemma 5.1. There exists a Gaussian field G(t) with covariance function Bsy, given by (2.8)
such that almost all sample paths are continuous.

Lemma 5.2. The finite dimensional distribution of
X (Imts],- .., mtq]) — EXp(|mt],-. ., |mia])
vm

converge weakly to the corresponding finite dimensional distributions of G(t1,...,tq).

Viultr, o ta) =

Proof. The limiting distribution of X,, is characterized by

E (gX-m) = [2]o1(z,2)™
( ) [zn]¢1 (17z)m
Thus by standard saddle point techniques (compare with [1] or [5]) it follows that

()= (5525) (- ()

where As(z) = Asy,..s,(2) denotes

¢1(5U;Pla- . -;Pd)
Asiyennysa(T) = W
and p; = p;(z,s1,--.,8q4) (1 <i<d) are the saddle points defined by the equations in z;
0
2 i(@,21,..,2a) = s5;01(z,21,.-.,2d), i=1,...,d. (5.1)

62,’
Consequently, by applying the results of Bender and Richmond [1] one directly obtains that the
limiting distribution of X, is Gaussian (if m and n; are proportional) with asymptotic mean
E Xp(n) =mpa,, + 0 (1) and Var X,,(n) = mo% _ + O (1), where

ou ue0
and by
0% (log (e
o2 = % R (5.3)
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By an (advanced) exercise in implicit differentiation it follows that us and o2 = By are exactly
given by (2.9) and by (2.11).

By another use of saddle point techniques it directly follows that the joint distribution of
(Xm(n1),...,Xm(n1+---+ny)) is also Gaussian for any fixed b > 2 (if m and n;; are proportional).
This shows that there is a Gaussian field behind. Of course, a Gaussian field is characterized by
a covariance function Bg;¢ which can be determined just by considering the bivariate distribution
(Xm(n1), Xm (01 + n3)).

By applying the above procecure it follows that

Cov(Xm(ny, Xm(ny +1n2)) =mB1 .1 (4, 4n,) +0(1),

w1
where
2
B _ 0 (logAsl,___,sd,tl,__,,td(eul,e“2)) 5.4
S1,..38d3t1,..05ta — 611/ 6’U/ ( - )
1 2 u1:0,u2:0
with
N _ ¢2(z1, 22,11, - -, pa1, p125 - - - 5 Pa2)
31,...,Sd,t1,...,td(m171-2) - S1 Sq t1—81 tq—84 ’
P11 PqiP1a " Pa2

where p;; = pij(®1,%2,81,...,8d,t1,...,ta) (i =1,...,d, j = 1,2)) are the saddle points which
are defined by the equations in z;;

02 (21, 72,21, 22)

231 = sipa(21,22,21,22), i=1,...,d, (5.5)
0z
0
22 ¢2($1(,91:,Z1,Z2) = (ti - Si)¢2($1,$2,Z1,Z2) 1= 1, .. .,d. (56)
12

Another exercise in implicit differentiation shows that Bg, is exactly given by (2.8).

Now let G(t) be the Gaussian field with covariance function B (compare with [18], by con-
struction it is clear that the corresponding covariance matrices are positive semi-definite.) The
above construction also ensures that all (normalized) finite dimensional distributions of X,,(n)
converge weakly to the corresponding finite dimensional distributions of G(t) (with t = Ln).

In a final step we have to show that G(t) has a modification with a.s. continuous sample paths.
For this purpose we will prove that

Byt = Bys+ O ([lt - s]). (5.7)
Namely, if (5.7) holds then
Var (G (t) — G (5)) = Buw — 2B + Be = O ([t — sl (5.8)

which implies that G(t) has a modification with a.s. continuous sample paths (see [14, Ch. 2,
Theorem 2.8 and Problem 2.9]).
First we observe that by definition (2.7) the saddle point p, (s, t) satisfy

pa(s,t) = O (||t —s]).

We also use the property that ¢» (considered as a power series) can be represented as

d

5 =
$2(21,22,21,22) = 1(2172,71) + Y 2o R; (w1, 72,71, 22),
=1

where R; # 0 are proper power series in 21,z with R;(z1,22,21,0) # 0 (compare with (2.5)). We
will use this relation for small z, and use the shorthand notation

¢2(x1,22,21,22) = P1(2122,21) + O (22) . (5.9)

For convenience we set € = ||t — s||.
13



The next step is to show that

Rujuy, = Ms + Fuu +0 (E) (510)
Kugv; = Fuw; +0 () (1 <i<d) (5.11)
Kyjus = R + 0 (8) (1 <i<d) (5.12)
Koy = Row; +0(€)  (1<4,5 <d) (5.13)
For the proof of (5.10) we use (for z; = 25 = 1)
0¢2(1,1,21,29)  O0¢1(1,2;)
Oxy N Ox +0(2),
a¢2(1,1,Z1,Z2) _ 6¢1(1,Z1)
8.’E2 N ox +0 (Z2) ’

and

Pha(1,1,21,29)  O¢i(1,21) + ?p1(1,21)

0x10z> - Oz Ox?
There relations directly imply (5.10). In the same way we can treat the other cases (5.11)—(5.13).

Thus, combining (5.10)—(5.13) it follows that the left upper parts of the determinants in (2.8)
are given by

+0(Z2) .

Rujus  Rujvy 70 KBujug Us + Ky kuvl Tt kuvd
Ryius  Koivy "~ Bojug Kyiu Kyivy 77 Rojug
= : : . |+0()
H:vdug K'fvdm ot K:vdvd i‘:‘:vdu g'”ud'ul R"vd'ud
~ ~ kuu kuvl e kuvd
Kyivy "0 Kuogog pa > ~
i i Ryju Koo e Royivg
= /st : : + . . . + O (6)
kvv ’%vdvd . . -
4 Rygu  Kugu e Roygvg
and by
K'vlvl ot K/vlvd F‘:vlvl ot /‘%vlvd
=| : D | +0().
K/’Ud’l)l e ’ivdvd ’%vdvl Tt ”Z“/’Ud‘vd
Next observe that
6 ¢y _ 99y 8o
_ 2 8$18Zj2 ozq 821‘2
K:ule - P]Z ¢2 )
2
b ¢ 0¢s 042
2 621'162]'2 Bz,-l 82_7'2
Ry;w; = Pi1Pj2 P )
05
093 Gy D02 _ 002 D6y
_ Ozi2 5 02i20z52 Ozi2 Ozj2
Kw;w; = Pi2 - 0ij + Pi2pPj2 5 )
¢2 b3
where we have to evaluate at (z1,z2,21,22) = (1,1, p,(s,t), ps(s,t)). Thus we can extract a

common factor of the last d colums and last d rows (of the determinants of (2.8)) of the form ,/p;2
and obtain for the right upper part of the determinant (in the formula (2.8))

Ruywy " Rujwg 0 (\/E) o 0 (\/E)
1 Kyjwy Kyiwg 0 (\/g) e 0 (\/g)
7p12 —pm . . . . .

'iv;wl s ’iv;wd 0 (\/g) - 0 (\/g)

14



(A similar relation holds for the left lower part of the determinants.) For the right lower part we
get

. ek c1+ O (e) O (e) 0 (g)
1 o “we 0 e+0() - O (¢)
P12 Pa2 : : B
Fwqwy =20 Rwgwq 0 (e) . 0(@) ca+0(e)
for certain non-zero numbers ¢y, ... ,cq.

By expanding both big determinants in (2.8) and comparing them with (2.11) this immediately
proves that Bt = Bs;s + O (¢). This completes the proof of Lemma 5.1 and 5.2. O

5.2. Tightness. In order to prove tightness we will need two lemmas, one bounding certain poly-
nomial moments of the centered process and one bounding polynomial moments of the increments
of the process. In the proof of the first one we will for brevity assume that ¢;(1,z) = g(z) :=
91(21)92(22) - - - 94(24) (g; is the generating function counting the allocations of type i balls into
a single urn). The general case is similar but requires mixed cumulants of the functions which is
computationally and notationally much more involved. In order to indicate the general case, the
proof of the second lemma is given in full generality, but the long and tedious computations are
only sketched.

Lemma 5.3. For all integers A > 0 there exists a constant C > 0 such that for m — oo

E(Xn(@0) — EXn(0)** < C|ln||%, (5.14)
uniformly for ||n|| = O (m).
Proof. Set z = (z1,...,2q) and
Cnyo = [2"] %@1 (z,2) -
where z™ denotes i z5” - - - z;;¢. Furthermore let
i—1
Ai = E[[(Xm(n) - j) = Z:—O (5.15)
Jj=0 ’

Then the moment occurring in (5.14) can now be expressed by

2A l
B(Xn(n) = BXn() =3 (%)) (14213 s, (5.16)
=0 k=1

where Sy, denotes the Stirling numbers of the second kind and the empty sum occurring in the
above summation for [ = 0 is supposed to be equal to 1.
Hence we have to compute ¢y, o. If we set
1 o

d](z) = g(z) %‘bl (CL',Z) ’ (517)

=1
)
where (m), := m!/(m — k)!. Thus we have to calculate the coefficient

[z"]g(z)™ ﬁ (d’J—(,z)>k : (5.18)

j=1

then by Faa di Bruno’s formula (see e.g. Comtet [4]) we have

a! n m 1T [(di(Z
tna= S — 2 myen g™ [ (22
- kl.---k‘a. . J:

Zj]kj:a Jj=1
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For this task we use the ideas developed in detail for simpler urn models in [6]. First note that
¢n,0 = [2™]g(2z)™ and that by Taylor’s theorem we have for real z

6)7

k
g1 (ze) = gi(2) exp Z

J=1

k1,5(2) + O (|6¥1)2)

where ki1 := (29;(2))/9i1(2) and £y j41(2) := 2Ky ;(2), for j > 1,1 = 1,...,d. Since there exist no
r,d such that g,, # 0 if and only if g;,, = r mod d we have moreover |g;(ze%)| < g (z)e‘cg2 for
some positive constant c. Hence we can apply the saddle point method. If y; = /cl_ll forl=1,...,d,
then the saddle points of g;(z)™z, ™ for I =1,...,d are given by

e () = 2 100 (2)
m gum m

Note that g;, Z0for I =1,...,d and k = 0,1, since we allow an urn to be empty or to contain
only one ball regardless of its type. Now define functions k;; by
n m n
f [ —) = g, = 5.19
R (m) n (Hl <m)) (5.19)

which are analytic functions with &;;(0) = 1. Let p = (p1,--.,p4), as well as @ = (61,...,64)
Furthermore define z* := (2§, ..., z%). Then applying the saddle point method yields

d 2 d

(27 ]g(2)" = g(p)" [ [0 (—2“2’ +ZXkJ )i, ()
B

(27r)dp"\/]_[§i:1 ny ki (ng /m) =1 I=1 j=3

d w k41
Olm — duy---du
( ;Pl \/TTZ )) 1 d

where &j(z) = Ryj(2)Ri2(x)~7/2, and the integration domain B is given by transforming B =
{016:] < (mp)~'/?*, 1 = 1,...,d} according to the substitutions §; = w;//nik2(n;/m) for
l=1,...,d. Now we could expand this into a series and evaluate the integral. In the general case
(a > 0) this yields some very complicated expressions involving, for example, Hermite polynomials
(cf. [5] for expansions of similar type) which are quite hard to deal with. Fortunately, we need only
some structural properties rather than the exact expansion in order to complete the proof.

Observe that, if we expand the integrand, except those terms containing only squares of v, into
a series, set

glp)™
(27m)d/2 pn \/Hle nikgz(ng /m)

V(p,n,m) =

and evaluate the integral we obtain [z"]g(z)™ ~ V(p,n,m) (1 + 27:1 Fm(m/m) /8n;. Using
more terms this procedure yields a multivariate asymptotic series expansion of the form

n ni nq — g
[z"]g(z)™ ~ V(p,n,m) Z @jyja (E’ .o, m) ny’t ceemy7? (5.20)
J15--2Ja>0
where a;j,...;,(t1,...,t2q) are explicitly computable analytic functions.
The next task is analyzing ¢, o for a > 0, where we have to cope with the additional factor in
(5.18). W.l.o.g. let us assume that the term containing none of the factors 21, . . ., 24 vanishes. Then

dy(z) can be represented in the form d;(z) = Zf 1 l(l) (z)z; with analytic functions cl(l) (z). Due

to the definition of d;(z) this implies d;(z) = Zz L (j ) (z)z; where cl(j)(z) are again analytic func-
tions. Hence ¢, o can be represented as a sum of terms with the shape (m)g[z™]g(z)" Kz (z) with
16



coefficients independent of n and m. Here Kz(z) is an analytic function admitting a representation
of the form

Ks(z) = Z Ly eya( HZ

Y15ee¥d 20

Ej vi=8

with an analytic functions L., ...,,(z).
For simplicity, assume that the above sum has only one term. Let L(z) be the additional factor
corresponding to a choice of 1, ...,v4 with ) i = B. Then we have for z € R¢

L (zlewl, .. ,zdewd) = L(z) exp Z H

Jit-+ja>01=1

Jl d
31 Ai( +O<Zzl|9zk+1|>

=1
with
Bz L(Z) 19}
Ae, (2) = Zuﬂ, Njte,(2) = Zu%)\j(z) forp=1,...,d (5.21)

where e, denotes the uth unit vector in R?. Thus we can proceed as in the case a = 0. Set

S\j(z) — )‘ (Ml(zlz . a,u/d zd 1‘[/{12 xl _7,/

and get

d
(sl gl Kn(o) = EZIGR R )
=1

J'

d 9 d k
x/;./exp(—z2+lzljz3 / ( )+27l\/m

k d (iw)in 1 —i/2 1 d k41
+ Z H 'md Aj (E-n>+0<m2pl ) dut - -dug

Jitetia>01=1 1=1
with A\j(21,...,24) = Aj Hle Ria(x;)~7/2. Expanding the exp-term into a series and evaluating
the integral yields finally an asymptotic series expansion of the form

Uy

NG

Crja ~ Zﬂ: (T;—)fL(p)V(p, nm) Y. af (% -n> 2—: (5.22)

J1,--3a2>0,

with ¥ = (71, -..,74) and explicitly computable analytic functions a( @) a1, ta).

Inserting this into (5.16) implies that for m — oo E(X,,(n) — EXm(n))2A is asymptoti-
cally equal to a rational function in nq,...,nq. If we choose s1,...,sq fixed and require n; =
$1M,...,ng = Sqm, then by 5.8 we have E(X,,(n) — EX,,(n))?* = O (||n||*) as desired. Since
on the one hand this holds for any choice of si,...,sq and on the other hand all terms in (5.22)
(and thus in the asymptotic series for E(X,,(n) — EX,,(n))?*) have up to constant factors the
shape n]t---n)*/ndt - -0t we must have vi +---+v4—j1 — - — ja < A. But as to the fact that

ni“ .. -ng"i <||n||%, if ¥4 4+ --- + v} < B, the above inequality guarantees the validity of (5.14) for
all n satisfying n = O (m) and the proof is complete. O
In order to prove tightness, by [18, Ch. XIII, Ex. 1.12] it suffices to show the following Lemma.
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Lemma 5.4. Let n = (ny,...,nq) and h = (hy,..., hg). Then there exists a positive constant C
such that

E

2d4+-2 d+1
(Xm(® + 1) = Xin(n) = E(Xm(0+ h) = X @)™ _ (”h”> ' (5.23)

ma+1 m
uniformly for ||n|| = O (m) as m — .
Corollary. The sequence Yy, (t) is tight.

Proof. In order to treat the difference Z,,(n,h) = X,,,(n+h) — X,,(n) we distinguish two cases.
If |n]| = O (||h]]), then set X¢ (n) := X,,(n) — EX,,(n) and use the crude estimate

W1 /2d+2
EZ,(n,h)%2 < Z ( )Ean(n + h)2)EX¢, (n)2d+2-2 (5.24)

in conjunction with Lemma 5.3.

If |n]| = O (||h]|) does not hold, we may without loss of generality assume that ||h||/||n|| = 0. We
use the generating function that enumerates the change of the valuation between the first and the
second batch, i.e., ®2(1/z,x, 211, - . -, 2d1, 212, - - -, Za2)- Set 21 = (211,.--,2d1), Z2 = (212, .-, 2d2),

and
0% 1
g P ( x Z1,Z2)

Proceeding as in (5.15)—(5.17), the moment occurring in (5.23) can again be expressed by

Crohya o= [2728]

z=1

2042 100 o !
2d+2 _ 1 42d+2—1
B(Zn(n,b) ~ BZn(n 0 = 3 (%) ot Y sua, (529
1=0 k=1
where A; = ¢n,h,i/Cn,no. If We set
1 oI 1
dJ(Z1,Z2) 7¢2(1,1,z1,z2) &Ujfls ( y Ly 21,ZQ> $:1,

and apply as in the proof of Lemma 5.3 Faa di Bruno’s formula, we are left with the task of
calculating the coefficient

k;j
[2725] ¢2(1,1,21,22)™ H ( zl,zz ) . (5.26)

The calculation of ¢, n0 = [2725]g(z1 + z2)™ can be done in the same manner as the derivation
of (5.20). Let v € N2 and let k,(z1,22) and &, denote the cumulants of ¢2(1,1,21,22) defined
analogously to (5.21) and (5.19), respectively. Then the saddle points p1 = (p11,--.,p41) and

P2 = (p12a .. -anZ) of ¢2(1a 17z17z2)mz1_nz2_h are given by (Pl,Pz) =M (# -n, % ’ h) where
p=(p1,...,p2q) is the inverse of (ke,,. .., Key, ). Define &,

¢2(1a13p1ap2)m
n d = =
(2m)p1 p2h\/Hl=1 nilufe, (7 -1, 57 - h) Fieyyy (7 -0, 7 - )

Then we get as in the proof of the previous lemma

V(p17p27n7 ha m) =

1 1 —G1—
[z?zng(l:1>P17P2)mV(Plapzana h7m) Z Qjy.en§gd1--0g (E 'naa h) n~’h
jlv“‘ajdzo
81,00,84>0
where aj,...j,.5,...5,(t1,. .., t2q) are explicitly computable analytic functions.

Now we turn to cn n,o for a@ > 0. Therefore we first analyze the additional factor occurring in
(5.26). By (2.4) we obtain
=0

%(ﬁl(xazl)

~—¢2(21,2,21,0) — 5—¢2(21,%2,21,0) = (z2 — 21)
Oz, Oz, T1=z0=1
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and thus

0
2 ¢2(21, 22,71, 22) — o o 02(21, 22,21, 22) = ch(l)(zhzz)zlz
1 r1=x2=1

dy(21,22) = 5
2

with analytic functions cl(l)(zl,zQ). As in the proof of Lemma 5.3, the definition of

dj(Zl,ZQ) guarantees that there exist analytic functions CI(J)(Zl,ZQ) such that d;(z1,22) =
Zld lcl (zl,zz)zm Hence cnph,n can be represented as a sum of terms with the shape
(m) [z 28] p2(1,1, p1, p2)™ K5(21,22) with coefficients independent of n, h, and m and an an-
alytic function K ﬂ(zl, Zy) of the form

d
K3(21,2,) = Z L%___W(zl,zz)Hzg’
Y1ye¥a 20 =1

Zj vi=8

where L., ...,,(Z1,22) is again analytic.
As above we assume that this sum has only one term, denoted by L(z1,22) and corresponding
to a choice of 71, ...,7a with 37, v; = 3. Then we have for z;,2; € R?

i i i 042\ _
L (211, .. za1€0, 212€"72, L 200€"%) = L2y, 25)

k d . ; . :
16;1)711(10,5)712
X exp Z H M)\jljﬁ (z1,22)

1451
Ji1+-+jar+jie+--+ja2>01=1 Jir:Ji2

+ 0] (Z le|(9k+1| + Z Z12|0k+1 ))

where \Aj, j, are the cumulants of L(z1,22) deﬁned analogously to (5.21). Thus we can proceed as
in the case a = 0. Set
’\.’i1,.7'2 (Nl (zll)a s ;/J/d(zdl)a H1 (2’12), s ;/J/d(zd2))

211 """ 2d1R12 """ Zd2
as well as 5! = (j1,-.-,7q4)! :== Hleji! and M := {0,1,2,...,k}. Then we get (cf. proof of the
previous lemma)

5‘.7'1 \J2 (Z1, z2) =

d
n (m) L(p17p2)V(p1=p25n=ham)
(m)plz7 2y g (21 + 22) " K (21, 22) = b @) Pl
=1
“?1 2 u122
<[ fow(-X G -XY
B =1 =1
(iuq)?* (iug)?? 1—4 o 1 1 w2
+ nl 9t /2pt-i22g. . —.n — .h)+ —
. %Md jl! j2! I172 m m l:zl’y ‘/thIQ(hl/m)
J1,32
[l71ll1,l3211>2
k d . . o 1= /2y 1—ji2/2
Cy e ()
j11+"'+jd1+j12+"'+jd2>0l:l Jit:Ji2:m m m
Ull k+1 d s +1
+0|m ) pn +0(m) po|l—— duii - - - dugy dugs - - - dug

with 5‘.7'1.7'2 (:vl, ey B20) = Njaga [1i, Rpaa (w1, 2440) 91 772)/2 . Expanding the exp-term into a se-
ries and evaluating the integral yields finally an asymptotic series expansion of the form
19



d

(m) 1 1 L
Cn,h,a ™~ zﬁ: m—ﬂﬁL(p17p2)V(pl7p27n7h7m)ll:[1h7l Z a;,s E - n, Eh n ’h 8

J1,--,Ja>0,
b1,0084>0
(5.27)
with explicitly computable analytic functions ag-f‘_)__ arB1eba (t1,...,t24)-

Arguing as in the proof of the previous Lemma, we choose arbitrary constants si,...,sqs and
t1,...,tq and require ny = sym,...,ng = sgm and hy = tym,...,hg = tgm. Then (5.8) we
have EZ,,(n,h)??*2 = O (||h]|**!). On the other hand, inserting (5.27) into (5.25), shows that
EZ,.(n,h)??*2 is for m — oo asymptotically equal to a rational function in n1,...,n4,h1,...,hq
all terms of which have the shape

Y., pd
'y (5.28)

J1 Jd 1,01 P
njt - -n2hst - hS

if we neglect constant factors. Thus

N+t —0 = =0g—j1——ja<d+1
and (5.28) can be rewritten as
et
d ndt...pdt

with 7] +- - -+7}; < d+1. Assume without loss of generality that equality holds. If H?Zl (hi/ni)% =
O (1) then

, L S
R e e e o
nl ---nd

and we would be finished. If H?Zl(hi/ni)ji is not bounded, then we may assume H?Zl (hi/ni)¥ —
00. In this case set h; = t;m, for i = 1,...,d, with ¢; lying in an interval bounded away from
zero. On the one hand, this implies the existence of a positive constant C such that h;i . -hz‘l” >
C||h||4*! and consequently

S L L Y (5.29)
1 d n.h L njd :
1 d

since we still have H;.izl(hz-/n,-)ji — 00. On the other hand, by [|n|| = O (m) we have now ||n|| =
O (||h]]) and thus (5.29) contradicts the conclusion of (5.24) and Lemma 5.3. O
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