AN ANALYTIC APPROACH TO THE HEIGHT OF BINARY
SEARCH TREES II

MICHAEL DRMOTA

ABSTRACT. It is shown that all centralized absolute moments E|H, — EHp|*
(a > 0) of the height H,, of binary search trees of size n and of the saturation
level H/, are bounded. The methods used rely on the analysis of a retarded
differential equation of the form ®'(u) = —a 2®(u/a)? with @ > 1. The
method can also be extended to prove the same result for the height of m-ary
search trees. Finally the limiting behaviour of the distribution of the height of
binary search trees is precisely determined.

1. INTRODUCTION

A binary search tree is a binary tree, in which each internal node! is associated
with a key, where the keys are drawn from some totally ordered set, say {1,2,... ,n}.
The first key is associated with the root. Now, the next key is placed in the left child
of the root if it is smaller than the key of the root and it is sent to the right child
of the root if it is larger than the key of the root. In this way we proceed further by
inserting key by key. More precisely, the algorithms repeats itself recursively in the
subtrees (and thus all subtrees are in fact binary search trees). So starting from a
permutation of {1,2,... ,n} we get a binary tree with n internal nodes such that
the keys of the left subtree of any given node x are smaller than the key of x and
the keys of the right subtree are larger than the key of x.

Binary search trees are widely used to store (totally ordered) data, and many
parameters have been discussed in the literature. (The monograph of Mahmoud [10]
gives a very good overview of the state of the art.) Usually it is assumed that every
permutation of {1,2,...,n} is equally likely and hence any parameter of binary
search trees may be considered as a random variable.

An alternative way of looking at this probabilistic model is a “Markov chain” of
binary trees (T,)n,>0 describing the evolution of a binary search tree by inserting
one key after another. T has no internal nodes. It consists of exactly one external
node which is the root. T} has one internal node which is the root and two external
nodes. Now T5 is generated from 77 by replacing one of the two external nodes by
an additional internal one (with two external nodes as left and right children) with
equal probability 1/2. In that way we proceed further. T, is generated from T,
by replacing one of the n + 1 external nodes by an additional internal one (and two
external nodes as left and right children) with equal probability 1/(n + 1). It is an
easy exercise to show that for any fixed n the probability distribution of T, of this
Markov chain (T},)n>0 is exactly the same as the probability distribution induced
by equally likely permutations of {1,2,... ,n} as above.
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In this paper we first consider the height and the saturation level. The height
H,, is the largest distance of an internal node from the root (or the highest level
containing internal nodes), and the saturation level H/, is the maximal level without
external nodes, i.e., the binary trees is complete? until level H!. (We will also
consider the height of m-ary search trees and describe the distribution of the height
of binary search trees.)

In 1986 Devroye [2] proved that the expected value EH,, satisfies the asymptotic
relation EH,, ~ clogn (as n — o), where ¢ = 4.31107... is the (largest real)
solution of the equation (22)° = e. (Earlier Pittel [13] had shown that H,,/logn — 7
almost surely as n — oo, where v < ¢, compare also with Robson [16]. Later
Devroye [3] provided a first bound for the error term, he proved H, — clogn =
O(v/logn loglogn) in probability.) Based on numerical data Robson conjectured
that the variance VH,, is bounded. In fact, he could prove (see [17]) that there is
an infinite subsequence for which

E|H, - EH,| =0(1),

and that his conjecture is equivalent to the assertion that the expected value of the
number of nodes at level h = H,, is bounded (see [18]). The best bounds (before
1999) were given by two completely different methods by Devroye and Reed [5] and
later by Drmota [7]. They (both) proved

EH, = clogn + O(loglogn) (1)
and
VH, =E(H, - EH,)?* = O((loglogn)?).
Eventually, Reed [14, 15] settled Robson’s conjecture
VH, =0(1).

His approach is related to that of [5], moreover he could also show that

EH, = clogn — loglogn + O(1). (2)

3c
2(c—1)
A second proof of Robson’s conjecture was given by the author [8]. (In the present
paper we present a much more detailed proof leading to more precise estimates for
higher moments and we will provide several extensions.)

The saturation level H, of a binary search tree is defined to be the maximal
level b’ such that for all levels h up to h’ there are no external nodes, i.e. the binary
search tree has 2" (internal) nodes for all levels h < ' but less than 2"+ (internal)
nodes at level A’ 4 1. For example, it follows from Biggins [1] that

where ¢ = 0.373365. .. is the other real solution of the equation (%)C = e. (Com-

pare also with Mahmoud [10].)

This result indicates some duality between the height H,, and the saturation level
H/, of binary search trees. The analysis given below supports this observation (in
the combinatorial and in the analytic part).

The concept of m-ary search trees is a direct generalization of that of binary
search trees (m = 2), see e.g. [11]. Here every internal node stores at least one and
at most m — 1 keys. If an internal node contains exactly m—1keys 21 < z9 < --- <
Zm—1 then it may have (at most) m subtrees, also containing internal nodes, such
that all keys in the j-th subtrees are greater than x;_; and less than z;. Of course,
all these subtrees are again m-ary search trees.

2A binary tree is complete if every level h > 0 contains exactly 2% nodes.
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Devroye [4] has proved the following asymptotic property concerning the height
H,, ,, of m-ary search trees. Let ¢ = ¢y, > 1/(hm — 1) (hm = >.ivy 1/i) be the
minimal solution of the equations

m—1
B+ clog(m!) =c Z log(B + ),
i=1
where [ is linked to ¢ by

1 &
E_;ﬂ—i-i'

Hm,n
cm logn

Then we have

—1 a.s.

2. RESULTS

The purpose of this paper is to present a second proof of Robson’s conjecture. i.e.,
V H,, = O(1), which is independent from the proof of Reed [14, 15]. A variation
of this method provides a similar result for the saturation level. In both cases a
retarded differential equation of the form ®'(u) = —a=2®(u/a)? (with some a > 1)
plays a central rdle. A similar differential equation (see (57)) is related to the height
of m-ary search trees. However, it turns out that this equation is much more difficult
to handle for m > 2. For m = 2 and a = e!/¢ = 1.26107 ... we could use a relatively
simple trick to get a proper solution, compare with [7] and [8]. For o = 16 there
exists a non-trivial solution ®(u) = (u=! + u_%)e_Mw4 (see Lemma 11) which is
suitable to prove the case of the saturation level in binary search trees. For general
m-ary search trees we will use a related integral equation (58) for the inverse Laplace
transform ¥(y) of ®(u) which can be solved by a contraction argument after a proper
scaling. It is very likely that the solution W¥(y) of the integral equation is closely
related to the distribution of the height of m-ary search trees. At least for the binary
case this can be worked out, see Theorem 4.

Theorems 1 and 2 concern the height and the saturation level of binary search
trees.

Theorem 1. Let yp(x) (h > 0) be (polynomials) recursively defined by yo(z) = 1
and by

(@)= 1+ [ a@Pde (h=0), (3)
0

Then the expected value of the height H,, of binary search trees of size n is given by
EH, = max{h: yn(1) <n}+ O(1) (n — 00), (4)

and there exists a constant C > 0 such that for all integers k > 0 and n > 0

—k
2

E|H, — BH,|* < C (k+1)! (1_E> | (5)

Theorem 2. Let z,(x) (h > 0) be recursively defined by zo(x) =1 and by

¢ 2
zpt1(z) =1 —|—/ 2 () (ﬁ - zh(t)) dt (h >0).
0 _
Then the expected value EH), of the saturation level of binary search trees is given
by
EH! = max{h: z,(1—-n"1') < (1 —2/e)n} + O(1) (n — 00), (6)
and all centralized moments of H), are bounded:

EH —EH " =0(1) (n— ). (7)
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The constant 1 — 2/e = 0.264... appearing in (6) is not essential. It can be
replaced by any constant between 0 and 1 and the theorem remains true.

The following result for m-ary search trees is, of course, a generalization of The-
orem 1. However, the estimates for the centralized moments are more explicit in
Theorem 1. Therefore, we decided to state Theorem 3 separately.

Theorem 3. Let m > 2 be a fized integer and let yn(x) (h > 0) be (polynomials)
recursively defined by yo(x) =1 and by

i V@) = m=Dlg@)™ (b= 0),

where
m—2

Y1 (0) = 0 (0) = =y (0) = 1.
Then the expected value of the height H,, ,, of m-ary search trees of size n is given
by

EH,, , = max{h:yp(1) <n}+ O1) (n — 00), (8)

and all centralized moments of H, are bounded:

E|H,,, — EH,, »|* = O(1) (n — 00). (9)

Remark 1. Note that we also prove a relation for the expected value EH,, and EH],
which are, however, implicit and do not reprove the limiting relations EH,, ~ clogn
and EH/, ~ ¢ logn. In view of the following proof it seems to be easier just to prove
the boundedness of VH,, and VH/, (and of all centralized moments.)? However, we
can combine this theorem with Reed’s result (2) to obtain tight asymptotics for

yh(l) — eh/C—‘rﬁlogh-‘rO(l). (10)

Interestingly the asymptotic behaviour of y,(1) was posed as an unsolved problem
by C. Ponder [12] without stating any connection to binary search trees.

We finally present a theorem on the limiting behaviour of the distribution of H,.
As for the moments the result is in some sense implicit since it is only precise in
terms of y,(1).

Theorem 4. Let yn(x) be defined by (3). Then there exists a monotonically de-
creasing function U(y), y > 0, with ¥(0) = 1 and lim,_.o ¥U(y) = 0 satisfying the
integral equation

yU(y/e/e) = / ()Wl - 2)de

such that
P[H, < h] =¥ (n/yp(1)) +0(1) (n — o0),

where the o(1)-error term is uniform for all h > 0.

The paper is organized in the following way. Section 3 is devoted to the proof
of Theorem 1, section 4 to the proof of Theorem 2 and section 5 to the proof of
Theorem 3. All three proofs have a similar structure. However, they get more and
more involved. In a final section 6 we prove Theorem 4.

31t should be mentioned that in [7] there is an outline of a possible proof of Robson’s conjecture
c

which relies more or less on the conjecture that EH, = clogn — 3e=1) loglogn + O(1) which
turned out to be wrong due to Reed’s result [14, 15]. In fact, the purpose of [7] was to find tight
asymptotics for EH,,. However, it seems that it is more or less unmanageable to get more than
(1) by the methods of [7]. After all one gets the impression that it is an intrinsic property of
the height of binary search trees that any expansion of the form EH, = h(n) + O(1) with some
manageable function h(n) leads to a proof of Robson’s conjecture. This had been made explicit by
Reed [14, 15] (compare with (2)) and some months later by the author with the implicit expansion

(4) presented here.
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3. HEIGHT

3.1. Combinatorial Background. Let H, be the height of binary search trees
of size n. So, its distribution function is
a
P[H, < h] = —",
n!
where a,, , denotes the number of permutations o € S, of n elements such that the
corresponding binary search tree has height < h.
The following two lemmata collect some properties of the numbers a,, 5, and their
(exponential) generating functions
An,h
yn(z) = ==t (11)

n!
n>0

Since a,_, = 0 for n > 2" these generating functions are in fact polynomials.
The corresponding proofs of Lemmata 1 and 2 can be found in [7].

Lemma 1. The numbers a,, satisfy the recurrence equation

n—1
n—1
Gn ht1 = Z ( 1 )ak,hanlk,h (12)

k=0
with initial conditions ag,o =1 and a, o =0 for n > 0. Furthermore we have

CESVRR] a2
for all h > 0 and n > 0.
Lemma 2. The functions yp(z) are recursively given by
yo(z) =1
and by
Yhia(2) = yn(2)?, yn(0) = 1. (14)

Remark 2. Note that the relation (14) is just a reformulation of (12). Thus,
Lemma 2 follows from Lemma 1. Furthermore (13) may be interpreted as P[Hp41 <
h] < P[H,, < h] which is quite obvious if one thinks of the Markov chain approach
mentioned in the Introduction.

Remark 3. 1t is clear that (14) can be reformulated to

x
Ynt1(z) =1 +/ yn(t)2dt,
0
i.e. these functions are exactly the same as those which are introduced in Theorem 1.

3.2. Analytic Tools. The most important tool for the proof of Theorem 1 is the
set of auxiliary functions gp(z) (h > 0) defined by

gn(z) := " ®(a"(1 - 2)), (15)
where ®(u) is the solution of the (retarded) differential equation
1
®'(u) = ——0(u/a)’ (16)
with the initial condition ®(0) = 1, and
a=el/° =1.26107....

These functions emulate the recurrence equation (14) of ys(x). In fact, by using
(16) one easily gets g, (x) = G (x)>.

This approach was already used in [7]. In Lemma 3 we collect some properties
of the solution of (16). It is then an easy exercise to translate these properties to
corresponding properties of g, (x), see Lemma 4. (The proofs can be found in [7]).
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Lemma 3. There exists a unique entire function ®(u) with ®(0) = 1 which solves
(16). This solution ®(u) is strictly decreasing for (real) uw > 0 and the function
u®(u) is strictly increasing for (real) u > 0. Especially we have 0 < ®(u) < 1/u for
(real) u > 0 and there exists a real constant C1 > 0 such that

log u

uc—l

1 —u®(u) ~ Cy (17)

as u — Q0.

Remark 4. Tt will be clear from the following analysis that any (proper) solution
®(u) of (16) with a satisfying 1 < a < /¢ is sufficient to prove boundedness of all
centralized moments of H,,. (However, for a = e'/¢ we get sharper bounds than for
a < e'/¢ compare also with the proof of Theorem 2.) In [7] a more or less direct
proof of Lemma 3 has been given (which can be modified to prove corresponding
properties for o < el/ ). In section 5 we provide a different approach. We consider
an integral equation (82) for a function ¥(y) so that the Laplace transform ®(u)
of U(y) satisfies (16) and has all necessary properties to prove Theorem 1 (and
similarly Theorem 3).

Lemma 4. The functions gn(x), h >0, x > 0, defined by (15) satisfy
1. 0 < gn(0) < 1.

h
2 130 ~ P (2) oo
3 gjh(l) = ah.
4. Gpyr(z) > gp(z) for allz >0 and r > 0.
5. i1 (z) = Jn()*.

The only (but important) difference between yj(x) and g, (z) is that they do not
have the same initial condition. We have §,(0) = o®(a") < 1 = 3,(0). Further-
more Jo(z) < yo(z) for 0 < z < 1. Thus it follows by induction that gy (z) < yn(z)
for 0 <z < 1. Next observe that the power series expansion of g, () is given by

(n+1)h
~ a n n n
gn(z) = Z " (=)™ (") 2™
n>0

Set ~<i>(u) = ®(—u). Then ®(u) satisfies the differential equation ®'(u) =
o~z_2<I>(u/oz)2 Since ®(u) = ®(—u) > 0 for all real u it follows by induction that
@) (u) > 0 for all integers n > 0 and for all real u. Thus,

(-1)"d™(a") = ™ (o) > 0

for all n, which implies that all Taylor coefficients of g (x) are positive. Hence, g, ()
grows faster than any polynomial and consequently there always exists x;, > 1 such
that g, (x) > yp(x) for z > xp. In fact, we can be much more precise.

Lemma 5. For every non-negative integer h and for every (real) D > 0 there exists
zn,p > 0 such that

Untp () < yn(z) (0<z<azpp), (18)
and
yn(z) < gnh+p(2) (x> znp). (19)
Furthermore we have

Th+1,D > Th,D- (20)
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Proof. We proceed by induction. Since gp(z) is strictly increasing and satisfies
0 < gp(0) < 1 and lim, . §p(z) = co the assertion is surely true for h = 0. Now
suppose that (18) and (19) are satisfied for some h > 0, i.e. the difference

On,p(%) = yn(x) — Jni ()

has a unique zero x5, p > 0 such that 0, p(z) > 0 for 0 < z < x5, p and 6, p(z) <0
for > xp,p. Now we have

6;L+1,D(I’) = y;l-‘rl(x) - 332+1+D(x)
= yn(x)® — Ghsn ()’
= 0n,0(%)(yn () + Gn+n()).

Hence, dp+1,p () is increasing for 0 < z < xp,,p and decreasing for > zj, p. Since

Sh+1,0(0) > 0 and lim,_ o dp41,p(x) = —oo there exists a unique zero xp4+1,p >
Th,D of 5h+1,D(1') such that 5h+1,D(17) >0for0< o< Th41,D and 5h+1,D(x) <0
for x > xp41,p. O

By using Lemma 5 we can prove the following property which is indeed the key
to the proof of Theorem 1.

Lemma 6. Let ep, be defined by ey, := ¢ - logyn(1). Then we have ep1 > ep + 1.
Moreover,

Je () <yn(x)  (0<z <), (21)
and
Yn(z) < e, (x) (2 2=1). (22)
Proof. Since
Gei, (1) = ™ = yn(1)

we have zp, ¢, —r = 1. Thus Lemma 5 directly implies (21) and (22).
Finally, by (20) we have

Th41l,en+1—(h+1) = Thtl,en—h > Thiep—h

which implies yp4+1(1) > Fe,+1(1). Hence, 4. of Lemma 4 gives ep11 > ep +1. O
Now we are able to prove tight upper and lower bounds for a,, 5.
Theorem 5. There exists an absolute constant Cy > 0 such that

a’na'h < 02a74(clognfeh)’ (23)
n:

for all non-negative integers h with e, < clogn, and an absolute constant C3 > 0
such that

anh ep—clogn
1-— "" < Cs(ep —clogn +1) <—) , (24)
n: C

for all non-negative integers h with ep > clogn.
Proof. Suppose that 2 > 1. Then by Lemma 6 and (13) we have
Y, () = yn(z)

"L a
k,h
bk
- k!
k=0
a n
S a
n!
k=0
Qpp " —1

Y

)

nl x-1
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and consequently

Qn,h r—1 _ r—1
S g Ve () = 7@ @ (= (z — 1)a).

Finally setting * = 1 + o~ °* and using the inequality

n+1
)t ot

(1+y)"—1> (
we directly get

Qn, h 1 1
: D (-1 —_
n' - (1 + a_e}L)n+1 _ 1 ( ) << (na—Eh)4

if ey, < clogn. This proves (23). (We note that Vinogradov’s notation a < b means
that there exists an absolute constant C' with a < Cb.)

The proof of (24) runs along the same lines. Here we use x = 1 — % < 1. Again
by Lemma 6 and (13) we have

1 N 1
~ Yen (:L’) >

1—=z

Thus
Qn,h

= St (= (- a)ge, (2)
Finally, by using 2. of Lemma 4 we directly get

Qn,h

1= n!

<1— aeh—clognq)(aeh—clogn)

ep—clogn
< (ep, —clogn+1) (E)
if ey, > clogn. O

3.3. Proof of Theorem 1. In this section we show that the estimates for the tails
of the distribution of H,, (provided in Theorem 5) are sufficient to prove Theorem 1.
First of all we note the following.

Lemma 7. We have

> oon) (o) (25)

h:ep<clogn

and

3 (1 - “;ih) —0(1)  (n— o). (26)
hien>clogn

Proof. By Theorem 5 we just have to show that
>, aitrEmel=o(1)  (n—oo) (27)

h:ep<clogn
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and
ep—clogn
Z (e, — clogn +1) (E) =0(1) (n — o0). (28)
h:ep>clogn

However, this is almost trivial. By Lemma 6 we have ej+1 —ep > 1. Hence, the sum
in (27) is bounded above by
Y o™ =0(1)

=0
and the sum in (28) by

S +1) @)J —0().

Jj=0

O
Now it is easy to prove the estimate (4) for the expected value EH,,: We directly

obtain
- Qn,h
EH"_Z(l_ n! )
h>0

An b An.h
Z <17 n!)+ Z (17 n!)
h:ep<clogn h:ep>clogn
=max{h : e, < clogn}+ O(1).

The proof of the bounds for the centralized moments (5) is a little bit more
technical. Let F,(v) = P[H, < 2] = ay, |, /|z]! (for > 0) be the distribution
function of H,,. Then by integration by parts we get

E|H, — EH,|" :/ lx — EH,|* dF,(x)
0

EH, %)
_ / (EH,, — 2)* dF, (z) + / (¢ — EH,)* dF, ()
0 EH,

EH, e}
— k/ (EH, — )" ' F,(z) dx + k/ (x —EH,)" 1 (1 - F,(z))dx
0 EH,
=51 + 5.

Set hg = max{h : e, < clogn}. Then |EH,, — hg| < Cy for some constant Cy > 0.
Hence, the first integral S; can be estimated by

Cy
Si<k Y tho—ht Cot )k [T our )
: 0

hgho

<k Y (ho—h+Cy+ 1) tamteloan=en) 4 (90, 4+ 1)
h<ho

<EkY ™ 4+ 20+ 1)F
>0

Since
R lud < (k= 1)! k+j_1)uj
S - Z( -
(k—1)!
RCEL
for k> 1 and 0 < u < 1, we can finally estimate S; by

1 —k
sien(i-4)"
o
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Similarly we can treat the second integral Sa:

So <k S (h—ho+Cy+1)F" (1—“2—"h)+(2c4+1)k

h>ho
ep—clogn

<k Z(h7h0+C’4+1)k’1(ehfclognJrl) (C) +(2C, + 1)k

h>ho

2\ 7

<k» j* (—) + (204 + 1)k

>0\

9 —k

carn(i-2)"

Since a* > ¢/2 this completes the proof of Theorem 1.

4. SATURATION LEVEL

4.1. Combinatorial Background. Let b, j; denote the number of permutations
o € S, of n elements such that the corresponding binary search tree has saturation
level > h, i.e.
bun

n!’
Then these numbers b, ;, satisfy the same recurrence as the numbers a,, .

P[H > h] =

Lemma 8. The numbers by}, satisfy the recurrence equation

n—1
n—1
bpht1 = Z ( i )bk,hbn1k7h (29)

k=0

with initial conditions bpo =0 and b, o =1 for n > 0. Furthermore we have

b7L+1,h bn,h
1) = nl (30)

for allh >0 and n > 0.

Proof. The proof of the recurrence relation (29) is immediate by considering a binary
search tree where the root is labeled by £+ 1,0 < k <n — 1.

Next observe that (30) is the same as P[H], , > h] > P[H,, > h]. However, this
inequality is immediately clear by applying the “Markov chain approach” mentioned
in the Introduction. O

Remark 5. Tt should be remarked that (30) can be proved by induction, too. Ob-
viously, (30) is satisfied for h = 0. Now suppose that (30) is true for some h > 0.
Then, by (29)

— [(n
= Z (k) b nbn—r.h + bn.n

n n—1
Pe— < i >bk,h(n —k)bn—g—1,n + bn ht1

= nbn,thl + bn,h+1 = (TL + 1)bn,h+1-

Hence, (30) is also satisfied for h + 1.



AN ANALYTIC APPROACH TO THE HEIGHT OF BINARY SEARCH TREES II 11

We introduce the generating functions
_ bn,h n n
gn(z)=>_ —=ta"=> PH), > h]a". (31)

The recurrence equation (29) can be rewritten to (compare with Lemma 1 and
Lemma 2)

Uni1(z) =T (@)
but with initial condition gy(z) = /(1 — x) and initial values g, (0) = 0 for h > 0.
These functions are no longer polynomials. Even, the converse functions

2(@) = T~ Gulw) = YO PIH, < nla”
n>0

are no polynomials, either. They satisfy the following recurrence equation.

Lemma 9. The functions z,(x) are recursively given by

zo(z) =1

and by
2
hea@) = (o) (125 = () (0 =) (52)

for h > 0.
Remark 6. Equivalently we have

r 2

zpe1(z) =1 +/ zp () (1— - zh(ac)> dt,
0 - :1:

i.e. these functions are exactly the same as those which are introduced in Theorem 2.

For notational convenience, let [2"]A(z) denote the n-th coefficient of the power
series expansion of A(z) at zg = 0. We will also use the notation

A(z) < B(z)
if [z"]A(z) < [z"]B(z) for all n > 0. Note that if all coefficients are non-negative
then A(x) <. B(x) implies A(x) < B(x) for all x > 0. Furthermore there are quite
simple rules for “<.”, e.g. if 0 <, A(z) <, B(z) and 0 <. C(z) <. D(z) then
0 <. A(z)C(z) <. B(z)D(x).
In what follows we will also make use of the following upper bound for zj(z)
which is stated in terms of “<.”.

Lemma 10. For every h > 0 we have

' (on L)
an(a) < 20y (33)
k=0

Proof. Obviously, we have equality for h = 0. Now we use the inequality

chea(o) = (o) (12 = 200 <o (o) (39)

1—x —
and proceed by induction. Note that the inequality “<.” is preserved by integration
since z;,(0) =1 for all h > 0. O

Remark 7. Lemma 10 can also be used to obtain a lower bound for the expected
value EH, of the form

C/
2(1-¢)
We only have to adapt the corresponding proof of [7]. Here it is crucial that in-
equality (33) holds in the sense of “<.”.

EH] > c'logn + loglogn + O(1).
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4.2. Analytic Background. We again use the (retarded) differential equation
1—
P (u) = ——P(u/@)” (35)

but now with
a > e/ =14.5625. ..

Interestingly there is an explicit solution ®(u) of (35) for u > 0 with @ = 16.

Lemma 11. The function

o 1 1/4
B(u) = e’ -

1/4
u 36
. (36)
is solution of the differential equation (35) with @ = 16 for uw > 0 and satisfies

lim, oy u®(u) = 1.
As above, we define a set of auxiliary functions Z,(z) (h > 0) by
20(a) = T —16B(6" (1)), (37)
where ®(u) is given by (36). They emulate the recurrence equation (32) of z ().

Lemma 12. The functions Zp(z), h > 0, > 0, defined by (37) satisfy
0< 2,(0) < 1.

1= n(0) = 0 (2"e™") (h— o).

Z(1—167") = (1—2) - 16"

Zhar(x) > Zp(x) for allz >0 and r > 0.

Zha () = 2(@) (15 — 2n(@))-

Again, the difference between zp,(x) and Zj(x) is that they do not have the same
initial condition. We have Z,(0) < z5,(0) = 1. This implies that Z,(z) < zp(z) for
0 <z <7, (for some Z), > 0). By Lemma 10 z;(x) grows as a power of log 11— as

—1/2

Cr W o=

x — 1—. Since Zj(x) grows as (1 —x) it follows that lim, 1 (zn(z) — Zxp(z)) =
—o00. Actually, we can say a little bit more.

Lemma 13. For every non-negative integer h and for every (real) D > 0 there
exists 0 < Ty, p <1 such that

Zhep(x) < zp(x) (0 <z <Zpp), (38)
and
zp(x) < Zpap(x) (@Tp,p <z <1). (39)
Furthermore
Th41,D > Th,D- (40)

Proof. We proceed by induction. Since Zp(z) is strictly increasing and satisfies
0 < 2p(0) < 1 and lim,—,;— Zp(x) = oo the assertion is surely true for h = 0. Now
suppose that (38) and (39) are satisfied for some h > 0, i.e. the difference

On,p(7) == 2(®) — Znyp (@)
has a unique zero Ty, p > 0 such that 0, p(z) > 0 for 0 < z < 5, p and 6, p(z) <0
for > x5, p. Now we have

5;L+1,D(x) = Z;L+1($) - 5;1+1+D($)
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Recall that by definition z;(z) = >, 5o Pr[H;, < kla" <1/(1 —z) and Zp4p(z) <
1/(1 — z), compare with (37). Hence, 0,41 p(z) is increasing for 0 < = < Tp p

and decreasing for z > T, p. Since dp41,p(0) > 0 and lim, .o dp+1,p(z) = —0
there exists a unique zero Tp4+1,p > Th,p of dp41,p(x) such that dp41,p(x) > 0 for
0<z< Thi1,D and 5h+1,D(93) <0 for z > Th1,D- O

By using Lemma 13 we can prove the following property which is the key to the
proof of Theorem 2.

Lemma 14. For every h > 0 there uniquely exists fn such that

Zp, (1=1677") =z, (1—1677). (41)
They satisfy
fior 2 fut 35 (42)
Moreover,
Zp(x) <zp(r)  (0<z<1-1677), (43)
and
zn(z) < Zp(x) (1—1671 <z <1). (44)

Proof. By Lemma 10
h k K
v h (log 16)" v
an (1-167") <2h Yy == —
k=0

If vlog 16 > h then the summands increase with k£ and we have
(log 16)" v"
h! '

This means that z; (1 — 1677) is of polynomial growth with respect to v (if v1log 16 >
h which is no restriction). Consequently there exists vy > 0 such that

zp (1-167") < (1 - g) 16%.

Hence, by 3. of Lemma 12 we have zj, (1 — 167%) < Z,, (1 — 16~"°). Since z,(0) = 1
we have the converse inequality for v = 0. Thus, by continuity there exists f; with

zp (1—1677) = (1 - %) 167 = 7, (1 —1677").

2 (1-167%) < (h+1)2"

Now we can apply Lemma 13 which implies that f; (satisfying (41)) is uniquely
determined and that (43) and (44) hold.
For the proof of (42) we need several steps. Firstly we prove that fri1 > fp.
From
Tht1, fn+1—(h+1) = Tht1,fa—h > Th fu—h
it follows that
zhr (1—16717) > 25 4 (1—16777) .
If we assume that fr+1 < fj this also implies
Zhr (1—=16770) > 2, 1y (1—1677m1)
However, since
Zhr (L= 16711y =z, (1 —1677m1)
this would imply fr11 > frn + 1. This is of course a contradiction to the assumption
frn+1 < frn. Thus, we get fr+1 > fn as proposed.
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Now we assume that fr11 < fr, + %. This would imply that
Zpoy (L= 1677m1) = <1 - g) 16741
< (1-(1)) 165+,
Next observe that
(1-3(1)) 167 < (1 - 160(16)) .
Thus
Zen (1—1677m11) < (1 —169(16)) 167
=Zp (1—-16717)
< zpy1 (1—16771),
which implies that
Zhr (1= 167700) > 200 (1 —16777)
> ., (1—1677m1).
This is of course a contradiction and so we have finally proved (42). O

We are now able to prove tight upper and lower bounds for by, 4.

Theorem 6. There exists an absolute constant Cy > 0 such that

1— b"—'h < Coa= (T —11) (45)
n!
for all non-negative integers h with fr, < (logn)/(log16), and an absolute constant

C'3 > 0 such that

< Cyofr—1sts eXp( 165~ ffggf%) : (46)
for all non-negative integers h with fr > (logn)/(log 16).

Proof. Suppose that n > 16/ and consider

m:1—121—16*fh.

By Lemma 14 we have zj(z) < Z, (x) and consequently
2

Zf, (x) >

Hence
h 1 1
1"’§5f’(1>nn
n! " n)1—(1-1) +1
16/ _ /16~
<5 o)
n n
165\ /2
(%)
n

log n

— 4_(log16_fh).
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The proof of (46) runs along the same lines. Here we assume that n < 16/» and
use 1
r=1--<1-16"/"

n
By Lemma 14 and (30) we have
1 1
_ 3 >_ -
5@ 2 - a)
_ bk_h k
k!
k>0

oo
b
> “kh P
- k!

k=n

b e
> n,h Z J)k
n!
k=n

n

- bn,h X
Conl 11—z
Thus

b:L—}h <o " (1—(1-2)zp, () = 2" (1 - )16 B(16™ (1 — 2))

Finally, by using 2. of Lemma 12 we directly get

by, 16/ — /167
—"h < ) ( )
n! n n

16/~ 1/4 16/
<(%) ()
= 2fh71100g% exp (—16f"711t>0§%>

if fr, > (logn)/(log 16). O

4.3. Proof of Theorem 2. It is now an easy task to prove Theorem 2 along similar
lines as in the preceding proof of Theorem 1. We just use the estimates of Theorem 6
instead of Theorem 5.

As above we first have to make the following observation.

Lemma 15. We have
bn
3y (1 - —'h> =0(1) (n— o), (47)
h:n>16/n "
and
bn,h
Z - = 0(1) (n — o0). (48)
h:n<167n
Proof. By Theorem 6 we just have to show that
Z 4—(%_%) =0(1) (n — 0), (49)
h:n>16fn
and
log n. log n
Z 2/~ 1e5 16 exp (_16fh*10g—16) =0(1) (n — 0). (50)
hin<16/n

By Lemma 14 we have fp11— fr > %. Hence, the sum in (49) is bounded above by

Y 47 = 0(1)

=0
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and the sum in (50) by
3 29/10 exp (—16j/1°> = 0(1).

Jj=0
O

So we can prove the estimate (6) for the expected value EH: We directly obtain

EH,Q:ZI’;—"’I

h>0
_ Z bn,h + Z bn,h
N n! n!
h:n>167n h:n<167n

=max{h: fr < (logn)/(log16)} + O(1)

bn,h bn,h
- X () X
h:n>165n h:n<16fn
=max{h: fr < (logn)/(log16)} + O(1).
We finally have to check that
max{h : fr, < (logn)/(log16)} = max{h: z;,(1 —n~') < (1 —2/e)n}.

(51)

For this purpose note that 1 — 16~/» is a zero of the function

(@) — (1—2/€)/(1 - a).

It is an easy exercise to show that for every n with 0 < 1 < 1 there exists a unique

zero of zp(z) —n/(1 —x). (We just have to adapt the proof of Lemma 13. Note that
one proves this assertion for all  at once.) Since z;(0) —n > 0 it follows that

zp(z) < (1 —2/e) forz >1—16"7/»

1—2z
and

zn(z) > (1 —2/e) for z < 1— 16"/,

11—z
Now set hg := max{h : f, < (logn)/(log16)}, i.e., 16/ < n and 16/0+1 > n.
Hence
1 2
Zhg 1—— < 1——|n
n e
and

1 2
Zho+1 (1— E) > (1— g)n

ho = max{h : z;,(1 —n~') < (1 —2/e)n}

and consequently

as proposed.
The proof of the bounds for the centralized moments (7) is now an easy exercise.

5. m-ARY SEARCH TREES

5.1. Combinatorial Background. Let a,  denote the number of permutations
o € S, of n elements such that the corresponding m-ary search tree has height < h,
ie., P[Hpn < h] =ann/n!. Their (exponential) generating functions are given by

Qn,h
n>0 ’

and are again polynomials.
As in the case of binary search trees we can prove the following two properties.
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Lemma 16. The numbers a,, satisfy the recurrence equation

n—m-+1)!
Un ht1 = (m —1)! Z W%“ha"?’h "G h
nitno o =n—m41 L2 " (53)

with initial conditions ago =1 and a, o =0 for n > 0. Furthermore we have

Gn+1,h An, b
(n+1)! = (h 2 0). (54)
Proof. Firstly, the recurrence (53) easily follows by considering an m-ary search
trees of height < h + 1 as a root with keys (1 <)j; < j2 < -+ < Jm—1(< n)
and m subtrees of height < h with n; = j1 — 1,ng = jo —j1 — 2,... ;N1 =
jm—l - jm_g - 1,nm =n— jm—l keys.
The inequality (54) can be restated as

There is a “Markov chain model” for m-ary search (which is similar to that men-
tioned in the Introduction for binary search trees, see [4]). There T, 5,41 is obtained
from Ty, by inserting an additional key. Thus, one always has Hp, nt1 > Hpn
and consequently (55) and (54) follow immediately.* O

Lemma 17. The functions yp(x) are recursively given by

yo(z) =1
and by
uiiy () = (m = 1)lyn(a)" (56)
with yo(z) =1 and initial values y,(0) = y},(0) = --- = ygmfz)(O) =1 for h > 0.
Proof. The recurrence equation (56) is just a reformulation of (53). O

5.2. Analytic Background. Our aim is to find proper solutions ®(u) of the (re-
tarded) differential equation

(m—1)(,\ _ (_qpym = Dl ruym
o () = (~)" e () (57)
for some o > 1 and ®(0) = 1. Then the functions

gn(z) = a"@(a"(1 - 2))

emulate the recurrence equation for y,(x), i.e., they satisfy

g (@) = (m = 1) ga ()™

We can easily prove that (57) has entire solutions ®(u) for any « > 1 by showing
that there exists a formal power series solution which converges in the whole complex
plane. However, the essential difference between the case m > 2 and the case m = 2
is that we have m — 2 > 0 degrees of freedom if m > 2. For any choice of complex

numbers ay, as, ... , am—o there exists a unique solution ®(u) of (57) with ®(0) =
1,®(0) =ay,..., 2™ 2)(0) = a,,_s. It seems that there is only one (m — 2)-tuple
(a1,az,...,am—2) such that the corresponding solution of (57) satisfies ®(u) ~

1/u as u — oo. However, if we proceed as in [7] we get no hint how to choose
a1,02, ... ,Am—2-

4In the Appendix the reader will find a combinatorial proof of (54) which is quite involved.
This is strange since it seems that the simplicity of the probabilistic argument has no counterpart
there.
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Therefore we use a different approach to this problem, we consider a related
integral equation

m—1

T V(y/). (58)

U(z1) - U(zp)dz = ]

21+ +2m=Y,2; >0
We will solve this integral equation via a contraction argument (compare with

Lemma 18).
The crucial observation is that the Laplace transform

D(u) = / T (e dy

of ¥(y) is a solution of (57). Moreover asymptotic properties of ¥(y) easily translate
to asymptotic properties for ®(u), e.g. lim,_.o ¥(y) = 1 translates to ®(u) ~ 1/u
as u — 0o.

Lemma 18. Let m > 2 be a fized integer and 1 < o < /. Then there exists a
Junction VU(y), y > 0, with the following properties:

1. U(y) =14+ O0(’) as y — 0+ for some B > 1.

2. U(y)=0(e V") asy — oo for some C >0 and v > 1.
3. U(y), 0 <y < oo, is decreasing.

4 U(y)dy = 1.

m—1

Y

5. U(zy) - U(zy)dz = ]

z1t+ A+ 2m=y,2; >0

Y(y/a), (0 <y < o0).

Remark 8. Note that the integral
U(z1) - U(zm)dz
214+ 2m=y,2;>0

is exactly the m-fold convolution (¥ x W ---x W)(y), e.g. for m = 3 we have

U (20U (2) U (25) dz — /quf(zl)/oyzl U)Wy — 21 — 20) d2o don.

z1+22+23=y,2; >0
Proof. We first show that if 1 < v < e!/¢m then there exists § > 1 with
- m—1 ~
mla” < T](B+1). (59)
i=0

By considering local expansions for o® and Hi"!ol(ﬂ + 1) for a close to 1 it follows
that there exists 3 = B(a) > 1 such that

m—1
mlo? = T (8+1) (60)
i=0
and
5 m—1 m—1 1
mllogaa” < (B+1)- - (61)
g ; B+i

Hence, by (61) and by the implicit function theorem there exists a unique local
expansion of the solution 8 = B(«) of (60), and it also follows that there exists
B3 > 3 satisfying (59).
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Now, if we use the substitution ¢ = (loga)~! then (60) and (61) are equivalent
to

m—

B+ clog(m!) Z g(8 + 1), (62)
=1
and
m—1
1 1
=< Z (63)
However, ¢ = ¢, is the smallest solution of (62) and
1 &1
c B+i (64)

i=1

Thus, for every a < e/¢m we surely have (61) and consequently there exists 8 > 1
and > ( satisfying (60) and (59).
Now let F denote the set of functions ¥(y), y > 0, with the following properties:
L U(y)=1—9°%+ (’)(y’é) as y — 0+.
2. ¥(y) >0,0<y<oo.
3. ¥U(y), 0 <y < o0, is decreasing.
It is clear that F with the distance
(¥, U2) = sup (V1 (y) — Va(y))y |
y>0
is a complete metric space. Now we show that the operator I, defined by
m —1)!
(I¥)(y) :== a(m?ym)—l / U(z1) - V(2m) dz,
z1+ - Fzm=ay,z; >0
is a contraction on F.
Firstly, we prove that IW¥ € F for all ¥ € F. Suppose that ¥ € F. Then

\I!(zl)~~\ll(zm):1—z,z +Zo (7).

Jj=1
Since
(agy)™t

%= 1)

21+ t+zm=ay,z; >0
and

ay m—2
8, (ay — z5) 8,
z; dz —/0 7(771 ~ z; dz;

zZ1+ -t zm=ay,z; >0

(CY m=1+6 ! m—2
_ % /0 (1= )™ 208 do
_ (ay)m P 1

m—1 (B+1)(B+2)---(B+m—1)
it immediately follows (by using (60)) that

= [ e v
z1+Fzm=ay,z; >0
1, m=D! (ay)m*F 1 L oW

am=lym=1"m 1 (B+1)(B+2)--(B+m—1)
=1-47+00").
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Furthermore, it is clear that (I¥)(y) > 0 and by using the representation

(I¥)(y) = (m —1)! / V(ayzr) - - V(ayzn,) dx
1+ Az, =1,2;>0

it is also clear that (IU)(y) > 0 and that (IV)(y) is decreasing.
Now suppose that Uy, Uy € F with d(¥q, U3) = §. Then it follows from 0 <
U,(y) <1 that

(Wi(21) -+ Wi(2m) — Walz1) -+ Pa(zm)] < Z|\I/1 (zj) — Wa(z;)|

< 622?
j=1

and consequently

(191 (y) — (TT)(y n<<6am/1 }j L/ P da

z1+ tzm=ay,z;>0
145 ~
. mix 3

TGN Gtr - Brm—1)

which implies
d(IVq,IVs) < L-d(¥q,¥s)
with :
mlaP?
B+1)(B+2) (B+m—1)

By (59) we have L < 1 and thus, I : F — F is a contraction.

By Banach’s fixed point theorem there exists a unique fixed point ¥ € F. By
definition, this fixed point satisfies properties 1., 3., and 5. of Lemma 18.

Next we prove 2. This fixed point ¥ may be obtained by starting with the function

Wo(y) = max{1 —y”,0}

and setting Wy 1 := IVg. Then ¥ = limy_, o, V). By keeping track of the contrac-
tion I it follows that there exists Cy > 0 and yo > 0 such that

sup Ui (y) < l—yﬁ+CoyB<1 for 0 < y < yp. (65)
k>0
Set
logm
N
logm — log o
and
logl
L . o — alogm
= 1<§gl£ 1 -1
(5ufﬁc1ently small) such that
e_cy >1—¢y°+ Coy for nyo <y < yo. (66)
We prove inductively that
Up(y) < e ©Y" forall y > yo. (67)

Obviously, (67) is satisfied for k£ = 0.
Now suppose that (67) holds for some k& > 0. By (65) and (66) we also have
Uy (y) < e Y for nyo <y < yo. Our aim is to show that

Ui (20)Up(z2) - Up(2n) < €Y
for z1,... ,2m >0 with 21 + -+ + 2z, = ay and y > yq.

~

(68)
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It is then clear that (68) implies
(m - 1)' —Cy”
Upyi(y) = m— Up(z1 Wi(zm) dz < e” Y
+ ( (Oly)m71 ( (
z1++zm=ay,z; >0
for y > yo, as proposed.
If z; > nyp for all i then we directly get

p(20)Wg(22) - Wpo () < e CETT2a+420)
< e~ Om(ztzatotzm)/m)?
— o~ ClG1+aattzm) /)
—oyr
Next suppose that z; > nyg for 1 < i <[l and z; < nyp for [ +1 < i < m with

some 1 <1 <m — 1. (By symmetry this is no loss of generality. Furthermore, since
mnye < ay (for y > yp) it is impossible that z; < nyo for all i.) Here we have

Ui(21)Uk(22) - U(zm) < Ur(z1)¥pr(z2) - - Ui(2)
< e—C(z?-{—z;’—i-w—i-z?)

S efcl((zlJr22+~~+zl)/lfY
= e_c(m/l)wfl(y—(zl+1+'“+zm)/04)7

< ¢=Clm/D7 " (y=(m—Dnyo/a)”

- o 1=
nm l gl—aﬁflzl— (i>

o
m—1 N
Yo <y—|— Y
[0 m

() -t -02) 20

«

Since

and yo < y it follows that

or

which implies that
U (210)Up(22) - Uplzm) < eV
even in this remaining case. This completes the proof of (68) and consequently the
inductive proof of (67).
We finally mention that a linear substitution y — sy (with x > 0) again leads to

a solution of the integral equation /W = ¥, and so we can adjust x > 0 such that
(o]
Jo ¥(ky)dy = 1. O

As already mentioned the Laplace transform ®(u) of ¥(y) is now a proper solu-
tion of (57).

Lemma 19. Let U(y) be as in Lemma 18. Then the Laplace transform

v = [ T (e dy

is an entire function and satisfies the following properties.
1. ®(0) = 1.
®(u) is decreasing and u®(u) is increasing for real u > 0.
0 < (=1)70U)(u) < jlu=71 for real u > 0.
1 —u®(u) = O(u™") as u — oo for some 3> 1.
a1 () = (—1yn M Dy (£)"

a™ «

DA



22 MICHAEL DRMOTA

Proof. Since ¥(y) = O(e= ") as y — oo for some y > 1 it is clear that the Laplace
transform ®(u) is an entire function. Furthermore, by 4. of Lemma 18, we have
®(0) = 1. Moreover, since ¥(y) is non-negative, it follows by definition that ®(u) is
decreasing.

By integration by parts we get for any u > 0

uP(u) =1-— /00Q V' (y)e ™ dy.

Since ¥/ (y) < 0 for y > 0 it follows that u®(u) is increasing for u > 0.
Furthermore, by differentiation we obtain

‘ID(j)(u) - (_1)]’ /OOO \Ij(y)yjefuy dy,

and consequently

0< (=100 (u)ut! = / U(z/u)zle " dz
0

o .
</ e ?dz = jl.
0

Next, the expansion ¥(y) = 1 — O(y?) as y — 0+ directly translates to

1 1
‘I’“‘):a‘o(m)
as u — OQ.

Finally the integral equation for ¥(y) induces the proposed differential equation
for ®(u). O

As already mentioned we will work with the auxiliary functions
gn(z) == a"®(a(1 - x)). (69)

The properties of ®(u) can be translated to corresponding properties of g, (x). The
proof is immediate.

Lemma 20. The functions gp(z), h >0, x > 0, defined by (69) satisfy

gn(0) <1 =017, (0) <1!,..., 5" 2(0) < (m —2)..
1—n(0) = O(a™") (h — o).
gh(l) = ah.

Al ol S e

Jhtr(x) > Gn(x) for allz >0 and r > 0.
~(m—1 -
i (@) = (m = 1)lgn ()™

We again note that although ¢, p(0) < yn(0) there surely exists xg > 0 with
Jn+p(x0) = yn(x0), moreover we have gp4p(x) —yr(z) — 00 as & — co. This is due
to the fact that yp(z) is a polynomial and g4 p(z) is a power series with positive
coefficients. (Observe that [z"]gx(z) = & [5° y"e ¥ ¥ (ya~") dy > 0.)

We can prove an analogue to Lemma 5.

Lemma 21. For every non-negative integer h and for every (real) D > 0 there
exists xp, p > 0 such that

Unip(x) <yn(r)  (0<z<xznp) (70)
and
yn(x) < Ghep(x) (x > znp). (71)
Furthermore, we have

Th+1,D > Th,D- (72)
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Proof. We proceed by induction. Since gp(z) is strictly increasing and satisfies
0 < gp(0) < 1 and lim, . §p(z) = co the assertion is surely true for h = 0. Now
suppose that (70) and (71) are satisfied for some h > 0, i.e. the difference

On,p(x) = yn() — Jnyn(x)
has a unique zero x5, p > 0 such that 0, p(z) > 0 for 0 < z < 2, p and 6, p(z) <0
for > x5, p. Now we have

ml m—1 ~(m—1
o @) =y V@) — i (@)

= (m = DNyn (@)™ = Jr+p(x)™)
= (m — 1)!ép,p( Z Yn () Gy p ()™
k=0

Thus, 62?172,9(30) is increasing for 0 < z < zj, p and decreasing for z > ), p. Since

5,(;11_2[3(0) > 0 and (by the same reasoning as above) lim, . 52?1_23(90) = —©0
there exists a unique zero z; > zp p of 5}::1%)(1) such that 6;:11_%)(30) > 0 for

0<z <z and (5}(::1 2[;( ) < 0 for z > 1. In the same way it follows that 5,%1 :B( )

is increasing for 0 < x < x; and decreasing for > x;. Again we have 5h+1 D(O) >0

and lim,_, oo 6,(:&1 :2( ) = —oo. Thus there exists a unique zero xz > x; of 5h+1 :2( )

such that 6,3:1:2( ) >0 for 0 <z <z and 6h+1 D( x) < 0 for x > z;. Repeating

this procedure we finally get that there is a unique zero xp4+1,p > @5 p of dpy1,p(2)
such that dp11 p(z) > 0for 0 <z < zp41,p and dp41,p(z) <0 for z > zppq1,p. O

We now proceed as in the binary case and obtain the following property.

Lemma 22. Let e, be defined by ep, := logyn(1)/loga. Then we have epy1 >
ey, + 1. Moreowver,

or () <yn(z)  (0<z <), (73)
and
yn(r) < Gey (z)  (x21). (74)
We also get tight upper and lower bounds for ay, p.

Theorem 7. There exists an absolute constant Cy > 0 such that

_aven—clogn
Bk <y (o) (73

for all non-negative integers h with e, < clogn, and an absolute constant C3 > 0
such that

An,h _pg\en—clogn
for all non-negative integers h with ep, > clogn.

Proof. As in the binary case we get

An 1
— < — X ® (—1).
nl = (Q+aen)n—1 (=1)

Since
1+y)" — 1> (ny)*
we directly get the proposed bound (75).
The proof of (76) runs along the same lines. As in the binary case we get

<1-— ehfclognq)(aehfclogn)

< (aiﬁ)ehfclogn

1_anh
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if e, > clogn. O

5.3. Proof of Theorem 3. It is now clear that the estimates for the tails of the
distribution of H,, , (provided in Theorem 7) are sufficient to prove Theorem 3.
Firstly we get

3 “n_‘h =01) (n—o0) (77)
h:ep<clogn :

and

3 (1 - “;;’!h) —0(1) (n— ). (78)
hien>clogn

which implies that the expected value of the height H,, ,, of m-ary search trees is
given by

EH,, , = max{h: yn(1) <n}+ O(1) (n — 00), (79)

and that all centralized moments of H,, ,, are bounded.

6. THE LIMITING DISTRIBUTION OF H,

In this section we prove Theorem 4 on the limiting distribution of the height H,,
of binary search trees. (The situation looks similar for m > 2. However, it seems
that there are further technical difficulties. Therefore we just consider the binary
case.) It turns out that it is sufficient to prove the following property.

Proposition 1. Let y,(z) be defined by (3) and U(y), y > 0, the function given by
Lemma 23. Then

P[H, < h] ~ ¥ (n/yn(1)) (80)
uniformly for h such that logyp (1) — logn belongs to a bounded set, as n — 0.

If we combine (80) with the tail estimates of Theorem 5 we obtain

Sup [P[H, < h] = ¥(n/yn(1))] =o(1) (n— o0),

and thus Theorem 4 follows.

It is clear that a very precise form of the distribution of H,, (together with the
tail estimates of Theorem 6) leads to precise asymptotics for the moments of H,,.
However, to get this, we need a more precise asymptotic expression for y,(1) than
that stated in (10).

Hypothesis 1. There exists a constant D such that as h — oo

yh(l) — eh/c+72(03—1) log h+D+O(1). (81)

Theorem 8. If Hypothesis 1 is true then there exist continuous periodic functions
A1 and Ao with period 1 such that

EH, =clogn —

loglogn + Aq (c logn — loglog n) +0(1)

2(e—1) 2(c—1)

and

VH, =A, (clogn - log logn> +0(1)

2(c—1)

as n — oQ.

While Hypothesis 1 is plausible given (10), it seems that proving it will require
a significant new idea.

The organization of this section is as follows. In section 6.1, we present some
analytic preliminaries which are used in section 6.2 to prove Proposition 1 and thus
Theorem 4. In section 6.3 we prove Theorem 8.
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6.1. Analytic Background. In section 5.2 we proved that for every a with 1 <
o < e'/¢ there exists a solution ¥(y) = U(y, o) of the integral equation

yrluf) = [ e - ) (52)

We now show that this property is also satisfied for a = e!/¢.

Lemma 23. Let o = e¢'/¢ and f = ¢ — 1 Then there uniquely exists a function
U(y), y > 0, with the following properties:

1 y) — 1~ c1yPlogy as y — 0+ for some constant c;.

y) = O0(e=“Y") as y — oo for some C > 0 and some v > 1.
U(y), 0 <y < oo, is decreasing.

/°° U(y)dy = 1.
0 Yy
yU(y/a) = / V() U(y — z)dz

Furthermore, the Laplace transform

B(u) = / T e (y) dy

of W(y) is exactly the solution of (16) described in Lemma 3.

L (
L (

= N

ot

Proof. In [7] it was shown that for every o > 1 the retarded differential equation
1 w2
v=-ho(2)
(w)=-—@ (-
has a unique entire solution ®(u) = ®(u, ) with initial condition ®(0,«) = 1. The
idea of the proof is to consider a Taylor series expansion

O(u,a) = Z(—l)kck(a)uk.
k>0
Starting with c¢o(«) = 1 we get the recurrence

_ k
a k

k14

ckt1(@) = ca(a)ek—i(a).
0

k constitutes an entire function

It is an easy exercise to show that Y, (—1)*cx(a)u
(compare with [7]). We also get that c;(«) is a polynomial in 1/« with non-negative
coefficients. Thus, ¢k («) is decreasing as a function in a > 1. Furthermore, for every

ag > 1 and every compact set K C C the limit relation

lim ®(u,a) = P(u, ap) (83)

a—QQ

is uniform for v € K.
We also know from Lemmata 18 and 19 that for o < e!/¢

O (u, o) :/ U(y, a)e” Y dy,
0
where ¥(y) = ¥(y, o) is constructed in Lemma 18. We now show that the limit
Yo(y):= lim Ty, o)

exists and that ®(u,e'/¢) is the Laplace transform of W (y).
For this purpose we first show that

B(it, )] < % (84)
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for all @ < e'/¢. By integration by parts we have
O (it, a) :/ U(y,a)e” ™ dy
0

=—— - .—/ U (y,a)e™" dy.

Furthermore, for all o < e'/¢

| e dy\ < [Twwana=1
0 0

This proves (84) for a < e'/¢. However, by (83), we get the same bound for a = e!/¢,

By using the retarded differential equation for ®(u) this also proves that

, 4
(it 0)| < 53 (85)

for all a < el/c.
Next observe that the representation

—a?® (o, o) = ®(u, a)?
- [ e ay

- / YU (e, a)e™™ dy,
0

shows that
1 e )
yU(y/a,a) = 2—/ (=@ (itar, o) e dt.
™ —0o0
Thus, using (85) we can define a function ¥y (y) for y > 0 by
1 o )
Yo (y/a) = 5 (—e?/°®' (ite'/, et/ e))etV . (86)
Y J—o0

By (83) and (85) this function is the limit lim,_,.1/._ ¥(y, ). This limit is also
uniform for y € [a,b] with @ > 0 and b < co. Hence, we also get

yoly) = / "o (2)Wo(y — 2)d-.

Moreover, (86) implies that ®(u,e'/¢) is the Laplace transform of ¥¢(y), too. Since
®(u, e'/°) is uniquely given, this implies that Wo(y) = ¥(y, e!/¢) is unique, too.

In order to complete the proof of Lemma 23 we only have to check the proposed
properties 1. and 2. By Lemma 3 we know that, as u — oo,

logu
1-— uq)(u) ~ ClF,
or
1 logu
(u) = = = Cr === (1+0(1)

By using well known properties of the Laplace transform (see [6, pp. 208] with a
slight generalization taking into account the logarithmic factor or the dual version
of [9, p. 446, Theorem 4]) it follows that this kind of asymptotic relation of ®(u)
for u — oo translates to a corresponding asymptotic property of ¥(y) for y — 0.
(Here we also use the fact that ¥(y) is decreasing.) This proves 1.

Finally, since ¢ () is decreasing, it follows that

®(u,e'’/) < d(u, )
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for u < 0 and any a < e'/°. Since we know that ¥(y,a) = O(e~Y") for some
C > 0 and some v > 1 it follows that

d(u,a) = O (ecz(_u)v/mfl))

as u — —oo for some constant C3 > 0. Thus, we get the same upper bound for
D(u, el/ ¢) and consequently an upper bound for the inverse Laplace transform

Wo(y) = O(e V")
as y — oo (for some constant C’ > 0). O

Now we can prove asymptotic expansions for the coefficients of the auxiliary
functions g, (z) = a"®(a(1 — )).
Lemma 24. We have
[2"] gn(z) ~ ¥(na™")
uniformly for h such that h — clogn belongs to a bounded set, as n — oo.
Proof. By definition we get
In(x) = a"®(a(1 — 1))

= [T
0

1 o0
= <—/ yne_y‘l’(ya_h)dy) z".
n! Jo
If h — clogn = O(1) then na™" is bounded, too, i.e., C; < na™" < Oy for some
constants Cp,Cs > 0. Hence, by the Laplace method and by using the relation
1 oo
= | yleVdy=1,
n! 0
we obtain (by expanding locally around y = n)

(o) = [ e W) dy ~ (e

O

6.2. Proof of Proposition 1. The idea of the proof of Proposition 1 (and conse-
quently of Theorem 4) is that y,(x) (defined by (11)) can be properly approximated
by e, () = yn(1)@(yn(1)(1—x)) (where ej, = c-logyr (1)), especially the coefficients
["]yn(z) are asymptotically given by [2"]ge, ().

In a first step we estimate yp,(z) and gy, (x) for complex values x of modulus 1.

Lemma 25. For complezx values x # 1 with |x| = 1 we have

2
<
‘yh(m” = |1 — SC‘

and
2

11—z

|9n ()| <

Proof. We recall that the coefficients of y,(x) are decreasing, i.e., an41,4/(n+1)! <
an,n/n!. Thus, we obtain

> An—1,h An b
(1 —2)yn(z)| = |1 - Z (m - 7) z"
n=1 : ’
<1+ i An—1,h  Qn,h
- —\(n—1 n!
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It is clear that we get the same bounds for g, (x) if the coefficients of g, (x) are
decreasing, too, i.e., [z" ]G, () < [2"]gn(x). In order to prove this property, we
first observe that the m-th derivative of g, (z) can be represented by

n! n+1

i @) =" T on-a, @), (87)

=1 j=1

where dj; > 1 are (specific) integers. This follows by induction. Firstly, by 5. of
Lemma 4 we have g}, (z) = gr—1(2)Jn—1(z). Furthermore,

n+1 n+1

d . - -
. oo, @ | =D gn-ana@® [ Gra, @),
=1 k=1

1<j<nt1,j#k
Thus, we obtain the proposed representation (87). Moreover, since
Jh—dy—1(0)* < Gn—a,, (0),

we also obtain

d n+1 n+1
. 1T onas, (@) <+ ] dh-a,(0),
J=1 2=0 i=1

and consequently
g (0) < (0 + 1), (0),
which is equivalent to [2" ]|, (z) < [2™]Fn (). O

In a second step we show that yp(z) ~ e, (x) for x close to 1. We start with the
following easy but important property.

Lemma 26. Let y,(x) be defined by (11). Then we have
Ynr2(D) _ yny1(1)

< . 88
Do () = () =
Consequently the sequence yp+1(1)/yn(1l) converges and its limit is given by
1
im ynt1(1) =el/e. (89)
h— o0 yh(l)

Proof. Let v € (0,1) be a fixed constant and let zj(x) = z,(z,7) be defined by
zo(z) =1/(1 — ) for & <1 —7, by zo(x) = 1/v for x > 1 — =, and recursively by

zht1(z) =1 +/ zn(t)*dt  for h > 0.
0
Of course, by induction it follows that zp(z) =1/(1 — z) for © < 1 — v and that

zn(z) = %yh ((x—=147)/y) forxz>1-—r.

Now we proceed as in the proof of Lemma 5 and obtain that the difference zp(x) —
Yn+1(x) has exactly one zero zp(y) in the range x > 0, i.e. zp(z) > ynt1(x) for
0 <z <azp(y) and z,(z) < ypt1(x) for & > zp (7). Furthermore zp,11(7y) > xp(y).
We now apply this property for v = y5(1)/yn+1(1). Since z,(1,7) = yn(1)/v it
follows that

zn (Lyn(1)/yn+1(1)) = ynia (1)
or

h(yn(1)/yns1(1)) = 1.
Consequently

Tht1(Yn(1)/yn1(1)) > 1
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and thus

st (L (1) /gasa (1) = % > ynsa(l)

as proposed.

Since the sequence yp11(1)/yn(1) is decreasing and non-negative is it thus con-
vergent. We already know that logyp (1) ~ h/c (compare with (10)). Hence the limit
is given by (89). O

Lemma 27. For every constant K > 0 we have
Yn(x) ~ Ge,, (x)
uniformly for all complex values x with |x — 1| < K/yp(1).

Proof. The idea is to consider the Taylor series expansions of yp(z) and e, (x)
locally around = = 1:

(n) ~(n)
@ =2 W1 wa @ =Y 2 Be oy o

n>0 ’ n>0
Firstly, we show that
u (1) <) (91)

for all n > 0. By (87) and a corresponding relation for the derivatives of g, (z) it
suffices to show that

Yn—a(1) < Jey—a(1) (92)
for all d > 0. (92) is equivalent to
en—a < ep —d,

which is satisfied since we know that e y1 > e, + 1 for all A > 0. This proves (91).
Next we provide upper bounds for

HP(1) = (1) DB o),
Since

(1" = [T vty

and ¥(y) = O(e~CY") for some v > 1 it folli)ws that
|B(™)(0)| < ecrnlosn
for some constant ¢; < 1. Thus

< aeh(n—i-l)e—cznlog n
n!

for some constant ¢ > 0. Consequently, for every K > 0 and for every € > 0 there

exists K such that
( : )n
) <
ath

n>K;
By (91) we get the same estimate if we replace gjgf)(l) by yé")(l).
Now, by using (89) we have uniformly for all 0 < k < K;

30 (1)
n!

yn—r(1) = a* ~ otk =g (1),

and hence uniformly for all n < K,
y (1) ~ 550 (1)

as h — oo.
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By combining these properties with the Taylor series expansions (90) it imme-
diately follows that yn(x) ~ @, (z) (as h — oo) uniformly for complex values of z
with |z — 1] < K/a°". O

In a second step we compare the coefficients of y,(x) and g, (z). A direct com-
bination of Lemma 24 and Lemma 28 proves Proposition 1.

Lemma 28. We have
[2"] ey, () ~ [2"] yn(x)
uniformly for n,h — oo such that e, — clogn belongs to a bounded set.

Proof. First of all we note that

e (@) = " g1 ()

and of course

[2"] Ge, () = ~[2" 7] Ge—1(2)
Hence, by Cauchy’s formula
1 1
n _ - = 2
R e I =R

11 9

_ - _ d
n 2mi + _/ yn-1 (@) do

|z|=1,lz—1|<K/n |z|=1,|]z—1|>K/n
=1 + Is.

By Lemma 25 we have

1 4
L < — —|d
|2‘_27TTL |1—:1:|2| 7l
|lz|=1,|lz—1|>K/n

gjeh_l(x)2 dx

I
S|
3
Ry
~.

~
+

lel=1,le=1|<K/n  |e|=1|e=1[>K/n

with

1
I < —.
<

Now Lemma 27 (resp. an analogue for yp_1(x) and e, —1(2) ~ e, _, (z)) implies
I = I + o(a®" /n?) = I} + o(1)

uniformly for n, h in question. This completes the proof of the lemma. O



AN ANALYTIC APPROACH TO THE HEIGHT OF BINARY SEARCH TREES II 31

6.3. Proof of Theorem 8. We start with the following observation.
Lemma 29. Let U(y) be as in Lemma 23 and set

Ei(z):=)_ (1-¥(z/a")),

h>0
Ey(x) ==Y (2h+1) (1 - ¥(x/a)),
h>0
and
V(z) = Fy(x) — E1(2)%
Then there exist continuous periodic functions 61, 6o with period 1 such that, as
T — 00,
Ey(z) = clogz + d1(c logz) + o(1)

and

V(z) = da2(c logz) + o(1).
Proof. Let Uy(y) =1for 0 <y <1 and ¥y(y) =0 for y > 1. Then
Ey(z) =Y (1= Tg(z/a")+ > (To(z/a") - ¥(z/a")).
h>0 h>0
Now observe that the function
G(z) = Z (To(z/a") — T(x/a™))
heZ
exists for all > 0 and that G(z/«) = G(z). Thus,

G(z) = bo(clog ),
where Jj is a periodic function with period 1. Furthermore, for z > 1 we have

Y (Tolw/ah) = U(x/a")) = Gz) = Y U(wa")

h>0 h>0
= G(x) + o(1).

Finally,

S0 = Wo(w/ah) = [cloga] + 1

h>0

=clogz + (1 — {clogz}),
where {2z} = z — | z] denotes the fractional part of z. Thus, with
01(2) :==do(2) + 1 — {z}

we obtain the proposed representation for Ej(x). By definition it is also clear that
91(z) is continuous for non-integral z. It is also easy to check that lim,_,q01(2) =
01(0), and thus, ¢; is continuous.

In a similar way we can treat V' (z). Firstly, it follows by simple manipulations
that

V(z)=> (Ei(x/a") + Ei(z/a"™)) U(z/a").

h>0

Now observe that, as z — 04, we have E;(z) = O(z?) and Fy(x) = O(2?). Thus,
if we define

H(z) =)  (Ei(z/a”) + Ei(z/a")) U(z/a"),
hez
then H(z) converges for every x > 0 and we have H(x/a) = H(x). Consequently,

H(z) = dy(clog ),
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for a continuous periodic function do with period 1. Furthermore, since E(z) =
O(log z) we have, as  — o0,

V(z) = H(z) + o(1) = d2(clog z) 4+ o(1)
as proposed. O

The next lemma is a little bit stronger (but not as beautiful) as Theorem 8.

Lemma 30. For everyn > 1 let h = ho(n) be an integer satisfying n/2 < a < n.
Then we have, as n — o0,

EH, = clogn — (eny(n) — ho(n)) + 1 (clogn — (eny(n) — ho(n))) + o(1)

and
VH, = 6b(clogn — (€ny(n) — ho(n))) + o(1).

Proof. First of all note that Ej(z) equals the expected value of a discrete random
variable X with P[X < h] = ¥(z/a”) and similarly V (x) equals the variance of X.
Since ¥(y) = 1+ Oy’ logy) as y — 0 and ¥(y) = O(e=¥") as y — oo, there are
only finitely many terms in the defining sum of E;(x) and V(x) which determine
the asymptotic behaviour for x — oo. More precisely, for any € > 0 there exists
K > 0 and zg such that

Ey(z)— > (1-¥(z/a")|<e

|h—clog z|<K

for z > xo (and similarly for Fy(z) and V(z)).
By Theorem 4 and Lemma 26 we have

P[H, < h] = a;}h ~ W(n/a) ~ W((n/atrom—ho() oy

uniformly for h with e, — clogh = O(1). Furthermore, by Theorem 5 we also have
(for properly adjusted K)

EH, — > (1-P[H, <h])| <e.
h:lep, —clogn|<K

Hence,
EH, = Ei(n/acmom M)y 4 (1)
as n — oo and consequently
EH, = clogn — (eny(n) — ho(n)) + 61 (clogn — (eny(n) — ho(n))) + o(1).
Similarly, we get the proposed relation for VH,. O

It is now an easy exercise to derive Theorem 8 from Lemma 30. We only have to
observe that Hypothesis 1 implies

3c
Cho(n) — ho(n) = -1 loglogn + Ds + o(1)
for some constant Ds.
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APPENDIX

Let ay,,, denote the number of permutations o € S, of n elements such that the
corresponding m-ary search tree has height < h. In what follows we want to present
a purely combinatorial proof of (54):

Ap+41,h Qn,h

—ntbLh o T h>0,n > 0).

(n+1)! = nl (h= = 0)
This proof is quite involved and — interestingly — the simplicity of the probabilistic
argument in Lemma 16 is completely hidden here.

Proof. Before proving (54) we need an auxiliary result, namely that

Up ht1 > (m—2)!

(n—m+2)!
E |a’n17ha’n2,h © Qg h

gl - - -
ning: Nm—1-
Mgt 1=n—mg2 L m-t (93)

for all n > m — 2 and all h > 0. This inequality is equivalent to the inequality®
m—2 m—
ysm ) (@) 20 (m— 2) Ly ()™ (94)

We now prove (94) by induction on h, more precisely we show inductively that

g (@) 20 (m = 2)lya()™ " and () = g (@): (95)

Evidently, (95) is true for h = 0 as can be seen from y;(z)? = 1 >, 0 = y{(z) and
from

"D (@) = (m—2)1+ (m = Dla 2 (m— 2)! = (m - 2)lyo(2)™ .

5Similarly to the above A(z) >, B(z) denotes that [z™]A(x) > [z™]B(z) for all n > 0.
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Now suppose that (95) is true for some h > 0. Then we get

Ui @) Ze (m = 2)!ya (@)™ 2c (m = 2y (@) "y ()

and consequently (by integration and checking the zeroth coefficient)

ys (@) 2o (m - 3) yp ()™ 2,

In the same way we can proceed and we finally obtain (by induction)
y&gl(w) >, klyn(z)ft for 1 <k <m-—2.
Thus, it follows that

m—2
(m—2) m—2\ m—2—k
nea@) " = 52 (" ity
k=0

m—2

> ];) <mk 2)k! yn () (m — 2 — )y (2) 1k

= (m — Dlyn(a)™ =y ) (x)

which implies (by integration, m — 2 times)
Ynt1(2)? Ze yhia (@) (96)

By multiplying (96) with (m — 1)lyp1(2)™ "2 we get

(m — Dy (@)™ = yi75 V(@) 20 (m — Dlypgr (2)™ 2y (2)

and (again by integration)

y"5 P (@) 2 (m—2) ynga (@)™,

which implies (95) for h + 1.

Now we are able to complete the proof of (54) by induction on n. It is clear that
(54) is true for n < m—1 (for all h > 0) and for h = 0 (for all n > 0) since we know
that a0 = 05,0 and

ap,p =n! forn<m-—1and h>0.
So let us assume that (54) holds for some n > m — 1 and all h > 0. Then we get
(also by using (93))

Any1he1 (m —1)! 3 Unyh Gngsh gk
(n+ 1)' (n+ 1)n(n—m+3) | n]_! n2! nm'
— (m —1)! Z Gny,h Gngh Gnpm_1,h
o coi(n — ! ! !
(n+1)n---(n—m+3) ST o (LR (L N—1!
N (m —1)! > Unyh Ong,h Ong ik
. — | | |
m+1n---(n—m+3) ot o, 5o L 2! N !
(m—1)! nn—1)---(n—m+3) annt1
“(m+Dn---(n—m-+3) (m —2)! n!
n (m —1)! 3 Uny b Gng,h Gy —1,h
. — | | —1)!
m+1n---(n—m+3) T S NP U (nm — 1!
_appam—1 (m —1)! nn—1)---(n—m+2)apnt1
 nl n+l (n+Dn---(n—m+3) (m—1)! n!

Onpht1 (M—1 n—m+2 G ht1
= + =
n! n+1 n+1 n!

which completes the proof of (54). O
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