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I. I NTRODUCTION

A deletion channel with parameterd takes a binary sequence
x := xn = x1 · · ·xn wherexi ∈ A = {0, 1} as input and
deletes each symbol in the sequence independently with prob-
ability d. The output of such a channel is them asubsequence
Y = Y (x) = xi1 ...xiM of x = xn, whereM follows the
binomial distributionBi(n, (1− d)), and the indicesi1, ..., iM
correspond to the bits that are not deleted. Despite significant
effort [2], [4], [8], [9], [10], [11], [13] the mutual information
of the deletion channel and its capacity are still unknown.
Our goal is to provide a more detailed characetrization of the
mutual information and the channel capacity for memoryless
sources (however, extension to Markovian sources is possible)
for two special cases:d → 1 andd → 0. The latter case was
already discussed in [9], [8]. We accomplish it by relating the
problem to the so calledhidden pattern matchinganalyzed
recently in [1], [6].

The channel capacity of the deletion channel is then

C(d) = lim
n→∞

1

n
sup
P

I(Xn
1 ;Y (Xn

1 )),

where the supremum is taken over all stationary ergodic
processes, andI(Xn

1 ;Y (Xn
1 )) is the mutual information of

the deletion channel. It is well known [3] that this limit exists
and there exist many bounds for the capacity; see the survey
article by Mitzenmacher [10].

In this paper, we first represent the mutual information of a
deletion channel in terms of the countΩX(ω) that enumerates
the number of occurrences of a wordw as asubsequence(i.e.,
not consecutive symbols) ofX .

Theorem 1. For any source, the mutual information satisfies

I(Xn
1 ;Y (Xn

1 )) =
∑

w

dn−|w|(1−d)|w|
(

E[ΩXn

1
(w) log ΩXn

1
(w)]

− E[ΩXn

1
(w)] logE[ΩXn

1
(w)]

)

, (1)

where the sum is taken over all wordsw of length|w| ≤ n.

Then, we focus on memoryless sources, however, most of
our results are valid for larger classes of (Markovian) sources.
By Theorem 1 we haveI(Xn

1 ;Y (Xn
1 )) = S1(X

n
1 , Y (Xn

1 ))−

S2(X
n
1 , Y (Xn

1 )) := S1 − S2 where

S1 =
∑

w

dn−|w|(1 − d)|w|
E[ΩXn

1
(w) log ΩXn

1
(w)], (2)

S2 =
∑

w

dn−|w|(1 − d)|w|
E[ΩXn

1
(w)] logE[ΩXn

1
(w)].(3)

Theorem 2. Suppose thatX is generated by a memory-
less source with parameterp. Then the limit I(d, p) =

lim
n→∞

1

n
I(Xn

1 ;Y (Xn
1 )) as well as the (non-negative) limits

λ(d, p) = lim
n→∞

1

n
S1(X

n
1 , Y (Xn

1 ))

lim
n→∞

1

n
S2(X

n
1 , Y (Xn

1 )) = H(1− d)− (1− d)H(p)

exist, andI(d, p) = λ(d, p) + (1 − d)H(p) − H(1 − d).
Furthermore,

I(d, p) = inf
n≥1

1

n
I(Xn

1 ;Y (Xn
1 )), λ(d, p) = sup

n≥1

1

n
S1(X

n
1 , Y (Xn

1 )).

whereH(p) = −p log p − (1 − p) log(1 − p) is the entropy
rate.

These representations lead toI(d, p) ≤ I(X1
1 ;Y (X1

1 )) =
H(p)(1 − d) which is asymptotically optimal ford → 0 but
not for d → 1, as our next result (Theorem 3) shows. This
also implies thatλ(d, p) ≤ H(1−d). Recall, that ford → 1 it
is just known thatC(d) = Θ(1− d) [10], [11], [4]. Our next
result shows that – in contrast to the cased → 0 – memoryless
sources are not (asymptotically) optimal asd → 1.

Theorem 3. Suppose thatX is generated by a memoryless
source with parameterp. Then we have the upper bound

I(d, p) ≤ C(1 − d)4/3 log
1

1− d

as d → 1, where the constantC > 0 is absolute.

Finally we demonstrate the strength of our method by re-
proving Kanoria and Montenari’s expansion forI(d, p) for
d → 0 leading toC(d) = I(d/1/2) + O(d3/2−ε) == 1 +
d log d−Ad+O(d3/2−ε) (cf Theorem 4), whereA = log(2e)−
∑

ℓ≥1 2
−ℓ−1ℓ log ℓ. Observe that the symmetric memoryless

source is asymptotically optimal in this regime.
II. GENERAL SOURCES

In this section we first derive a novel formula for the mutual
information and then present a simple proof of the upper bound
C(d) ≤ 1− d for general sources.



A. Proof of Theorem 1

Let X = Xn
1 be a random sequence (over the binary

alphabetA = {0, 1}) and w = w1w2 . . . wm a given word
(over A) of length |w| = m ≤ n. We denote byΩX(ω) the
number of occurrences ofw as a subsequence ofX , that is,

ΩX(ω) =
∑

1≤i1<i2<···<im≤n

I[Xi1
=w1]I[Xi2

=w2] · · · I[Xim
=wm],

(4)
whereIA = 1 if A occurs and zero otherwise. The problem
of counting subsequences in a text is known as thehidden
pattern matchingproblem and was studied in [1], [6].

The hidden pattern matching is related to the the deletion
channel problem by the following observation

P (Y (Xn
1 ) = w|Xn

1 ) = ΩXn

1
(w)dn−|w|(1− d)|w|. (5)

We first compute the expectation ofΩX(w).

Lemma 1. Suppose thatX = Xn
1 is a general source. Then

E
[

ΩXn

1
(w)
]

=

(

n

|w|

)

Pn(w),

where

Pn(w) =
1
(

n
|w|

)

∑

i1<···<im

P (Xi1 = w1, Xi2 = w2, Xim = wm)

with
∑

|w|=m Pn(w) = 1. In particular, if X is memoryless,
then Pn(w) = P (w) where P (w) is the probability that
X1X2...X|w| = w (see [1] for dynamic sources).

Proof: By (4) we have E [ΩX(w)] =
∑

1≤i1<i2<···<im≤n P (Xi1 = w1, Xi2 = w2, · · · , Xim =

wm) =
(

n
|w|

)

Pn(w).

Proof of Theorem 1. The starting point is relation (5).
Then we useI(X ;Y ) = H(Y ) − H(Y |X). We first com-
pute H(Y ). Observe thatP (Y = w) =

∑

x∈An P (X =
x)Ωx(w)d

n−|w|(1− d)|w| which leads to

H(Y ) = −
∑

w

dn−|w|(1− d)|w|
(

E[ΩXn

1
(w)] logE[ΩXn

1
(w)]

−E[ΩXn

1
(w)] log(dn−|w|(1 − d)|w|)

)

.

Next, we estimate the conditional entropyH(Y |X). Notice
that for x ∈ An and y ∈ Am we have P (x, y) =
P (x)Ωx(y)d

n−m(1− d)m. Combining with (5) we find

H(Y |X) = −
∑

w

dn−|w|(1− d)|w| (E[ΩX(w) log ΩX(w)]+

+E[ΩX(w)] log dn−|w|(1− d)|w|
)

.

Putting all together we prove (1).

B. Upper Bound for the Capacity

In this section we recall an upper bound for the capacity of
the deletion channel that also follows from the capacity of the
erasure channel (e.g., see [2]). We provide a direct proof.

Lemma 2. For every binary sourceX = Xn
1 the mutual

information of the deletion channel with deletion probability
d is bounded byI(Xn

1 ;Y (Xn
1 )) ≤ n(1− d).

Proof: By Theorem 1, we can writeI(Xn
1 ;Y (Xn

1 )) =
S1 − S2 where S1 and S2 are defined in (2)–(3). Since
ΩX(w) ≤

(

n
|w|

)

we first have

S1 ≤
∑

w

dn−|w|(1− d)|w| log

(

n

|w|

)

E[ΩX(w)].

Furthermore

I(Xn
1 ;Y (Xn

1 )) ≤ −
∑

w

dn−|w|(1− d)|w|

(

n

|w|

)

Pn(w) log Pn(w)

=

n
∑

m=0

dn−m(1 − d)m
(

n

m

)

∑

|w|=m

Pn(w) log(1/Pn(w)).

SincePn(w) is a probability distribution for wordw of length
m we have

∑

|w|=m Pn(w) log(1/Pn(w)) ≤ log 2m = m and
consequently

I(Xn
1 ;Y (Xn

1 )) ≤

n
∑

m=0

∑

|w|=m

dn−m(1− d)m
(

n

m

)

m = n · (1− d).

This completes the proof, and in conclusion we establish the
upper boundC ≤ 1− d for the capacity.

III. M EMORYLESSSOURCES

We now assume that the source is memoryless over a binary
alphabet withp being the probability of emitting a “0”. The
main goal of this section is to prove Theorems 2 and 3.

A. Proof of Theorem 2

The next property follows from the definitionΩX(w).

Lemma 3. We have the following stochastic recurrence rela-
tion:

ΩXn+k

1

(w) =
∑

w1w2=w

ΩXn

1
(w1)ΩXn+k

n+1

(w2), (6)

where the sum is taken over all pairsw1, w2 such that the
concatenationw1w2 equalsw.

Lemma 4. Let zm and am, 1 ≤ m ≤ M , be non-negative
numbers. Then we have

M
∑

m=1

zm log

∑M
m=1 zm

∑M
m=1 am

≤

M
∑

m=1

zm log
zm
am

. (7)

Proof: Apply the inequalitylog x ≤ x− 1.

Lemma 5. Suppose thatX is generated by a memoryless
source with parameterp. Then

I(Xn+k
1 ;Y (Xn+k

1 )) ≤ I(Xn
1 ;Y (Xn

1 )) + I(Xk
1 ;Y (Xk

1 )).



Proof: By applying (7) for the sum (6) we obtain

ΩXn+k

1

(w) log ΩXn+k

1

(w) − ΩXn+k

1

(w) logE
[

ΩXn+k

1

(w)
]

=
∑

w1w2=w

ΩXn

1
(w1)ΩXn+k

n+1

(w2)

×

(

log

(

∑

w1w2=w

ΩXn

1
(w1)ΩXn+k

n+1

(w2)

)

− log

(

∑

w1w2=w

E

[

ΩXn

1
(w1)ΩXn+k

n+1

(w2)
]

))

≤
∑

w1w2=w

ΩXn

1
(w1)ΩXn+k

n+1

(w2)
(

log
(

ΩXn

1
(w1)ΩXn+k

n+1

(w2)
)

− logE
[

ΩXn

1
(w1)ΩXn+k

n+1

(w2)
])

=
∑

w1w2=w

ΩXn

1
(w1)

(

logΩXn

1
(w1)− logE

[

ΩXn

1
(w1)

])

ΩXn+k

n+1

(w2)

+
∑

w1w2=w

ΩXn

1
(w1)ΩXn+k

n+1

(w2)
(

logΩXn+k

n+1

(w2)

− logE
[

ΩXn+k

n+1

(w2)
])

.

Let now cn = I(Xn
1 ;Y (Xn

1 )). Then

cn+k =
∑

w

dn+k−|w|(1− d)|w|
(

E

[

ΩXn+k

1

(w) log ΩXn+k

1

(w)
]

−E

[

ΩXn+k

1

(w)
]

logE
[

ΩXn+k

1

(w)
])

.

Hence by taking expectations of the above and by using the
relation

1 =
∑

w1

dn−|w1|(1− d)|w1|E[ΩXn

1
(w1)]

=
∑

w

dn−|w|(1− d)|w|

(

n

|w|

)

Pn(w) =

n
∑

ℓ=0

dn−ℓ(1− d)ℓ
(

n

ℓ

)

(and a similar relation for the sum overw2) we immediately
derivecn+k ≤ cn + ck. Note that we have used the property
thatXn

1 andXn+k
n+1 are independent and thatXn+k

n+1 have the
same distribution asXk

1 .
By Fekete’s lemma [12] the following corollary follows.

Corollary 1. For memoryless sources we haveI(d, p) =
infn≥1

1
nI(X

n
1 ;Y (Xn

1 )).

In particular we haveI(d, p) ≤ 1
nI(X

n
1 ;Y (Xn

1 )) for all
n ≥ 1. If we apply this forn = 1, 2 we find

I(d, p) ≤ (1− d)H(p),

I(d, p) ≤ (1− d)(H(p) + p2 + q2 − 1).

For example, by looking at the second bound we observe
that sup0≤p≤1 I(d, p) ≤

1−d
2 which implies that memoryless

sources do not meet the general upper bound1−d for d → 1.
Actually we will show thatsup0≤p≤1 I(d, p) is much smaller
asd → 1 (Theorem 3).

We now prove Theorem 2. As above, we write
I(Xn

1 ;Y (Xn
1 )) = S1 − S2; also an ∼ bn if an/bn → 1

asn → ∞.

Lemma 6. Suppose thatX generated by a binary memo-
ryless source with parameterp. Then we haveS2 ∼ n ·
(H(1− d)− (1− d)H(p)) asn → ∞.

Proof: By Theorem 1 and Lemma 1, and by the trivial
observation

∑

|w|=m P (w) = 1 we have

S2 =
∑

w

dn−|w|(1− d)|w|

(

n

|w|

)

P (w) log

(

n

|w|

)

+
∑

w

dn−|w|(1− d)|w|

(

n

|w|

)

P (w) logP (w)

=

n
∑

m=0

dn−m(1− d)m
(

n

m

)

log

(

n

m

)

+

n
∑

m=0

dn−m(1− d)m
(

n

m

)

∑

|w|=m

P (w) logP (w).

The second term above can be computed directly. By the
definition of the entropy we have

∑

|w|=m P (w) logP (w) =
−mH(p). Consequently,

n
∑

m=0

dn−m(1− d)m
(

n

m

)

∑

|w|=m

P (w) logP (w)

= −

n
∑

m=0

dn−m(1− d)m
(

n

m

)

mH(p) = −n(1− d)H(p).

In order to evaluate the first term we apply the results of [5],
[7] about the so calledbinomial sums. Notice that

n
∑

m=0

dn−m(1−d)m
(

n

m

)

log

(

n

m

)

∼ log

(

n

n(1− d)

)

∼ nH(1−d).

This completes the proof of the lemma.
The next step is to show a similar property forS1, namely

thatS1 ∼ n ·λ(d, p), whereλ(d, p) is a non-negative constant.
The problem is to obtain some information aboutλ(d, p), but
for this we would need precise information about the behavior
of ΩX(w).

Lemma 7. Suppose thatX generated by a binary memoryless
source and setan = S1(X

n
1 , Y (Xn

1 )). Thenan+k ≥ an+ak..

Proof: We have

ΩXn+k

1

(w) log ΩXn+k

1

(w) =

(

∑

w1w2=w

ΩXn

1
(w1)ΩXn+k

n+1

(w2)

)

× log

(

∑

w̃1w̃2=w

ΩXn

1
(w̃1)ΩXn+k

n+1

(w̃2)

)

≥
∑

w1w2=w

ΩXn

1
(w1)ΩXn+k

n+1

(w2) log
(

ΩXn

1
(w1)ΩXn+k

n+1

(w2)
)

=
∑

w1w2=w

ΩXn

1
(w1)ΩXn+k

n+1

(w2) log ΩXn

1
(w1)

+
∑

w1w2=w

ΩXn

1
(w1)ΩXn+k

n+1

(w2) logΩXn+k

n+1

(w2)



and consequently

an+k =
∑

w

dn+k−|w|(1− d)|w|
E

[

ΩXn+k

1

(w) log ΩXn+k

1

(w)
]

≥
∑

w

∑

w1w2=w

dn+k−|w1|−|w2|(1 − d)|w1|+|w2|

E

[

ΩXn

1
(w1)ΩXn+k

n+1

(w2) logΩXn

1
(w1)

]

+
∑

w

∑

w1w2=w

dn+k−|w1|−|w2|(1− d)|w1|+|w2|

E

[

ΩXn

1
(w1)ΩXn+k

n+1

(w2) logΩXn+k

n+1

(w2)
]

.

Hence, we obtain similarly as in Lemma 5 the relationan+k ≥
ak + an.

The superadditivity property of Lemma 7 provides the
following convergence result.

Lemma 8. Suppose thatX is generated by a binary mem-
oryless source. Then there exists a non-negative constant
λ(d, p) ≤ H(1− d) such thatS1 ∼ n · λ(d, p) asn → ∞.

Proof: SinceΩX(w) is a non-negative integer we cer-
tainly haveS1 ≥ 0. Furthermore, sinceΩX(w) ≤

(

n
|w|

)

it
follows (as in the proof of Lemma 6) that

S2 ≤
∑

w

dn−|w|(1−d)|w|
E[ΩX(w)] log

(

n

|w|

)

∼ nH(1−d).

Hence (by using the notation of Lemma 7)

0 ≤ λ(d, p) := sup
n≥1

an
n

≤ H(1− d).

By another application of Fekete’s lemma [12] the sequence
an/n has a limit that equals the supremumsup(an/n). Of
course, we have used here the property thatan+k ≥ an + ak.

The proof of Theorem 2 is a combination of Lemma 6 and
Lemma 8. The lower bound ofλ(d, p) follows from the fact
that I(d, p) ≥ 0.

Remark. (Extension to Mixing Sources) We should point out
that most results of this section hold for more general sources.
For example, from the proof of Lemma 6 we conclude that

S2 ∼ n ·
(

H(1− d)− (1 − d)H(P̄ )
)

whereP̄ is defined in Lemma 1, provided̄Pn has a limitP̄ .
Define strongly mixing sources [12] as

c1P (Xm
1 )P (Xn

m+1) ≤ P (Xn
1 ) ≤ c2P (Xm

1 )P (Xn
m+1).

We conclude that Lemma 7 generalizes toan+k ≥ an+ak+C
for some constantC, hence Lemma 8 holds.

B. Proof of Theorem 3:d → 1

We first note that the empty word does not contribute to
the sum (1). Next we consider words of length1. If w = 0
and if X = Xn

1 consists ofm zeroes andn − m ones then
ΩX(w) = m. The situation is completely symmetric ifw = 1.

Hence the contribution of words of length 1 toI(Xn;Y (Xn))
is

T1 := dn−1(1− d)

(

n
∑

m=1

m logm

(

n

m

)

(

pmqn−m + pn−mqm
)

−np log(np)− nq log(nq)) .

By using the inequality

logm = log(np) + log

(

1 +
m− np

np

)

≤ log(np) +
m− np

np

we have the inequality
n
∑

m=1

m logm

(

n

m

)

pmqn−m ≤ log(np)

n
∑

m=1

m

(

n

m

)

pmqn−m

+
1

np

n
∑

m=1

m(m− np)

(

n

m

)

pmqn−m = log(np)np+
npq

np

= np log(np) + q.

Putting all parts together this leads to the following upper
boundT1 ≤ dn−1(1−d) ≤ (1−d). Let T2 denote the subsum
of (1) corresponding to those terms with|w| ≥ 2. By using
the trivial estimateΩX(w) ≤

(

n
|w|

)

and taking absolute values
we obtain the upper bound

T2 ≤ 2

n
∑

ℓ=2

dn−ℓ(1 − d)ℓ
(

n

ℓ

)

log

(

n

ℓ

)

≤ 2
n
∑

ℓ=2

dn−ℓ(1 − d)ℓ
nℓ

ℓ!
lognℓ

= 2dn logn
∑

ℓ≥2

(

n(1 − d)

d

)ℓ
1

(ℓ− 1)!

≤ 2dn logn
n(1− d)

d

(

en(1−d)/d − 1
)

.

If n(1 − d) = o(1) this leads toT2 ≤ C1n
2(1 − d)2 logn

with an absolute constantC1 > 0. Summing up and using
Corollary 1, we obtain the desired upper bound

I(d, p) ≤
1

n
I(Xn

1 ;Y (Xn
1 )) ≤

1− d

n
+ C1n(1− d)2 log n.

Finally by choosingn = ⌊(1 − d)−1/3⌋ we derive the upper
bound

I(d, p) ≤ C (1 − d)4/3 log
1

1− d

for an absolute constantC > 0.

C. Lower Bound ford → 0

Finally, we comment on the cased → 0 that has
been already solved in [9] and [8] where it is shown that
I(d, 0.5) = 1 + d log d − Ad + O(d2−ε) as d → 0 and
C(d) = I(d, 0.5)+O(d3/2−ε). The approach presented in [9]
is quite different from ours. However, we can use our methods
to obtain corresponding bounds. In particular, we easily get the
lower bound (8) below forI(d, p) for generalp.



Theorem 4. Suppose thatX is generated by a memoryless
source with parameterp. Then, asd → 0,

I(d, p) ≥ (1 − d)H(p) + d log d (8)

−d log(e) + d(q2f(p) + p2f(p)) +O
(

d2−ε
)

for every ε > 0, where f(x) denotes the functionf(x) =
∑

ℓ≥2 x
ℓ ℓ log ℓ. Furthermore, asd → 0,

I(d, p) ≤ H(p) + d log d+O(d log log(1/d)). (9)

Proof: The lower bound forI(d, p) follows the ideas
similar to those in the proof of Theorem 2. Instead of taking
the limit of an/n defined in Lemma 7 we derive lower bounds
for an/n for certainn. We will only consider wordsw with
|w| = n− 1. Then

an ≥ d(1− d)n−1
∑

|w|=n−1

E[ΩX(w) log ΩX(w)].

Suppose for the moment thatw has the form w =
0i11j10i21j2 · · · 0iK1jK , where ir, jr ≥ 1; this means that
w1 = 0 and wn−1 = 1 (the other cases can be handled in
completely the same way). If|w| = n − 1, then we have
ΩX(w) = ℓ (for someℓ > 2) if and only if there existsr with

ir = ℓ− 1 and X = 0i11j1 · · · 1jr−10ir+11jr · · · 0iK1jK

or there existsr with

jr = ℓ− 1 and X = 0i11j1 · · · 0ir1jr+10ir+1 · · · 0iK1jK .

Hence,
∑

|w|=n−1,w1=0,wn−1=1

E[ΩX(w) log ΩX(w)]+

∑

ℓ≥2

ℓ log ℓ
∑

w1=0,wn−1=1

P (w)
∑

r≥1

(

p I[ir=ℓ−1] + q I[jr=ℓ−1]

)

.

Now let Y be a random variable defined on words of length
n− 1 asY =

∑

r≥1

(

p I[ir=ℓ−1] + q I[jr=ℓ−1]

)

. Then we just
have to compute the expected value

E[Y |w0 = 0, wn−1 = 1] =
∑

r≥1

(pP[ir = ℓ− 1] + q P[jr = ℓ− 1]) .

Note that the probability distribution on0-runs (of lengthk ≥
1) is given bypkq/(1−q) = pk−1q and that the number of runs
in a string of lengthn−1 is approximatelypqn. Consequently,

E[Y |w0 = 0, wn−1 = 1] ∼ npq
(

p pℓ−2q + q qℓ−2p
)

,

or

E[Y,w0 = 0, wn−1 = 1] ∼ np2q2
(

p pℓ−2q + q qℓ−2p
)

,

which leads to
∑

|w|=n−1,w1=0,wn−1=1

E[ΩX(w) log ΩX(w)]

∼ npq
∑

ℓ≥2

ℓ log ℓ
(

pℓq2 + qℓp2
)

.

Similarly, we find
∑

|w|=n−1

E[ΩX(w) log ΩX(w)]

∼ n
∑

ℓ≥2

ℓ log ℓ
(

pℓq2 + qℓp2
)

= n(q2f(p) + p2f(q)).

Now we choosen = ⌊d−ε⌋ which ensures that(1− d)n−1 =
1 + O(d1−ε). This impliesλ(d, p) ≥ d(q2f(p) + p2f(q)) +
O(d2−ε). SinceH(1− d) = −d log d− (1− d) log(1− d) =
−d log d+ d log(e) +O(d2) we obtain the lower bound (8).

For the upper bound we proceed as in the proof of Theo-
rem 3. We start withS1. Let S1,n−1 denote the subsum ofS1

corresponding to words of lengthn− 1. Then it follows from
the above calculations thatS1,n−1 = O(nd) (actually we can
be much more precise). Furthermore it follows as in the proof
of Theorem 3 thatS1 − S1,n−1 = O

(

logn d2n2
)

if dn → 0.
Finally, for S2 we have (see Lemma 6)

S2 = −n(1−d)H(p)+d(1−d)n−1n logn+O
(

logn d2n2
)

.

Consequently, we obtain forn = n(d) = ⌊d−1/ log d−1⌋

I(d, p) ≤
S1 − S2

n
= (1− d)H(p)− (1 − d)n−1d logn+O(d) +O

(

logn d2n
)

= H(p) + d log d+O(d log log(1/d)).

This completes the proof of the theorem.
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