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Irrationality measure function

« - real irrational, || - || - distance to the nearest integer
t) = i t>1
Ya(t) 1Sqr£;pqezllqall, >

continued fractions (Lagrange Theorem):

a = [ag; a1, a2, .-y any -], % = [a0; a1, 32, ..., an], &n = |gnx — Pl
n

’lﬂa(t) =&, for gn <t < gny1.

for any t we have

Yalt) < t71



Irrationality measure functions for two numbers

Theorem (1.D. Kan 4+ N.M., Unif. Distr. Th. 5:2 (2010))
Suppose a, 5 € R\ Q such that o + 3 ¢ 7Z. Then the difference
function

ba(t) = ¢5(t)

changes its sign infinitely many times as t — +00

v

Informal question: Is there other objects that behave
themselves in a similar way?

» variations on multi-dimensional irrationality measure functions
» variations on one-dimensional irrationality measure functions

» many irrationality measure functions



Multidimensional irrationality measure functions: definitions

9% ceo
©e=1{ - -+ -+ | — real matrix, d=m+n
gL ... gm
Li(x) = 0}xq + - + 07 xm,
X = (X1, .0y Xm) EZ™ — 1<j<n
M(X) = maxlg,-gm ‘X,'|
Yo(t) = min max ||L;j(x)|| — piecewise constant function

x€Zm: 0<M(x)<t 1<j<n

» Minkowski: 1g(t) <t~ n YV t>1
» badly approximability: 3C > 0 3O s.t. ¥g(t) > Ct™n Vit>1
> irrationality 1g(t) > 0 Vt

» it is possible to consider different norms



Singular matricies: Khintchine-Jarnik's theory, m+n > 3

o1 - om
oL ... gm

Theorem (V. Jarnik, 1959) Suppose that v(t) satisfies
l.n>1landm>2; (t)]0ast— +oc.
2. n>landm=1; (t)]0ast— +oo and P(t)t 1 +oo.

Then there exists a matrix © such that
— numbers 01’: are algebraically independent,
— one has Yo(t) < (t) Vt.



Multidimensional irrationality measure functions: singularity

0 — 1[1@(1‘)

General Proposition
Suppose that m+ n > 3. Then for any ©
with e(t) >0Vt

there exists ©1 with

Yo(t) > e, (t) forall t large enough



About badly approximability
badly approximability: 3C > 0 30O s.t. ¥o(t) > Ct™n Vit>1

al

Example m=1,n=2, © = ( ) Dirichlet spectrum

a2

D = {d : (a1, a2)such that d = limsup t2 -Yo(t)}

t—o00
Db — {d : J(ay, a2)- badly approximable such that

with d = limsup t2 - ¥ (t)}
t—00

Y (t) = ming<e /llgon | + [lgaz|?
Theorem (Akhunzhanov+M. 2021)

For Euclidean norm D = [0, \/2/ \/57] is closure of Dbad

Remark. It is likely that a similar statement is true for anym+n > 3
and for any norm. (c.f. Schleischitz arXiv:2202.04951, 2022)



Multidimensional irrationality measure functions:
badly approximability

badly approximability:

iC>030 = ( 31 ) such that ¥g(t) > Ctz2vVe>1
2

Proposition
Suppose that m = 1,n = 2. Then for any s badly approximable ©
there exists badly approximable ©1 with

Yo(t) > e, (t) forall t large enough



One-dimensional settings: Minkowski function

1.

Those denominators of convergent for which ‘oz - % < 52
@1, Q2y.evy Qny ..
Qn+1 -t t— Qn
tziQO[—f-ina’QStSQl
Na( ) Qn+1*Qn ” n H Qn+1*Qn H n+ || n n+

Minkowski: 14(t) is convex.

Example. p 5(t) < pis(t), VE>0

2




One-dimensional settings: Second order approximation
functions.

ROE min llgal]
1<qg<tqgcl
g#q,.Vn=1273 ..

() = min lga — p
(9,p): qp€Z,1<q<t,
p/q;é pn/qnvn: 17253>“'

va(t) < wE(e) < o (1)
Proposition Differences

B(e) — () and w2 (t) — w5 (1)

may not oscillate



Supplement to Gayfulin's lecture: I3 spectrum

()= |itrginf t-Yl(t)
L3 = {\: Ja such that A = €'(a)}

Theorem.
I.LY is /5 = maximal element of L3,
t(a)= V5 iffa~ IL[
2 Ifa b 158 then{% so (3,v/5) is a gap in L.
3. Fore—zk o onehas? ( ):%
3isa //m/t point for L.
is 5 is the minimal element of IL3.

4.
5 3
6. [3.3] cL3.



A paper by Dubickas JNT 177 (2017)

Theorem 1 Under the condition oo + 3 ¢ 7 one has

lim sup
t—4-00

1
Ya(t)  ¥p(t)

Theorem 2 There exist irrational o, 8 with o+ 8 &€ 7. and

Ya(n+1) < g(n) Vn>2.



After Dubickas 1

Theorem (N.M., Arch. Math. 2019)
Under the condition o + 8 & 7 Jt, — oo such that

|¢a(tz/) - Q,Z)B(t,,” > K- min(¢a(tu),¢ﬁ(ty)), K — W 1

Moreover the constant K here is optimal.

As 1, (t) < 1/t we have
Corollary Under the conditions of Th. 1 one has

11 ) .
B " )| > K - t, for certain t, — oc.



After Dubickas 2

Corollary Under the condition oo + 3 & 7 one has

> K-t, forcertain t, — o0

‘ 11
Ya(ty)  ¥p(ty)
with K =1/ Y53+ — 1 =0.2720"

Theorem (N. Shulga, MJCNT 2022)
Under the condition specified one has

> Ki-t, forcertain t, — oo

‘ 1 _ 1
Ya(ty) wﬁ(tl/)

with Ky = /5 <1 - ,/V52—1> —0.47818*

Moreover the constant Ky here is optimal



Simultaneous approximation revisited

o- ( o ) $8(t) = mingee +/Tqaa]? T Tlqaz]?

a2

Theorem (N.M., 2027)

w(t) T,w(0) =0 3O = (a1,a2) and ©1 = (f1, B2) such that:
1. 1, a1, o, B1, B2 are aigebraic independent.

2. for every t one has

[Ye(t) — ve,(t)] < vo(t)w(ve(t)).



£- index: definition

a, B € R incommensurable if 1)4(t) # 15(t) for all large enough t.
For n-tuple @ = (v, ..., ) of pairwise incommensurable numbers
consider permutation

o(t):{1,2,3,....,n} — {01,02,03,...,0n}
with Vag, (t) > VYa,, (t) > Va,, (t) > ... > a,, (1)
t-index t(a) = #(a1, ..., ap) is defined by
t(a) = max{k : there exist different pemutations o1, ..., 0
with the following property : Vj Vto > 0 3 t > t such that o(t) = 0;}

Kan-Moshchevitin Theorem states that (a1, a2) =2 if oy £ ap € Z

From Dubickas’ approach it follows that there exists a
incommensurable n-tuple (a1, ..., ap) with (a1, ...,a,) =n



t- index results: Manturov-M. arXiv:2108.08778 (2021)

Theorem 1 For an n-tuple o = (1, ..., ) of pairwise
incommensurable numbers one has

Theorem 2 Let k>3 and n = @ Then there exists a
pairwise incommensurable n-tuple a with

t(a) =k



t- index results: V. Rudykh, arXiv:2204.05769 (2022)

Theorem 2 Let k>3 and n = @ Then there exists a
pairwise incommensurable n-tuple o with

t(a) =k

Theorem 1’ (Viktoria Rudykh, April 2022)
The size of an n-tuple a = (a1, ..., o) of pairwise independent
numbers with ¢(a) = k is

n< k(k2+1)



Main lemma

this never happens infinitely often for o &= 8 € Z:

Vp(t) —0
Ya(t) —0
| Fu+1
| o
: : Qvi+2 = u+d
. Mut+d—1



Main lemma

Py
a = [ag; a1, a2, ...], — = [ao; a1, az, ..., a,
¥

O‘zt = [Ov dy,dy—1, .-+ 31], 51/ = |q1/a - p1/|

S
B = [bo; b1, by, ...], ri = [bo; b1, by, ..., by
I

BZ = [Ov b,LLa b,LL*l’ veny bl]? Ny = |rl/5 - 5u|

Lemma Let d > 1. Suppose that q, 12 = r,1q and
& < Nws

o1 < Nyyd—1,
Qu+1 < futa

Then everywhere we have equalities and

d=2 und aj, =081



Y1 ! | |
Prr—F | |
Yo : ‘ :
Yas— i |
V3 l )
. ; :
| i .
| | -
{1y | Lo
= = I t = =
i () | Britsy Voo
=0q;, =4, 2} =q,11 = 9,41
t pr— pr—
vy ¥ g

=4q " =491



Thank you for your attention!



