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g-Ary Digital Expansion
qg > 2 ... integer basis of digital expansion in N
N ={0,1,...,q— 1} ... set of digits

neN—

n=>» gj(n) ¢’ with €;(n) € N.

720

Sum-of-digits function

sq(n) = ) gj(n)

>0




Robert Tichy and Digital Expansions

e More than 25 papers on digital problems.

e Asymptotics for average values %an\f sq(n)F.
e Uniform distribution modulo 1 of x, = asq(n).
e Ergodic properties of sq(n), odometers.

e Digital expansions based on linear recurrences.
e Digital blocks and digital expansions.

e Fractals and digital expansions.

e \Waring’'s problem with digital restrictions.



Thue-Morse Sequence

11— (—1)52(n)

tn >

b = 0 if so(n) is even,
"1 1 if so(n) is odd.
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Thue-Morse Sequence
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Thue-Morse Sequence
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Thue-Morse Sequence
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Thue-Morse Sequence

— (=1)s2(n)
, _1- (1)
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01101001100101101001011001101001



Thue-Morse Sequence

1 — (=1)32(n)

tn >
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Thue-Morse Sequence

1 — (=1)32(n)

tn >

011010011001011010010110011010011001011001101---

toky, =1—tn (0<n <2
or

tog, = tg, top4+1 = 1 — 1t



Prime Numbers

p is Fermat prime <=  s>(p) = 2.

p is Mersenne prime <=  s>(p) = [logs p].



Focus of the Talk

e Distribution properties of sq(n)

e Subsequences of the Thue-Morse sequence

e Gelfond’s problems

e Uniform distribution modulo 1

e Relations to primes



Subsequences of the Thue-Morse Sequence

(ng)r>0 increasing sequence of natural numbers

Problem:
#{k < K : tn, =0} =7777
Equivalently
#{k < K : sp(ng) =0 mod 2} =7777
Examples:
e np. —ak—+b

e n;. = k-th prime p;

o n;, = k2 etc.



Linear Subsequences

Gelfond 1967,/1968

m,s ... positive integers with (s,q—1) = 1.

N
—> |#{n < N :n=¢modm, sq(n)EtmOds}z—-l-O(N)\)
ms

with 0 < A < 1.

In particular:

#{k < K : sp(ak +b) =0 mod 2}=#{k<KZtak+b=O}
=2 +0(K™)




Linear Subsequences

Z xSQ(n)y’rL: H <1+$y25>
(<L

n<2L

Corollary 1  e(z) ;= e2™®

#{n <2l :n=0mod m, sq(n) =t mod s}
1 m=tsl il it i 2
= goe(—a—;)g (1+6<;+$>>
2L
=" +00""

ms



Uniform Distribution modulo 1

Corollary 2 « irrational, h # O integer

—> Y elhasy(n)) =1+ e(ha))L = o(21).
n<2Ll

With a little bit more effort:

> e(hasa(n)) = o(N)

n<N

Weyl's criterion = |as>(n) uniformly distributed modulo 1.

By assuming certain Diophantine approximation properties for o these
bounds also imply estimates for the discrepancy Dy (as>(n)).



Ergodic Methods

e Compactification of N by considering the digit space
Zq={0,1,...,q— 1N

e Addition extends to a continuous mapping on Zg4, the corresponding
action T': N — Aut(Zq) is uniquely ergodic.

e [ he mapping

w—x,weN

a |Iim (sq(w+ z) —sq(w)) if the limit exists,
a(z,x) = .
0 otherwise

IS @ cocycle and the set of essential values of a coincides with

{a(z,z) 1z € Zq, z € N}.

e Application of the ergodic theorem.



Newman’s Phenomenon
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Newman’s Phenomenon
Thue-Morse Sequence t, = (1 — (—1)52(n))/2

0110100110010110100101100110100110010110011

There seem to be more O's than 1's in the sequence tg:

#{n < N :n=0mod 3, sy(n) =0 mod 2}
> #{n < N:n=0mod 3, s»(n) =1 mod 2}

Note that Gelfond's result implies

#{n < N :n=0mod 3, sy(n) =0 mod 2}
~#{n < N:n=0mod3, sp(n) =1 mod 2}
N

Ny —,

6



Newman’s Phenomenon

Theorem (Newman 1969, Coquet 1983)

#{n < N :n=0mod 3, sp(n) =0 mod 2}
—#{n < N:n=0mod 3, sp(n) =1 mod 2}

— S (—1)32(n)

n<N,n=0 mod 3

— | W(logan) - N1853 4 O(1)

~

where W (z) is a positive continuous periodic function.

In particular
S (—1)%2(M > 0
n<N,n=0 mod 3
for all N > 0.



Newman’s Phenomenon

Extensions

Grabner 1993

> (1) >0 for |Q = 3F5¢|

n<N,n=0 mod @

Grabner, Herendi and Tichy 1997
S (—1)%2(M > 0

n<Nn=0mod |17




Newman’s Phenomenon

Further Extensions Drmota, Leinfellner, Skatba 1999, 2000

S (—1)%2(M > 0

n<N,n=0 mod @

for Q=0mod 3, Q=25+1, Q=0*14+1)/3|

A negative statement: Drmota, Skatba 2000

#{primeSpga:: > (—1)32(”) >O} zo( u )

n<N,n=0 mod p log z
Newman’'s phenomenon occurs only for few primes.



Gelfond’s Problems

Gelfond 1967/1968

1. q17q27---7Qd22, (Q’Laq]) =1 fori#jr (mj7QJ_l) = 1

#{n < N :sg;(n) =£; modm;, 1<j<d}= ol + O(N1T)
mi---my
#{primes p < N : s¢(p) =¢ mod m} = m(N) + O(Nl_n)

3. (m,g—1) =1, P(z) € N[z]:

#{n < N :sq(P(n)) =¢mod m} = g + O(N1™)




Gelfond’s Problems

Gelfond 1967/1968

1. q1,92,---,94 > 2, (g3,q;) = 1 for i = j, (mj,q; —1) = 1: Kim 1999

N

#{n < N :sq.(n) =4, modm;, 1<j<d} = + O(N1™T)
ml o o o md
2. (m,q— 1) = 1: Mauduit, Rivat 2005+
N
#{primes p < N : s¢(p) =¢ mod m} = m(N) + O(N1™)
3. (m,g—1) =1, . Mauduit, Rivat 2007+ for P(z) = z?

#{n < N : sq(n?) =¢mod m} = N + O(NL—)
m




Gelfond’s 15t Problem

Besineau 1972: solution without error terms

Kim 1999: bounds on exponential sums:

(e(z) = 2™ ||z|| = r;:li£ lx — k| ... distance to the nearest integer)
c
1
N > elaisq (n) + agsg(n) + - - + agsq,(n))
n<N

d
< exp (—nlogN > g — 1)aj||2) ,

j=1
(aj € Q: Kim, a; € R: Drmota, Larcher)



Gelfond’s 15t Problem

Applications of Kim’s method
Drmota, Larcher 2001: q1,92,...,93 > 2, (g;,q;) = 1fori# j, aq,...,aq
irrational:

(@181 (R, - .., agsgy(n)), <o € R uniformly distributed mod 1.

Thuswaldner, Tichy 2005: q1,q2,...,99 > 2, (g;,q;) = 1 for i # j.

For d > 2F the number of representations of
N=af+ +af with s (z;)=¢ modm;1<;<d
IS asymptotically given by

svy r(1+3)
my-mg T (9)

Nil4+0 <N%—1—’7) .



Gelfond’s 24 Problem

Mauduit, Rivat 20054: o real number

— 2 A(n)e(asq(n))

2
o < exp (—nlog N||(g — Dal?),

n<N
Corollary
2
l () 2 clasa(p))] < exp (—nlog N(g — Dall?),
p<N
Applications

e (« irrational —

(asq(p))p orime IS uniformly distributed mod 1.



Gelfond’s 24 Problem

Applications (cont.)

e Set a = j/m + discrete Fourier analysis —

N
#{primes p < N : s¢(p) =¢ mod m} = m(N) + O(N1—).
e tn ... Thue-Morse sequence —>
N
#{primes p < N : t, =0} = m(N) + O(Nl—n).




Gelfond’s 24 Problem

Gaussian primes
g = —a -+ ... basis for digital expansion in Z[i] (a € {1,2,...})

N =1{0,1,...,a%} ... digit set

z €L = |z = Z ej(2) ¢’ | with gj(z) eN
j=>0

sq(z) = > €;(z) ... sum-of-digits function
720

Drmota, Rivat, Stoll 2007+

Suppose that a > 28 such that ¢ = —a + ¢ is prime,
i.e. a € {36, 40, 54, 56, 66, 74, 84, 90, 94,...}. Then
1
N/log N

> e(asq(z)) < exp (—77 log N||(a2 + 2a + 2)a||2) :
|2|2< N,z prime



Gelfond’s 24 Problem

Drmota, Mauduit, Rivat 2007+: (k,gq—1) =1

#{primes p < N : sq(p) = k}

_ _ 2
— q 1 W(N) (QXD (_ (k /éq logq N) ) + O((Iog N)—%“F&)) :
©(qg— 1) \/27'('0'3 logy, N 205 logy N

where

Remark: This asymptotic expansion is only significant if
1
\k — g log, N| < C(log N)2

Note that ﬁzpd\f sq(p) ~ pqlogy N.

It does not apply for k =2 or kK = [logo p] (if ¢ = 2).



Gelfond’s 24 Problem

Lemma 1 For every fixed integer q > 2 there exist two constants
c1 > 0, ¢co > 0 such that for every k with (k,q—1) =1

> e(asq(p)) < (log N)3N1—eill(a=Dal?
p<N p=k mod g—1

1
uniformly for real a with ||(¢ — 1)al| > co(log N) ™ 2.

Remark. This is a refined version of the previous estimate.



Gelfond’s 24 Problem

Lemma 2 Suppose that 0 < v < % and 0 <n < % Then for every k
with (k,q— 1) = 1 we have

w(N)

> e(asq(p)) =

p<N, p=k mod ¢—1 ©(g—1)
X (e_2w2a20q2|quN (14+ O (|la])) + O (Jo| (log N)u>)

e(apqlogy N)

1
uniformly for real o with |a| < (log N)"™2.

Remark. This is a refined version of a central limit theorem of sq(p):

#{p < N : s54(p) < pglog, N + \/ 2 |og N}__1 /y _%tht
. S o — (& .
P> q\P) > Hq q Y\ 9q q oy




Proof

Set

S(a) := ) e(asqe(p)) and  Sp(a) := > e(asq(p)).

p<N p<N, p=k mod q—1

Then by using sq(p) =p mod (¢ — 1) we get

1
=50

#{p < N :sq(p) = k} = / S(a)e(—ak) da

1
2(q—1)
1

2(g—1)
=(qg—1) / ( Z e(asq(p))> e(—ak) da

1 p<N, p=k mod g—1
2(g—1)

1
=(¢g—1) /Q(Q_ll) Sr(a) e(—ak) da.
- 2(g-1)



Proof

We split up the integral

1

2(71) / /
= +
sy lel<@og N)7=1/2 (log N)Y1=1/2<[a|<1/(2(g-1))

From Lemma 1 we get an upper bound for the second integral

/ S,.(a) e(—ak) da < (log N)2 N e—c1(a=1)?(log N)="
m(N)

< :
log N




Proof

Set

k — uglog, N
a:=t/(2nog\/logy N) and A= \/aquog qN.
g '09

Then by Lemma 2 we an asymptotic expansion for the first integral:

/|a|§(|og N)n—1/2 Sk(a)e(—ak) da

N 5720252
B SOZTCI(—>1) la|<(log N)1—1/2 e(a(puqlogy N —k))e g 199N (140
+0 (W(N) al<(log Ny1-1/2 la| (log N)Vda>

1 T(N) /OO GAR—12/2 gy 1 (W(N)e—szag(log N)277>

- ©(q — 1)27raqw/logqN
m(N) m(N)
TO (Iog N) +TO ((Iog N)l—V—277>

_ 1 (V) —D2)2 ~Lpu4on
SO(q_1W2qulogqN( /2 + 0((log N) ))-




Gelfond’s 374 Problem

Mauduit, Rivat 1995, 2005 1 <c¢ <

O~

#{n < N : s¢([n°]) =¢ mod m} ~ %

Dartyge, Tenenbaum 2007: There exists C > 0 with

#{n < N:s4(n®) =¢modm}>CN

Drmota, Rivat 2005: ssM(n) = S €;(n), s5MN(n) = 3 e(n):
j<A >\

L
#{n < 2L : s5H(n2) = 0 mod 2} ~ %

L
#{n < 2L : sEH(12) = 0 mod 2} ~ 2?



Gelfond’s 374 Problem

Mauduit, Rivat 2007+

1

o 2 elasg(n?)) < (log N)* exp (—nlog N||(q — 1)a?)

n<N

Applications
N
o H#{n<N: Sq(n2> =/modm} =—+ O(NL™—)
m

. #{n<N:tn2=O}=g—|—O(N>‘)

e (« sq(nz))nzo is uniformly distributed modulo 1



Gelfond’s 374 Problem

Open problem:

distribution properties of sq(n3) 77

General problem:

Let S be a set of natural numbers that are determined by congruence
conditions and bounds on the exponents of the prime factorization.

What is the distribution of (s¢(n)),ecs 7?7

Examples: primes, squares, cubes, square-free numbers etc.



Happy Birthday!



