Mutual Information for a Deletion Channel
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[. INTRODUCTION So (X7, Y(XT)) := S1 — S2 where
A deletion channel with parametétakes a binary sequence ©1 = a1 — )Ry (w) log Qxp (w)], (2)
x:=az" =z - -z, Wwherez; € A = {0,1} as input and w
deletes each symbol in the sequence independently with protz = Y _ d* 1*!(1 — d)"IE[Qx; (w)] log E[Qxp (w)K3)
ability d. The output of such a channel is themnswibsequence w

Y =Y(z) = x;,..25,, of z = 2", where M follows the Theorem 2. Suppose thatX is generated by a memory-
binomial distributionBi(n, (1 — d)), and the indices$,, ...,iy; less source with parametep. Then the limitI(d,p) =

correspond to the bits that are not deleted. Despite signific ;;,, lI(X{‘; Y (X7)) as well as the (non-negative) limits
effort [2], [4], [8], [9], [10], [11], [13] the mutual information 7~ n

of the deletion channel and its capacity are still unknown. .1 n n
i . i o A(d, = lim —S1 (X7, Y (X
Our goal is to provide a more detailed characetrization ef th (dp) rimvoo 10 (X7, Y (X))
i i i 1
mutual information and th_e channel ca_pacny for m_emoryl_ess lim —So(XT, V(X)) = H(1—d)—(1—d)H(p)
sources (however, extension to Markovian sources is pe¥sib n—con

for two special cases! — 1 andd — 0. The latter case was exist, andI(d,p) = A(d,p) + (1 — d)H(p) — H(1 — d).
already discussed in [9], [8]. We accomplish it by relatihg t Furthermore,
problem to the so callethidden pattern matchingnalyzed 1 1
recently in [1], [6]. I(dap) = ;I;fl EI(X{I§ Y(X{l))a )\(dvp) = ZI;II ESI(X?a Y(X{l))
The channel capacity of the deletion channel is then N
where H(p) = —plogp — (1 — p)log(1l — p) is the entropy

rate.
C(d) = Tim sup I(X{3 ¥ (X7)),
nooon. p These representations lead kd,p) < I(X};Y(X7)) =
dﬁ:(p)(l — d) which is asymptotically optimal fod — 0 but

where the supremum is taken over all stationary ergo not for d — 1, as our next result (Theorem 3) shows. This

processes, and(X?;Y (X7{)) is the mutual information of o < ~ .
the deletion channel. It is well known [3] that this limit et also implies that\(d, p) < H (1 —d). Recall, that ford — 1 it

X o is just known thatC(d) = ©(1 — d) [10], [11], [4]. Our next
anq there e?('St many bounds for the capacity; see the SUNYEX LIt shows that — in contrast to the cases 0 — memoryless
article by Mitzenmacher [10].

) _ ) ) sources are not (asymptotically) optimal &s~ 1.
In this paper, we first represent the mutual information of a

deletion channel in terms of the coui (w) that enumerates Theorem 3. Suppose thaiX' is generated by a memoryless
the number of occurrences of a wardas asubsequencg.e., Source with parametep. Then we have the upper bound
not consecutive symbols) of. 1

ymbols) I(d,p) < C(1 —d)**log

Theorem 1. For any source, the mutual information satisfies ) L—d
asd — 1, where the constant’ > 0 is absolute.

I(X7hY(XT)) = 2:61"7‘7”‘(1—61)|1”| (E[Q2x7 (w)log Qxn(w)]  Finally we demonstrate the strength of our method by re-
w proving Kanoria and Montenari’s expansion fé(d,p) for
d — 0 leading toC(d) = I(d/1/2) + O(d*/?*7¢) == 1 +
— E[Qxn (w)] log E[Qxp (w)]) (1) dlogd—Ad+0(d*?~¢) (cf Theorem 4), wherel = log(2¢)—
Y127 Wlogt. Observe that the symmetric memoryless
where the sum is taken over all wordsof length|w| < n.  source is asymptotically optimal in this regime.

. ~Il. GENERAL SOURCES
Then, we focus on memoryless sources, however, most ofin this section we first derive a novel formula for the mutual

our results are valid for larger classes of (Markovian) eesr information and then present a simple proof of the upper doun
By Theorem 1 we havé(X{; Y (X7)) = S1(X{,Y(XT)) — C(d) < 1— d for general sources.



A. Proof of Theorem 1 B. Upper Bound for the Capacity

Let X = X} be a random sequence (over the binary In this section we recall an upper bound for the capacity of
alphabet4 = {0,1}) andw = wyws...w, a given word the deletion channel that also follows from the capacityhef t
(over A) of length |w| = m < n. We denote by)x(w) the erasure channel (e.g., see [2]). We provide a direct proof.

number of occurrences af as a subsequence df, that is, Lemma 2. For every binary sourceX — X7 the mutual

QO B I I I information of the deletion channel with deletion probéil
x(w) = > [Xiy=un [ [Xey=ws] " A[Xi=wnls d is bounded byl (XY (X)) < n(1 — d).

1<i1 <t < <im<n
4) Proof: By Theorem 1, we can writd (X} Y (X})) =
wherels = 1 if A occurs and zero otherwise. The probleng; — S, where S; and S, are defined in (2)—(3). Since
of counting subsequences in a text is known asftillen O (w) < (le) we first have
pattern matchingoroblem and was studied in [1], [6].
The hidden pattern matching is related to the the deletion g < Zdn—\w\(l —d)l*I og ( " )E[QX (w)].
channel problem by the following observation |w]

Furthermore

HXY ) £ = Sl = v () Pow)log Potw)

w

P(Y/(X{) = w|X}) = Qxp (w)d" (1 = a)l. - (5)
We first compute the expectation Ofy (w).

Lemma 1. Suppose thak = X7 is a general source. Then _ Z (1 — d)™ <”> Z P, (w)log(1/Py(w)).

m
m=0

lw|=m
n \—
E [Qxp(w)] = <|w|)Pn(w)’ SinceP,,(w) is a probability distribution for wordv of length
mwe havey_, ., Pn(w Ylog(1/P,(w)) < log2™ = m and
where consequently
_ 1 n
Pn(’w): s Z P(Xilzwl,XQ:wQ,Xim:wm) IXnYXn < dn—ml_dm<n>m:n 1—4d).
oy, 2 vy < S e —a (! (1-d)

m=0 |w|=m

with lelzmﬁn(w) = 1. In particular, if X is memoryless, This completes the proof, and in conclusion we establish the

then P,(w) = P(w) where P(w) is the probability that UPPer bound” <1 —d for the capacity. m
X1X5...X, = w (see [1] for dynamic sources). 1. M EMORYLESSSOURCES

Proof: By (4) we have E|[Qx(w)] = We now assume that the source is memoryless over a binary
Zl<i1<i2<~»<i < P(Xi, = w1, X;, = wo,--+,X,;, = alphabet withp being the probability of emitting a(”. The
wm)_: (Inl)ﬁ:@)' m Mmain goal of this section is to prove Theorems 2 and 3.

Proof of Theorem 1. The starting point is relation (5).A' Proof of Theorem 2 o
Then we usel(X;Y) = H(Y) — H(Y|X). We first com-  The next property follows from the definitidi.x (w).

pute H(Y). Observe thatP(Y = w) = 3,4 P(X = | emma 3. We have the following stochastic recurrence rela-
) (w)d™~1*1(1 — d@)!*! which leads to tion:
= —Zd" (1 = d)! (E[Qx; (w)] log E[Qxp (w)] Qepr(w) = > Qg (w)eplwz), ()
—E[Qxln (w)] 1Og(dn—\w\(1 _ d)\w\)) _ where the sum is taken over all pairts;, ws such that the
concatenationu; we equalsw.
Next, we estimate the conditional entroff(Y'|X). Notice Lemma 4. Let z,, and a,,, 1 < m < M, be non-negative
that forz € A" andy € A™ we have P(z,y) = numbers. Then we have
P(z)Q,(y)d"~™(1 — d)™. Combining with (5) we find S
Z Zm 1 M < Z Zm log— (7)
HY|X)= Zd” lwl(1 — d)l (B[ (w) log Qx (w)]+ Zm 14m =
Proof: Apply the inequalitylogx < x — 1. ]

ol ol Lemma 5. Suppose thatX is generated by a memoryless
+E[Qx (w)]logd (1-d) ) : source with parametep. Then

Putting all together we prove (1). I(XTH Y (XPHR) < T(XTY(XT)) + T(XT; Y (XT)).



Proof: By applying (7) for the sum (6) we obtain Lemma 6. Suppose thatX generated by a binary memo-
ryless source with parametes. Then we haveS; ~ n -

Qxin+k: (w) 10g Qxin+k: (w) — Qxin+k: (w) 10gE |:QX{7,+I€ (w)} (H(l _ d) _ (1 _ d)H(p)) asn — oo.
= Z Qxp (wl)ngﬁ (w2) Proof: By Theorem 1 and Lemma 1, and by the trivial
wiwa=w observation,,_,, P(w) = 1 we have

X <1og <w1w22:—w Qxp (w1)ngjf (w2)> S, — Zd"*‘w‘(l _ gyl (|Z|)P(w) log (|Z|)
—log ( > E {QX{L (w1)Qyntr (wz)D) + 3 dr I — gy <|Z|>P(w) log P(w)

< Qxln(w )Q o nik (w2) (log QX{l(w )Q ontk (w2) n
T e (e (Buentaza(e) e (a2
0 m m
—logE [QX{L (wl)QX:fif (wz)}) n n
+ AV (1 —d)™ P(w)log P(w).
= Z Qxp(wr) (IOgQX{L(wl)_logE [QX{‘(wl)])ngﬁ(wﬂ mZ:O ( ) (m> wz_:m (1) log Ple)
+ Z Qe (1) Qg (w2) (logQXn+k(w2) Thg _s_econd term above can be computed directly. By the
T et e definition of the entropy we havg_,, _,, P(w)log P(w) =
—mH (p). Consequently,
—logE [QX:H (wg)}). (p) quently
Let nowc, = I(X?; Y (X7)). Then AV (1 — d)™ " P(w)log P
(XY (X7)) S araa (1) 3 Ptz P

R Zdnﬁ'k*"w'(l — d)lv| (E [QX{LM (w)log Qyntr (w)} "
" —= e (1) ) = a1 - (),
-E [QX{LM (w)} logE [Qxilm(w)}) . m=0 m
Hence by taking expectations of the above and by using theorder to evaluate the first term we apply the results of [5],

relation [7] about the so callethinomial sumsNotice that
L= Y d (1= )y () “ i (™ g (7 n
o~ mZ::od (1—d) (m) log (m) ~ log (n(l - d)) ~nH(1-d).
_ n—|w w n _ n—~¢ efm
=Y ara—a! (|w|)Pn(w) =Y d" (14 (4) This completes the proof of the lemma. ]
w =0 The next step is to show a similar property &, namely

(an_d a similar relation for the sum over) we immediately thats, ~ n-A(d, p), where\(d, p) is a non-negative constant.
derivec,,x < Cn o+ k- Note that we have Ussfkthe Propertirhe problem is to obtain some information aba\d, p), but
that X7 and X\ are independent and that,};" have the for this we would need precise information about the behravio
same distribution as(f. B of Oy (w).

By Fekete’'s lemma [12] the following corollary follows.
Lemma 7. Suppose thak generated by a binary memoryless

Corollary 1. For memoryless sources we havéd,p) = ¢ource and set, = S1(X7,Y(X™)). TheNayii > an + ay..
inf,>1 21(XT; Y (XT)).

In particular we havel(d,p) < 1I(Xp;Y(X})) for all
n > 1. If we apply this forn = 1,2 we find

I(d,p) < (1 —-d)H(p),
I(d,p) < (1—d)(H(p) +p* +¢° - 1). | (
og

X

For example, by looking at the second bound we observe
that supy<,,<; 1(d,p) < 1%d which implies that memoryless
sources do not meet the general upper bouadi for d — 1. = Z Qxp (wl)ﬂxgﬁ (w2) log (QXI‘ (wl)ngﬁ (w2))
Actually we will show thatsup,.,<; I(d, p) is much smaller ~ ** 2=
asd — 1 (Theorem 3). = Z Qxp (wl)Qxﬁf (w2)log Qxp (w1)

We now prove Theorem 2. As above, we write wiwz=w
a{I(SX?;Y(X{I)) = 51 — So; alsoa, ~ by if ap/b, - 1 4 Z QX{l(wl)QXﬁf(wz)1OgQXZLk(w2)

n — Q. wwe=w

Proof: We have

Qxﬁk(w)logﬂxﬁk(w):( Z QX{L(wl)stIf(w2)>

w1 w2=w

n+1

> Qxp (1) Qe (mg)

11)1 11)2 =w



and consequently Hence the contribution of words of length 10X ™; Y (X ™))
is

anir = D A1 = @) TE (@ (w) Tog Qs () .
n
Ty :=d" (1 -d) (Z mlogm<m) (p"g" ™+ p" ™)
m=1

ZZ Z dn+k—\w1|—|w2\(1_d)|w1|+\w2\

w wiwe=w —nplog(np) — nqlog(ng)) .
E {Qxl" (W1)8yn sk (w2) log Qxp (wl)} By using the inequality
+Z Z dn+k—\w1|—|w2|(1_d)|w1\+|w2| m — np m—np
w wywa=w logm = log(np) + log (1 + ) < log(np) + p”
E {QXTL (w1)Syner (w2) log Qyns (MQ)} : we have the inequality
Hence, we obtain similarly as in Lemma 5 the relatign , > n n B n n B
ak + Gn. | Z mlogm(m)pmq” " < log(np) Z m(m)pmq" m
The superadditivity property of Lemma 7 provides them=! m=1
following convergence result. 1 ¢ N\ m _n—m npq
g g +— > m(m —np) <m>p ¢"~" = log(np)np + —=
Lemma 8. Suppose thaX is generated by a binary mem- P = p

oryless source. Then there exists a non-negative constantnplog(np) + gq.

< - ~n . _ . .
A(d,p) < H(1 —d) such thatS; ~n - A(d,p) asn — oo Putting all parts together this leads to the following upper

Proof: Since Qx(w) is a non-negative integer we cerfbound?; < d"~!(1—d) < (1—d). Let T; denote the subsum
tainly haveS; > 0. Furthermore, sincély(w) < (") it of (1) corresponding to those terms witla| > 2. By using

; ] - . )
follows (as in the proof of Lemma 6) that the trivial estimatey (w) < (,) and taking absolute values

w]

we obtain the upper bound

T, < 2;251“(1 — )t (7;) log <Z>

n

> ~nH(1—d).

Sy <Y d" I (1—d) " E[Qx (w)] log <|w|

Hence (by using the notation of Lemma 7)

n 4
"— n
0< A\d,p) = supa—n < H(1-4d). SZZd Z(l_d)gﬂlognz
n>1 T =2
By another application of Fekete's lemma [12] the sequence —o" 1ognz (n(l - d)>z 1
an/n has a limit that equals the supremusup(a,,/n). Of d (¢—1)!

L>2
course, we have used here the property that, > a, + ax. »

] < 2d" 1ognM (e"(lfd)/d — 1) .

The proof of Theorem 2 is a combination of Lemma 6 and d

Lemma 8. The lower bound o¥(d, p) follows from the fact If n(1 —d) = o(1) this leads toT; < Cin*(1 — d)*logn
that I(d, p) > 0. with an absolute constart; > 0. Summing up and using

] o ] Corollary 1, we obtain the desired upper bound
Remark. (Extension to Mixing Sources) We should point out -

that most results of this section hold for more general sIrc (g, ;) < lI(X{l; Y(X1) < —— + Cyn(1 — d)?logn.
For example, from the proof of Lemma 6 we conclude that n n

Finally by choosing: = [(1 — d)~'/3| we derive the upper
bound

where P is defined in Lemma 1, provide#, has a limitP. I(d,p) < C (1 —d)*?log
Define strongly mixing sources [12] as

Sy~n-(H(1—d)—(1-d)H(P))

1-d
for an absolute constaidt > 0.

aP(XT")P(Xp 1) < P(XT) < coP(XT")P(X7 1)
C. Lower Bound ford — 0

Finally, we comment on the casé — 0 that has
been already solved in [9] and [8] where it is shown that

— 2—
B. Proof of Theorem 3d —s 1 1(d,0.5) = 1+ dlogd — Ad + O(d*~¢) asd — 0 a_nd
_ _ C(d) = I(d,0.5) +O(d’/?>~¢). The approach presented in [9]
We first note that the empty word does not contribute g gyite different from ours. However, we can use our methods

the sum (1). Next we consider words of lengthlf w = 0 (4 gptain corresponding bounds. In particular, we easitytiye
and if X = X7 consists ofm zeroes andh — m ones then |gwer bound (8) below fo (d, p) for generalp.

Qx (w) = m. The situation is completely symmetricudf = 1.

We conclude that Lemma 7 generalizesito . > a,+ar+C
for some constant’, hence Lemma 8 holds.



Theorem 4. Suppose thaiX is generated by a memorylessSimilarly, we find

source with parametep. Then, asd — 0,
I(d,p) = (1 —d)H(p) + dlogd
—dlog(e) + d(¢°f(p) + p*f(p)) + O (d*~°)

for everye > 0, where f(z) denotes the functiorf(z) =
> sy @ Llog . Furthermore, asi — 0,

(8)

Z E[Qx (w)log Qx (w)]

Jw|=n—1

~nY llogl (p'e* + ¢'p*) = n(d*£(p) + p*£(q))-
>2

Now we chooser = |d~¢| which ensures thatl — d)"~! =

1+ O(d*~¢). This implies\(d,p) > d(¢*f(p) + p*f(q)) +

I(d,p) < H(p) + dlogd + O(dloglog(1/d)). 9)

Proof: The lower bound forl(d,p) follows the ideas
similar to those in the proof of Theorem 2. Instead of takin
the limit of a,, /n defined in Lemma 7 we derive lower bound
for a,,/n for certainn. We will only consider wordsv with
|w| =n —1. Then

an > d(1 —d)"! Z E[Qx (w)log Qx (w)].

Jw|=n—1

Suppose for the moment that has the formw
0%11910%2172 ... 0*x 19, where i, j, > 1; this means that
w; = 0 andw,_1; = 1 (the other cases can be handled i
completely the same way). Ifw| = n — 1, then we have
Qx (w) = ¢ (for some? > 2) if and only if there exists with

ip=0—1 and X =0"17"...1Jr1girtipir...Qix1ix

or there exists- with

This completes the proof of the theorem.

jr=0—1 and X =0%17...00 191, Qix1Ix

Hence,

O(d*7¢). Since H(1 — d)
—dlogd + dlog(e) + O(d?) we obtain the lower bound (8).

For the upper bound we proceed as in the proof of Theo-
em 3. We start withS,. Let S; ,—1 denote the subsum ¢f;
corresponding to words of length— 1. Then it follows from
the above calculations th&t ,,_; = O(nd) (actually we can
be much more precise). Furthermore it follows as in the proof
of Theorem 3 thatS; — S1.,—1 = O (lognd?n?) if dn — 0.
Finally, for Sy we have (see Lemma 6)

So =
Gonsequently, we obtain for = n(d) = [d~'/logd ']

I(d,p)

—dlogd — (1 —d)log(1l — d)

—n(1—d)H(p)+d(1—d)" 'nlogn+O (lognd°n?).

SSl—SQ

=(1—d)H(p) — (1 —d)" 'dlogn + O(d) + O (lognd*n)

= H(p) + dlogd + O(dloglog(1/d)).
|
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Z Llogt Z P(w) Z (p I =y + qI[jT:g_l}) .

£>2 w1=0,w,_1=1 r>1 [1]
Now let Y be a random variable defined on words of length

n—1asY =3, (0T —e 1 +qIy,—¢ 1)) - Then we just [2
have to compute the expected value [3]

E[Y|wy = 0,wn1 =1] =Y (pPliy = £ — 1] + qP[j, = £ — 1]}4]
=t 5

Note that the probability distribution amruns (of lengthk >

1) is given byp¥q/(1—q) = p*~'¢ and that the number of runs [l

in a string of lengtm — 1 is approximatelyqn. Consequently, (7]

(8]

0—2

E[Y [wo = 0,wn—1 = 1] ~ npq (pp* ¢+ q4"*p),

or
El

E[Y,wo = 0, wy—1 = 1] ~ np*q® (pp* ¢+ q4" ?p), 0
which leads to

[11]

S B (w)logOx(w) o

lw|=n—1,w1=0,w,_1=1
02 02 3]
~ nquélogé(p @ +4qp%).
>2
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